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T O 

Sir HANS SLOANE, 

BARONET, 

PRESIDENT : 

O F TH E 

College of Physicians, 

ANDOFTHE 

ROTAL SOCIETT. 

SIR, 

H E generous zeal 
You always fliew for 
whatever tends to the 
progrefs and advance- 
ment of Learning, both de- 
A mands 
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mands and receives the uni- 
verfal acknowledgments of all 
who profefs or value its feveral 
branches. 

They juftly admire that 
amidft a clofe attendance on 
the cares of your Profeflion, 
in which You now fill the 
mod honourable Seat, You are 
indefatigably promoting the 
improvement of natural know- 
ledge, by carrying on fome lau- 
dable defigns of your own, by 
aflifting and encouraging others, 
and by adding new ftores to 
thatimmenfe treafure, already 
brought into your extenfive col- 
le&ion, of whatever is rare and 
valuable in nature or art. 

Your 
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Your, beneficent difpofition 
to countenance and favour 
Science and Literature, has pro- 
cured You the efteem of the 
Learned over all the World; 
and has induced a Body of 
Men, the moil eminent for 
their skill and diligence in all 
ufeful enquiries, and in purfu- 
ing difcoveries for the public 
good, to make choice of You, 
to fupply the place of Him, 
whofe Name wril be an ever- 
lafting honour to our age and 
nation. 

To whom therefore but to 
You fliould I offer to inferibe 
the tranflation of the moil ce- 
lebrated Work of your Illuftri- 

ous 
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ous Predeceflbr ? which, on ac- 
count of its incomparable Au- 
thor, and from the dignity of 
the SubjecT:, claims and de- 
ferves your acceptance, even 
tho' it pafs'd thro' my hands : 
a lefs valuable Piece I Ihould 
not have prefumed to prefent 
You with. I am, with the 
greateft refpedt, 

SIR, 

Tour mofi obedient, and 
mofi humble Servant, 



Andr. Motte. 
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THE 

Author s Preface, 



I NCE the ancients (as we are 
told by Pappus) made great ac- 
count of the fcience of Mechanics 
in the inveftigation of natural 
things \ and the moderns, laying afide fob* 
ftantial forms and occult qualities, have 
endeavoured to fubjeft the fhanomena J 
of nature to the lazvs of mathematics ; 
J have in this treatife cultivated Ma- 
thematics^ fo far as it regards Pbilofo- ' 
fhy. The ancients conjidered Mechanics 
in a twofold refpett ; as rational, which 
-proceeds accurately by demonftration, and 
fra&ical. To fraBical Mechanics all the 
manual arts belongs from which Mechanics 
took its name. But as artificers do not 
work with ferfetf accuracy, it comes to 
fafs that Mechanics is fo diftinguijhed 
from Geometry, that what is ferfeftly 
A accurate 
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accurate is called Geometrical, what is 
lefs fo is called Mechanical. 73ut the 
, errors are not in the trt, but in the 
artificers. He that works with lefs ac+ 
curacy, is an imperfeH Mechanic, and if 
any could work with perfeft accuracy, 
he would be the mofl perfett Mechanic 
\ of al\> for the defer iption of right lines 
1 and circles, upon which Geometry is founded, 
belongs to Mechanics. Geometry does not 
teach us to draw thefe lines, but re- 
quires them to be drawn. For it re* 
quires that the learner fbould firfi be 
taught to defcribe thefe accurately, before 
he enters upon Geometry ; then it pews 
how by thefe operations problems may 
I be folved. To defcribe right lines and 
I circles are problems, but not geometrical 
problems. The folution of thefe problems 
is required from Mechanics ; and by Geo- 
metry the ufe of them, when fo folved, 
is fhewn. &4nd it is the glory of Geo- 
metry that from thofe few principles, 
fetched from without, it is able to pro- 
duce fo many things. Therefore Geome- 
try is founded in mechanical praBice, 
and is nothing but that part of uni- 
verfal Mechanics which . accurately pro- 
pofes and demonftrates the art of meafu- 
ring. "But fine* the manual arts are 

chiefly 
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chiefly converfant in the moving of bfr 
dies, it comes to fafs that Geometry is 
commonly referred to their magnitudes,] 
and Mechanics to their motion. In this f 
fenfe Rational Mechanics will be the fcience 
of motions refulting from any forces what* 
foever and of the forces required to fro* 
duce any motions, accurately prof o fed and 
demonflrated. This fart of Mechanics 
was cultivated by the ancients in the 
Five Powers which relate to manual arts, 
who confidered gravity {it not being a 
manual fower) no otherwife than as it 
moved weights by thofe fowers. Our 
defizn not refpe&ing arts but Philo/bfhy f 
and our Jub'jeH, not manual hut natural 
p*owers,we confider chiefly thofe things which 
relate to gravity ', levity, elaftic force f the 
refiftance of fluids, and the like forces 
whether attractive or impulfive. And there- 
's fore we offer this work as mathematical 
principles of philofophy. For all the diffi- 
culty of philofophy feems to confift in this, 
from the fhanomena of motions to inve- 
ftigate the forces of Nature, and then 
from thefe forces to demon/Irate the other 
phenomena. And to this end, the general 
propofitions in the firft and fecond book 
are direfted. In the third book we give 
an example of this in the explication of 
A a toe 
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the Syftem of the World. For by the 
proportions mathematically demonstrated 
in the firft books, we there derive front 
the celefiial ph&noinena, the forjesofGra- 
vity with which bodies teiid to the Sun 
^undthe fever al planets. Then from thefe 
forces by other propofttions, which are 
alfo mathematical, we deduce the motions 
of the Planets, the Comets, the Moon^ 
and the Sea. I ivifl) we could derive the 
\reft of the phenomena of Nature by the 
fame kind of reafoning from mechanical 
principles. For 1 am induced by many 
: yeafons to fufpeft that they may all de- 
pend upon certain forces by which the 
particles of bodies, by fome caufes hither- \ 
1 to unknown, are either mutually impelled \ 
towards each other and cohere in regu- 
\ iar figures, or are repelled and recede from 
tach other ; which forces being unknown, 
} Philofophers have hitherto attempted the 
f fearch of Nature in vain. "But I hope 
' the principles here laid down will afford 
fome light either to that, or fome truer, 
, method of Philofophy. 

In the pullicaticn of this JVork, the . 
moft acute and univerfally learned Mr. 
Edmund Halley not only ajfified me with 
his pains in correfting the prefs and ta- 
king car* of the fcbemes, but it was t& 

his 
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bis felicitations that its becoming publick 
is owing. For when he had obtained 
of me my demonfirations of the figure of 
the celejiial orbits, he continually prejjed 
me to communicate the fame to the Royal 
Society; who afterwards by their kind 
encouragement and entreaties, engaged me 
to think of publiffiing them. But after I 
had begun to confider the inequalities of 
the lunar motions, and had entered up r 
on fome other things relating to the laws 
a ^dj™$^ wd other Joyces *, 

anTwe figures tFat zvouTd be defer iied 
by bodies attracted ^cpxding^ to given 
1#VV 4\ att ^ *h e moilon of fever al bodies 
^moving among themj elves ; the motion of 
bodies in refifting mediums-, the forces, 
denfities, and motions of mediums-, the 
orbits of the Comets, and fucb like ; 1 
put off that publication till I had made 
a fearch into tbofe matters, and could 
put out the \vhole together, lift at re- 
lates to the Lunar motions {being im- 
perfeff) I have put . all together in the 
corollaries of prop. 66. to avoid being 
obliged to propofe and diflinfily demon- 
fir ate the fever al things there contained 
in a method more prolix than the fub- 
)eft deferved, and interrupt the feries 
pf the, fever al propofitions* Some things' 
A 3 found 
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found out after the refl^ I chofe to in- 
fert in places lefs fuitable, rather than 
change the number of the propofitions 
and the citations. I heartily beg that 
what I have here done may be read 

I with candour j and that the defeRs J 
have been guilty of vpon this difficult 
fubjeft may be, not fo much reprehended^ 
as kindly fvpplied, and inve/tigated by 

\ new endeavours of my readers. 



Cambridge, Trio. CoIL 
May 8. 1686. 



K Newton. 



In the fecond Edition the fecond Se- 
ction of the firft Book was enlarged. In 
the feventh SeBion of the fecond *Book 
the theory of the refiftances of fluids was 
more accurately invefligatedj and con- 
firmed by new experiments. In the third 
"Book the Moon's Theory and the Tr*- 
cejjion of the JLquinoxes were more ful- 
ly deduced from their principles ; and the 
theory of the Comets was confirmed by 
more examples of the calculation of their 
orbit S) done alfo with greater accuracy. 

J* 
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In this third Edition, the refinance of 
mediums is fomewhat more largely 
handled than before \ and new experi- 
ments of the refiflance of heavy bodies 
falling in air are added. In the third 
Book, the argument to prove that the \ 
Moon is retained in its orbit by the 
force of gravity is enlarged on. And 
there are added new obfervations of Mr. 
PoundV of the proportion of the diameters 
of Jupiter to each other: There are be- 
fedes added Mr. Kirk's obfervations of 
the Comet in 1680. the orbit of that 
Comet computed in an ellipfis by T)r. Hal- 
ley; and the orbit of the Comet in 1723. 
computed by Mr, Bradley. 
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THE 

PREFACE 

of •■*';• "* 

: Mr. Roger Cotes, 

To the Second Edition of this Work, 
fo far as it relates to the Inventions 
and Difeoveries herein contained. 



HOSE who have treated of natu- 
ral philofoplw, may be nearly reduced 
to three clafles. Of thefe fome have 
attributed to the feveral fpecies of 
things, fpecific and occult qualities; 
on which, in a manner unknown, they 
make the operations of the feveral bodies to depend. 
The fum of the do&rine of the Schools derived 
from Arifiotle and th^ Peripatetics is herein contain- 
ed. They affirm that the feveral efftfts of bodies 
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•rife from the particular natures of thofe bodies f 
But whence it is that bodies derive thofe natures 
they don't tell us; and therefore they tdl us no- 
thing. And being entirely employed in giving 
names to things, and not in fearchkig into things 
themfelves, we may fay that they have invented t ^ 
philofophical way of fpeaking, but not that they have f / 

made known to us true philofophy. ^ -v. 1 , r 

Others therefore by laying afide that ufelefs heap <r / 
of words, thought to employ their pains to bet- *" ht < 
ter purpofe. Thefe fuppofed all matter homogeneous, 
and that the variety of Forms which is feen in bo- 
dies arifes from fome very plain and fimple aflfe&i- 
ons of the component particles. And by going oa ■ 
from fimple things to thofe which are more com- 
pounded they certainly proceed right; if they attri- 
bute no other properties to thofe primary affe&jons 
of the particles than Nature has done. Bur when 
they take a liberty of imagining at pkafure un- 
known figures and magnitudes, and Uncertain fitu- 
acions and motions of- the parts; and moreover of 
_ fuppofing occult fluids, freely pervading the pores 
of bodies, endued with an all-performing fubtilry, 
and agitated ,with occult motions; they now run 
out into dreams and chimera's, and negkft the true 
conftitution of things; which certainly is not to be 
expe&ed from fallacious conjc&ures, when we can 
fcarce reach it by the moft certain obfervations. 
Thofe who fetch from hypothefes the foundation on 
which they build their (peculations, may form in- 
deed an ingenious romance, but a romance it will 
IKllbe. 

There is left then the third clafs, which profefs ' 
experimental philofophy. Thefe indeed derive the 
faufes of all things from the moft fimple principles 

poffiblej 
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! pofliblc; but then they aflume nothing as a prirw 
i ciple, that is not proved by phenomena. They 
* frama no hypothefes, nor receive them into philo- 
sophy otherwife than as queftions whofe truth may 
I be difputed. They proceed therefore in a two- 
l fold method, Synthetical and analytical. From fotne 
\ UfoGt phenomena they deduce by analyfis the forces 
, of nature, and the more fimple laws of forces; and 
from thence by fynthefis (hew the conftitution of 
the reft. This is that incomparably bed way of 
philofophizing, which our renowned author mod 
juftly embraced before the reft ; and thought alone 
worthy to be cultivated and adorned by his ex-* 
cellent labours. Of this he has given us a moft 
illuftrious example, by the explication of the Sy- 
ftem of the World, moft happily deduced from 
the Theory of Gravity. That the virtue of gra- 
vity was found in all bodies, others fufpe&ed, or 
imagined before him ; but he was the only and 
the fir ft philofopher that could demon ft rate it from 
appearances» and make it a folid foundation to the 
moft noble fpeculations. 

I know indeed that fome perfons and thofe of 
great name, too much prepoffefled with certain pre- 
judices* are unwilling to aflent to this new prin- 
ciple) and are ready to prefer uncertain notions 
to certain. It is not my intention to detraft from 
the reputation of thefe eminent men ; I fhall only 
lay before the reader fuch confiderations as will en- 
able him to pais an equitable fentence in this 
difpute. » 

Therefore that we may begin our reafoning 
from what is moft fimple and neareft to us; let 
us confidcr a little what is the nature of gravity 
with us on Earth, that we may proceed the more 

fafely 
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fafcly when we come to confider it in the hea- 
venly bodies, that lie at (o vaft a diftance from 
us. It is now agreed by all philofophers that aH < 
circumterreftrial bodies gravitate towards the Earth. ( 
That no bodies really light are to be found, is 
now confirmed by manifold experience. That which \ 
is relative levity, is not true levity, but apparent _ 
only; and arifts from the preponderating gravity of f 
the contiguous bodies. 

Moreover, as a)) bodies gravitate towards the 
Earth, fo does the Earth again towards bodies. 
That the aftion of gravity is mutual, and equal on 
both (ides, is thus proved. Let the mafs of the 
Earth be diftinguiflied into any two parts whatever, 
cither equal, or any how unequal*; now if thc^eights ft 
of the parts towards each other were not mutually 
equal, the lefler weight would give way to the 
greater, and the two parts joined together would 
move on ad infinitum in a right line towards that 
part to which the greater weight tends; altogether 
againft experience. Therefore we muft fay that the % > 
weights of the parts are conftituted in equilibrio; 
that is, that the a&ion of gravity is mutual and 
equal on both fides. 

The weights of bodies, at equal diftances from 
the centre of the Earth, are as the quantities of 
matter in the bodies. This is colleded from the 
equal acceleration of all bodies that fall from a 
ftate of reft by the force of their weights ; for tlie 
forces by which unequal bodies are equally accek* 
rated muft be proportional to the quantities of the 
matter to be moved. Npw that all bodies are ir> 
falling equally accelerated appears from hence, that 
when the refinance of the air is taken away, as it 
1$ under an e^hauftcd receiver, bodies falling de« 

fcribfl 
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\ defcribe equal fpaces in equal tiroes; and this is 
yet more accurately proved by the experiments of 
pendulums. 

The attra&ive forces of bodies at equal diftances^ 
are. as the quantities of matter in the bodies. For 
iince bodies gravitate towards the Earth, and the 
Earth again towards bodies with equal moments ; 
the weight of the Earth towards every tody7~or 
the force with which the body attrads the Earth* 
will be equal to the weight of the fame body to- 
wards the Earth. But this weight was (hewn to 
be as the quantity of matter in the body ; and 
therefore the force with, which every body at- 
trafts the Earth, or the abfolute force of the bo- 
dy, will be as the fame quantity of matter. 

Therefore the attractive force of the entire bo- 
dies arjfes from, and is compounded of, the attra- 
ftive forces of the parts ; becaufe as was juft (hewn, 
if the bulk of the matter be augmented or diminished, 
its virtue is proportionably augmented or diminished. 
We muft therefore conclude that the aftion of the 
Earth is compounded of the united aftions of its 
parts; and therefore that all terrcftrial bodies muft 
attraft each other mutually, with abfolute forces that 
are as the matter attra&ing. This is the nature of 
gravity upon Earth; let us now fee what it is io 
the Heavens. 

That every body perfeveres in its ftate either off 
reft, or of moving uniformly in a right line, un- I 
lefs in (o far as it is compelled to change that ftate • 
by force* impreffed, is a law of nature univerfally i 
received by all philofophers. But from thence it 
follows that bodies which move in curve lines, and 
are therefore continually going off from the right 
lin?s that are tangents to their orbits, are by fonae t 
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continued force retained in thofe curvilinear paths.* 
Since then the Planets move in curvilinear orbits 
there muft be fome force operating, by whofe re- 
peated adions they are perpetually made to defied 
from the tangents. 

Now it is colleded by mathematical reafoning, 
and evidently demonftrated, that all bodies that move 
in any carve line defcribed in a plane, and which, 
' by a radius drawn to any point, whether quiefcent, 
1 or any how moved, defcribe areas about that point 
j proportional to the times, are urged by forces di- 
i reded towards that point. This muft therefore be 
1 granted. Since then all aftronomers agree that the 
primary Planets defcribe about the Sun, and the fe- 
condary about the primary, areas proportional to the 
times ; it follows that the forces by which they are 
perpetually turned afide from the redilinear tan* 
gents, and made to revolve in curvilinear orbits, 
are directed towards the bodies that are fituate in 
the centres of the orbits. This force may there- 
fore not improperly be called jcentripetal in refpe& of 
the revolving body, and in"re?ped of the central 
body attradive ; whatever caufe it may be imagined 
to arife from. 

But befides, thefe things muft be alfo granted, 
as being mathematically demonftrated : If feveral bo- 
dies revolve with an equable motion in concentric 
circles, and the fquares of the periodic times are as 
the cubes of the diftances from the common cen- 
I tre; the centripetal forces will be reciprocally as the 
| fquares of the diftances. Or, if bodies revofre in 
i orbits that are very near to circles, and the apfides 
of the orbits reft; the centripetal forces of the re- 
volving bodies will be reciprocally as the fquares of 
the diftances. That both thefe cafes hold in all the 
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Planets all aftronomers confent. Therefore the cen* 
tripetal forces of all the Planets are reciprocally as 
the fquares of the diftances from the centres of 
their orbits. If any fhould objed, that the ag- 
fides of the Planets, and efpecially of the Moon, 
are not perft&ly at reft; but are carried with a 
flow kind of motion in confequentia ; one may give 
this anfwer, that though we fhould grant this very 
flow motion to arifc from hence, tnat the propor- 
tion of the centripetal force is a little different from 
the duplicate, yet that we are able to compute 
mathematically the quantity of that aberration, and 
find it perfectly infenfible. For the ratio of the 
Lunar centripetal force it felf, which muft be the 
mod irregular of them all, will be indeed a little 
| greater than the duplicate, but will be near fixty 
times nearer to that than it is to the triplicate. But 
we may give a truer anfwer, by faying that this 
progreflion of the apfides arifes not from an aber- 
ration from the duplicate proportion, but from a 
quite different caufe, as is moft admirably (hewn 
in this phiJofophy. It is certain then that the cen- 
tripetal forces with which the primary Planets tend 
to the Sun, and the fecondary to their primary, 
are accurately as the fquares of the diftances reci- 
procally. 

From what has been hitherto faid, it is plain 
that the Planets are retained in their orbits by fome 
force perpetually a&ing upon them; it is plain that 
that force is always dire&ed towards the centres 
of their oibits; it is plain that its efficacy is aug- 
mented with the nearnefs to the centre, and dirtii- 
niihed with the fame ; and that it is augmented in 
the fame proportion with which the fquare of the 
diftance is diminished* and diminifhed in the fame 

pro- 
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proportion with which the fquare of the diftance 
is augmented. Let us now fee whether, by making 
t comparison between the centripetal forces of the 
Planets, and the force of graviry, we may not by 
chance find them to be of the fame kind. Now 
they will be of the fame kind if we find on both ' 
fides the fame laws, and the fame affedions. Lee 
us then firft confider the centripetal force of the 
Moon which is neareft to us. 

The redilinear fpaces* which bodies let fall from 
reft defcribe in a given time at the very beginning 
of the motion, when the bodies are urged by any 
forces whatfoever, are proportional to the forces* 
This appears from mathematical reafbning. There- 
fore the centripetal force of the Moon revolving in 
its orbit is to the force of gravity at the furface 
of the Earth, as the fpace, which in a very fmall 
particle of time. the Moon, deprived of all its cir- 
cular force and defcendiog by its centripetal force 
towards the Earth, would defcribe, is to the fpace 
which a heavy body would defcribe, when falling 
by the force of its gravity near to the Earth, in 
the fame given particle of time. The firft of thefe 
fpaces is equal to the verfed fine of the arc defcri- 
bed by the Moon in the fame time, becaufe that 
verfed fine meafures the tranflacion of the Moon 
from the tangent, produced by the centripetal force; 
and therefore may be computed, if the periodic 
time of the Moon and its difhnce from the cen- 
tre of the Earth are given. The laft fpace is found ' 
by experiments of pendulums, as Mr. H$tjgtn$ has 
ihewn. Therefore by making a calculation we Jhall 
fiod that the firft fpace is to the latter, or the cen- 
tripetal force of the Moon revolving in its orbit 
will be to the force of gravity at the fuperficies 
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if the Earth, as the fquare of the femi-diameter of 
the Earth to the fquare of the femi-diameter of the 
orbit. But by what was ftiewn before the very 
fame ratio holds between the centripetal force of the 
Moon revolving in its orbit, and the centripetal 
force of the Moon near the furface of the Earth. 
Therefore the centripetal force near the furface of 
i the Earth is equal to the force of gravity. There- 
fore thefe are not two different forces, but one and 
the fame ; for if they were different, thefe forces 
united would caufe bodies to defcend to the Earth 
with twice the velocity they would fall with by 
the force of gravity alone. Therefore it is plain 
j that the centripetal force, by which the Moon is 
! perpetually, either impelled or attracted out of the 
: tangent and retained in its orbit, is the very force 
of terreftrial gravity reaching up to the Moon. 
And it is very reafonable to believe that virtue 
ihould extend it felf to vaft diftanccs, fince upon 
the tops of the higheft mountains we find no fen- 
fible diminution of it. Therefore the Moon gra- 
vitates towards the Earth j but on the other hand, 
the Earth by a mutual a&ion equally gravitates to- 
wards the Moon ; which % alfo abundantly con- 
firmed in this philofophy, wtiere the Tides in the 
Sea and the Pmrceflion of the -/Equinoxes are treated 
of; which arife from the a&ion both of the Moon 
and of the Sun. upon the Earth. Hence laftly, we 
difcover by what law the force of gravity decreafes 
at great diftances from the Earth. For fince gra- 
vity is no ways different from the Moon's centri- 
petal force, and this is reciprocally proportional to 
the fquare of the diftance ; it follows tnat it is in 
that very ratio that tfce force of gravity decreafes. 

Hi 
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Let us now go on to the reft of the Planets.' 
Becaufe the revolutions of the primary Planets a* 
bout the Sun, and of the fecondary about Jupiter 
and Saturn, are phenomena of the fame kind with 
the revolution of the Moon about the Earth ; and 
becaufe it has been moreover demonftrated that the 
centripetal forces of the primary Planets are dire&ed 
towards the centre of the Sun, and thofe of the 
fecondary towards the centres of Jupiter and Saturn, 
in the fame manner as the centripetal force of the 
Moon is direded towards the centre of the Earth; 
and fince befides, all thefe forces are reciprocally as 
the iquares of the diftances from the centres, in 
the lame manner as the centripetal force of the 
Moon is as the fquare of the diftance from the 
Earth; we muft of courfe conclude, that the na- 
ture of all is the fame* Therefore as the Moon 
gravitates towards the Earth, and the Earth again 
towards the Moon ; fo alfo all the fecondary Planets 
will gravitate towards their primary, and the pri- 
tnary Planets again towards their fecondary ; and fo 
all the primary towards the Sun ; and the Sun again 
towards the primary. 

Therefore the Sun gravitates towards all the s 
Planets, and all the Planets towards the Sun. For , 
the fecondary Planets, while they accompany the 
primary, revolve the mean while with the primary 
about the Sum Therefore by the fame argument, 
the Planets of both kinds gravitate towards the Sun* 
and the Sun towards them* That the fecondary 
Planets gravitate towards the Sun is moreover abun- 
dantly clear from the inequalities of the Moon; t 
teoft accurate theory of which laid open with a 
tboft admirable fagacity, we find explained in the 
third book of this work. 

a ThaS 
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That the attract jv^ virtue of the Sun is propa- 
gated on alPlicles to prodigious diftances, and is 
diffufed to eveiy part of the wide fpace that fur- 
rounds ir, is mod evidently fliewn by the motion 
of the Comets }, which coming from places im- 
menfely diftant from the Sun, approach very near 
to it ; and fomethnes fo near, that in their perihe- 
lia they almoft touch its body. The theory c£ 
thefe bodies was altogether unknown to aftrono-* 
mers, till in our own times our excellent author 
moft happily difcovered ir, and demonftrated the 
truth of it by moft certain obferVations. So that 
it is now apparent that the Ccrhets move in canic 
feftions having their foci in the Sun's centre, and 
by radi) drawn to the Sun defcribe areas proporti-* ; 
onal to the times. But from thefe phenomena it 
is manifeft, and mathematically demonftrated, that 
thofe forces, by which the Comets are retained irt 
their orbits, refpeft the Sun, and are reciprocally 
proportional to the fquares of the diftances from its' 
cefttre. Therefore the Comets gravitate towards 
the Sun ; and therefore the attra&ive force of the 
Sun riot only afts on the bodies of the Planets, 
placed at given diftances arid very nearly in the 
farrte plane, but reaches alfo to the Comets in the 
moft different parts of the heavens, and at the 
moft different diftances. This therefore is the na- 
'ture of gravitating bodies, to propagate their force 
at all diftances to all other gravitating bodies. But 
from thence it follows that all the Planets and Co- 
mets attraft each other mutually, and gravitate mu- 
tually towards each other; which is alfo confirm* 
ed by the perturbation of Jupiter and Saturn, ob- 
ferved by aftronomers, which is caufed by the mo* 
ttitl a&ions of thefe two Planet! upon each oefter; 
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as alfo from that very flow morion of the apfides^ 
above taken notice of, and which arifes from a like 
caufe. 

We have now proceeded fo far as to (hew that 
it muft be acknowledged, that the Sun, and the 
£arrh» and all the heavenly bodies attending the 
Sun, attraft each other mutually. Therefore all the \ 
leaft particles of matter in every one muft have 
their feveral attradive forces, whofe efftd is as their 
quantity of matter; as was (hewn above of the 
terreftrial particles. At different di fiances thefe forces 
will be alfo in the duplicate ratio of the di fiances 
reciprocally; lor it is mathematically demonftrated* . 
that particles attracting according to this law will fijj 
compote globes attracting according to the fame 
law. 

The foregoing conclufions arc grounded on this 
aftiom which is received by all philofophers ; name-* | 
ly that effeds of the fame kind; that is, whofe 
known properties are the fame, take their rife from '- 
the fame caufes and have the fame unknown pro- 
perties alfo. For who doubts, if gravity be the 
caufe of the defcent of a ftone in Europe, b»it that 
it is alfo the caufe of the fame defcent in America? 
If there is a mutual gravitation between a ftone 
and the Earth in Europe, who will deny the fame 
to be mutual in America? If in £*rope % the at* 
tractive force of a ftone and the Earth is com- 
pounded of the attradive forces of the parts ; who 
will deny the like compofition in America ? If irt 
Europe, the attraction ot the Earth be propagated 
to all kinds of bodies and to all diftances; why 
may it not as well be propagated in like manner in 
America? All philofophy is founded on this rule J 
for if that be taken away we can affirm nothing 
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of ufciverfals. The conftitution of particular things 
is known by obfcrvanons and experiments; and 
when that is done, it is by this rule that we judge 
univerfally of the nature of fuch things in gene- 
ral. 

Since then all bodies, whether upon Earth or 
in the Heavens, are heavy, io far as we can make 
any experiments or obfervations concerning them ; 
we mud certainly allow that gravity is found in 
all bodies univerfally* And in like manner as we 
ought not to fuppofe that any bodies can be other- 
wife than extended* moveable or impenetrable ; fo 
we ought not to conceive that any bodies can be 
otherwife than heavy. The extenfion, mobility and 
impenetrability of bodies become known to us only 
by experiments,* and in the very fame manner their 
gravity becomes known to us. All bodies we can 
make any obfervations upon, are extended, move- 
able and impenetrable; and thence we conclude all 
bodies, and thofe we have no obfervations concerning, 
to be extended and moveable and impenetrable. So 
all bodies we can make obfervations on, we find to 
be heavy ; and thence we conclude all bodies, and 
thofe we have no obfervations of, to be heavy alfo. 
If any one fliould fay that the bodies of the fixed 
i Stars are nbt heavy becaufe their gravity is not yee 
obferved ; they may fay for the fame reafon that 
they are neither extended, nor moveable ncr impe- 
netrable, becaufe thefc afft&ions of the fixed Stars 
are not yet obferved. In fhorr, cither gravity muft 
have a place among the primary qualities of all bo- 
dies, or extenfion, mobility and impenetrability muft 
not* And if the natuie of things is not rightly ex- 
plained by the gravity of bodies, it wilf not be 

right- 
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rightly explained by their extension, mobility and 
impenetrability. 

Some 1 know difepprove this conclufion, and mutter 
Something about occult qualities. They continual- 
ly are cavilling with us, that gravity is an occult ' 
property; and occult caufes are to be quite ha- 
nifhed from philofophy. Bur to this the anfwer - 
is eafy ; that thofe are indeed occult caufes whofe 
cxiftence is occult; and imagined but not proved ,* 
but not thofe whofe real exigence is clearly de- 
mon ft rated by obfervarions. Therefore gravity can 
by no means be called an occult caufe of the ce- 
leftial motions; becaufe it is plain ftom the pheno- 
mena that fuch a^ virtue does really exift. Thofe \ 
rather have recpurfe to occult caufes ; who fet ima- l 
ginary vortices, of a matter entirely fi&itious, and 
impreceptible by our fenfes, to dueft thofe mo* ; 
tions. 

But (hall gravity be therefore called an occult 
caufe, and thrown out of philofophy, becaufe the 
w caufe of gravity^ is occult and not yet difcovercd? 
Thofe who affirm this, fliould be careful not to fall 
into an abfurduy that may overturn the found iti- 
ons of all philofophy. For caufes ufe to proceed ; 
in a continued chain from thofe that are more com- 
pounded to thofe that a<e more fimple; when we 
are arrived at the ipoft fimple caufe we can go no 
farther. Therefore no mechanical account or ex- 
planation of the mod (impte caufe is to be expefted or 
given; for if it could be given, the caufe verenot 
the mo ft fimple. Thefe mo ft fimple caufes will 
you then call occult, and rejeft them ? Then you 
muft rejf(5fc thofe that immediately depend upon 
thap, and thofe which depend upon thefc laft, 
a j 4 till 
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till philofophy U quite cleared and difencumbred of 
all caufes. 
[ Some there are who fay that gravity is prater- 
; jiatural, and call it a perpetual miracle. Therefore 
i they would have it rejefted, becaufe preternatural 
: caufes have no place in phyfics. Jt is hardly worth 
while to fpend time in anfwering this ridiculous ob«- 
je&ion which overturns all philofophy. For cither 
they will deny gravity to be in bodies; which can- 
not be faid; or elfe, they will therefore call it pre- 
ternatural becaufe it is not produced by the other 
affe&ions of bodies, and therefore not by mechani- 
cal caufes. But certainly there are primary affeftions 
of bodies ; and thefe, becaufe they are primary, have 
no dependance on the others. Let them tonfider 
whether all thefe are not in like manner preternatu- 
ral, and in like manner to be reje&ed ; and then 
what kind of philofophy we are like to have. 

Some there are who diflike this celeftial phyfics 
becaufe it contradids the opinions of Pes Gtrtes 3 
and feems hardly to be reconciled with them. Let 
thefe enjoy their own opinion ; but let them aft 
fairly ; and not deny the fame liberty to us which 
they demand for themfelves. Since the Ncwtonia^ 
Philofophy appears true to us, let us have the JiberV 
ty to embrace and retain it, and to follow caufes 
proved by phenomena, rather than caufes only ima- 
gined, and not yet proved. The bufinefs of true 
philofophy is to derive the natures of things from 
caufes truly ex i ft em ; and to enquire after thofe laws 
on which the Great Creator actually chofe to found this 
moft beautiful Frame of the World ; not thofe by which 
he might have done the fame, had he fo plea fed. 
; Jt is rcafonablc enough to fuppofe that from feveral 
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caufes, fomewhat differing from each orher, the fame 
cflxdk may arife; but the true caufe will be that* 
from which it truly and actually does arife; the 
others have no place in true pltilolophy. The fame ' 
motion of the hour-hand in a clock may be *>c- 
cafinned either by a weight hung, or a fpring (hue 
up within. But if a certain dock fhouid be real- 
ly moved with a weight; we fhouid laugh at a 
man that would fuppofe it moved by a fpring* and 
from that principle, fuddenly taken up without far* 
ther examination^ lhould ge about to explain the 
motion of the index ; for certainly the way he 
ought to have taken fhouid have been, adually to 
look inro the inwatd parts of the machine, that he 
might* find the true principle of the propofed mo- 
tion. The like judgment ought to be made pf 
thofe philofophers, who will have the heavens to 
be filled with a mod fubtile matter, which is per- 
petually carried round in vortices. For if they could I 
explain the phenomena ever fo accurately by their ; 
hypothefes, we could not yet fay that they have 
difcovered true philofophy and the tip* caufes of 
the celeftial motions, unlefs they cou'd either dc- 
monftrate that thofe caufes do actually exift, or at 
Icaft, that no others do exiih Therefore if it b2 
made clear that the atrradion of all bodies is a 
property a&ually exifting m rtrum natura ; and if 
it be alfo fhewn how the motions of the celeftul 
bodies may be folved by that property; it would 
be very impertinent lor any one to objeft, that 
thefe motions ought to be accounted for by vor- 
tices; even though we fhouid never fo much alloy 
fuch an explication of thofe motions to be pofll- 
ble. But we allow no fuch thing; for the phxno- 
pena can by no means be accounted for by vor- 
a a tieesj 
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ticcs; as our Author has abundantly proved from 
the cleared reafons. So that Men mud be flrangeljr 
fond of chimera's, who can fpend their time (o 
idly , as in patching up a ridiculous figment and 
letting it off with new comments of their own. 

•Jf the bodies of the Planets and Comets are car* 
ried round the Sun in vortices; the bodies fo car- 
ried, and the parrs of the vortices next furrounding 
them, mufl be carried with the fame velocity and 
the fame direction, and have the fame den fit y, and 
the fame vis mcrtU aofwering to the bulk of the 
matter. But it is certain, the Planets and Comets, 
when in the very fame parts of the Heavens, are 
carried with various velocities and various directions. 
Therefore it neceffarily follows that thofe fferts of 
the celeflial fluid, which axe at the fame diflances 
fmm the Sun, mufl revolve at the fame time with 
different velocities in different directions ; for one 
kind of velocity and direftion is required for the 
. motion of the Planets, and another for that of the 
Comets. But fince this cannot be accounted for ; 
we mufl either fay that all the celeflial bodies are 
not carried about by vortices; or elfe that their 
motions are derived, not from one and the fame 
vortex, but from feveral diftindt ones, which fill 
and pervade the fpaces round about the Sun. % 

Bijt if feveral vortices are contained in the fame 
fpace, apd are fyppqfed to penetrate each other, and 
to revolve with different ipotions; then becaufe thefe 
motions mu (I agfee with thpfe of the bodies car- 
ried *boijt by them, wjiich are perfectly regular, 
and perfoijmd in 'conic feftions which arc fome- 
times very eccentric, and fometimes nearly circles; 
one ipay very reafonably .ask, how if comes to pafs 
that thefp vortices rwwin fptire, and have fujfcrtd 
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to manner of perturbation in To many ages from 
the aft ions of the confli&ing matter. Certainly if 
thefe fifiinou* motions are more compound. d and 
more hard to be accounted for than the true mo* 
tions of the Planets and Comets, it feeras to no pur- 
pofe to admit them into philofophy ; fince every ) ^ 
cauie ought to be more firaple than its effed. Al- 
lowing men to indulge their own fancies, (uppofe 
any man fliould affira that the Planets and Comets 
are furrounded with armofpheres like our Earth ; 
which hypothefis feems more reafonable than that 
of vortices. Let him then affirm chat thefe at* 
snofpheres by their own nature movo about the 
Sun and defcribe conic fed ions > which motion is 
much more eafily conceived than that of the vor- 
tices penetrating each other. Laftly, that the Planets 
and Comets are carried about the Sun by thefe 
armofpheres of theirs ; and then applaud his own 
fagacity in difcoverin^ the caufes of the celeftial 
motions. He that rejt&s this fable muft alfo rejed 
the other; for two drops of warer are not ipore 
like than thfs hypothefis of armofpheres, and that 
of vortices. 

GdiUo has (hewn, that when a ftofte projeded 
moves in a parabola, its deflexion into that curve 
1 from its rc^ilineac path is occafioned by the gra- 
vity of the (tone towards the Earth, that is, by 
| an occult quality. But now fome body, more cun- 
pipg than he, may come to explain the caufe after 
this manner. He will (uppofe a ccitain fubtik mat- 
ter, not difcernable by our fight* our touch or any 
other of our fenfes, which fills the fpaces which are 
near apd contiguous to the fuperficies of the Earth ; 
ancl th*t this matter is carried with different dire ftions, 
aqd yafious, and often contrary, motions, fiefenbing 
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parabolic curves. Then fee how eafily he may ac» 
count for the deflexion of the (lone above fpoken 
of. The ftonc, fays he, floats in this fubtile fluid, 
and following its motion, can't chufc but defcribe 
the fame flgure. But the fluid moves in parabolic 
curves; and therefore the (lone muft move in a pa- 
rabola of courfe. Would not the acutends of this 
phibfopher be thought very extraordinary, who 
could deduce the appearances of nature from me- 
chanical caufes, matter and motion, fo clearly that 
the meaneft man may underftand it? Or indeed 
fhould not we fmile to fee this new GtltUo taking 
fo much niathetnatical pains to introduce occult 
(qualities into philofophy, from whence they have 
been fo happily excluded? But I am afhamed to 
dwell fo long upon trifles. 

The fum ot the matter is this ; the number of 
the Comets is certainly very great; their motions 
are perfe&ly regular; and obferve the fape laws with 
thole of the Planets. The orbits in which they move 
are conic fedions, and thofe very eccentric. They 
move every way towards all parts of the' Heavens, 
end pafs through the planetary regions with all poflir 
ble freedoms and their motion fc often contrary to 
the order of the figns. Thefe phenomena are moft 
evidently confirmed by aftronopical observations, 
and cannot be accounted for by vortices. Nay in- 
deed they are utterly irreconcileable with the vor- 
tices of the Planets. There can be no room for 
tjie motions of the Comets; unlefs the celeftial 
fpaces be entirely cleared of that fiftitious matter. 

For if the Planets are carried about the Sun in 
vortices; the parts of the vortices which immedi- 
ately furround every Planet muft be of the fame 
denflty with the Planet, as was Ihewa abovp. There- 
fore 
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fcff all the matter contiguous to the perimeter ct 
fhe nufnw ortns, rauft be of the fafac denfity as 
the Earth. But now that which lies between the 
w*4gn*t orbit and the orb of Saturn rouft have en 
thcr an equal or greater denfity. For to male the | 
con ft i rut ion of the vortex permanent, the parts of ' , , 4 - ; 
Je/s denfity muft lie near the centre, and thofe of , 
greater denfity muft go farther from it. For fincc / 
the periodic times of the Planets are in the fefqu* < 
plicate ratio of their difbnees from the Sun, the 
periods of the parts of the vortices muft alfb pre- 
serve the fame ratio. Thence it will follow that the 
centrifugal forces of the parts of the vortex muft 
be reciprocally as the fquares of their d* fiance*. 
Thofe parts therefore which are more remote from 
the centre endeavour to recede from it with lefs 
force; whence if their denfity be deficient, they 
jnuft yield to the greater force with which the 
parts that lie nearer the centre endeavour to afcend. 
Therefore fhe denfer parrs will afcend; and thofe 
of lefs denfity will dei'cend ; and there will be t 
mutual change of places, till aH the fluid matter 
in the whole vortex be fo adjufted and difpofed, 
that being reduced to an equilibrium its parrs be- 
come quiefcenr. If two fluids of different denfity 
be contained in the fame vefTtl; it will certainly 
come to paft that the fluid of greater denfity will 
fink the lowed ; and by a like reafoning it follows 
that the denfer parts of the vortex by their greater 
centrifugal force will afcend to the higheft places. 
Therefore all that far greater part of the vortex 
which lies wirhotit the Earth's orb, will have a den- 
fity, and by confequence a vis mertk anfwering to 
the bulk of the matter, which cannot be lefs than 
ihedepfity and vis incrti* of the Earth. Bur from 
•*.-#" hence 
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hence will arife a mighty refinance to the pafftge 
of the Comets, and (uch as can't but be very fen- 
iibie; not to fay, enough to put a flop to, and ab- 
forb, their motions entirely. But now it appears 
from the perfe&ly regular motion of the Comets, 
that they luffer no refiftance that is in the lead 
fenfible ; and therefore that they meet with no matter 
of any kind, that has any refitting force, or, by 
fonfequence, any denfity or vis inerti*. For the 
refiftance of mediums arifes, either from the mrti* 
of the matter of the fluid, or from its want of 
lubricity. That which arifes from the want of )u~ 
bricity is very fmall, and is fcarce obfervable in the 
fluids commonly known, unlefs they be very tena- 
cious like oil and honey. The refiftance we find 
in air, water, quick-diver and the like fluids that 
are not tenacious, is alrnoft all of the firft kind ; 
and cannot be diminished by a greater degree of 
fubtilty, if the denfity and vis incrtit % to which this 
refiftance is proportional, remains; as is moft evi*> 
dently demonftrated by our Author in his noble 
theory of rtfiftances in the fecond book. 

Bodies in going on through a fluid communi- 
cate their motion to the ambient fluid by little 
and little, and by that communication lofe their 
own motion, and by lofing it are retarded. There- 
fore the retardation is proportional to the motion 
communicated ; and the communicated motion, when 
the velocity of the moving body is given, is as the 
denfity of the fluid,* and therefore the retardation 
pr refiftance will be as the fame denfity of the 
fluid; nor can it be taken away, unlefs the fluid 
coming about to the hinder parts of the body re- 
ftorc the motion loft. Now this cannot be done 
pnlefs the impreffion of the fluid on the hindpr 
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parts of the body be equal to the imprcflion of 
the fore parts of the body on the fluid, that is 
unlets the relative velocity with which the fluid 
pufiies the body behind is equal to the velocity 
with which the body pu flies the fluid ; that is, un- 
lefs the abfohite velocity of the recurring fluid bt 
twice as great as the abfolute velocity with which 
the fluid is driven forwards by the body) which 
is impoflible. Therefore the rtfiftance of fluids a* 
rifing from their vis mertU can by no means be 
taken away. So that we muft conclude that the 
celeftial fluid lias no vis mertu, becaufe it has no 
red fling force; that it has no force to communi- 
cate morion with, becaufe it has no vis inertti ; 
that it has no force to produce any change in one 
or more bodies, becaufe it has no force wherewith 
to communicate motion; that it has no manner of 
efficacy* becaufe it has no faculty wherewith to pro- 
duce any change of any kind. Therefore certain- 
ly this hypothecs may be juftly called ridiculous, 
and unworthy a philofopher; fince it is altogether 
without foundation, and does not in the leaft ferve 
to explain the nature of things. Thofe who would ! 
have the Heavens filled with a fluid matter, but 
fuppofe it void of any vis inert U\ do indeed in 
words deny i vacuum, but allow it in fad. For 
fince a fluid matter of that kind can no ways be 
diftinguilhed from empty fpace ; the difpute is now 
about the names, and not the natures of things. 
If any are fo fond of matter* that they will by 
no means admit of a fpace void of body ; let us 
confider, where they muft come at laft. 

For either they will fay, that this conftitution 
of a world every where full* was made fo by dfe 
will of Cod to this end, that the operations of 

Nature 
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; tsTature might be aflifted every where by a fubrife 
*tber pervading and (riling all things; which can- 
not be (aid however, fince we have (hewn from 
the phenomena of the Comcy, that this sther is 
of no efficacy at all; or they will fay, that it be- 
came fo by the fatae will of God for fome un- 
known end; which ought not to be faid, becaufe 
for the fame reafoni a different conftitution may be 
as well fuppofed ; or laftly, they will not fay that 
it was caufed by the will of Gob, but by fome 
jieceflny of its nature. Therefore they will at 
Jaft fink into the mire of that infamous herd ; 
who dream that all thingi are governed by Fate, 

: and not by Providence; and that matter cxifts by 
the neceflity of its nature always and every where, 
Being infinite and eternal. But fuppofing thefe things, 
k rauft be alfo every where uniform ; for variety 
of forms is entirely inconfiftent with ncceffity. , 
It muft be alfo unmoved i for if it be hecetfarijy 
moved in any determinate direction, with any de- 
terminate velocity, it will by a like neceffity be 
moved in a different dire&ion with a different ve- 
locity ; but it can never move in different dire- 
dions with different velocities; therefore it mufl: 
be unmoved. Without all doubt this World, (o 
diverfified with that variety of forms and motions 
we find in it, could arife from nothing but the 
perfeftly free will of God dire&ing and prefiding 
over all. 

From this fountain it is that thofe laws which 
we call the laws of Nature, haveftbwed ; in which 
there appear many traces indeed of the mod ,wifc 
contrivance, but not the leaft fhadow of neceflity, 
Thefe therefore we muft not feek from uncertain 
cosje&urcs* but learn them from obfervations and ei- 

perimettt* 
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periments. He who thinks to find the true prin- 
ciples of phyfics and the laws of natural things by 
the force alone of his own mind, and the internal 
light of his reafon } mud either fuppofe that the 
World exifts by neceffity, and by the fame necef* 
fity follows the laws propofed; or if the order of 
Nature was edabliftied by the will of God, that 
himfelf, a miferable reptile, can tell what was fitted 
to be done. All found and true philofophy is \ 
founded on the appearances of things; which if they 
draw us never fo much again ft our wills, to fucn ' 
principles as mod clearly manifeft to us the rood 
excellent counfel and fupreme dominion of the All- 
wife and Almighty Being ; thole principles are not 
therefore to be laid afide, becaufe fome men may per- 
haps diflike them. They may call them, it they 
pleafe, miracles or occult qualities; but names mail* 
cioufly given ought not to be a difadvantage to the 
things themfdves; unlefs they will fxy at lad, that! 
all philofophy ought to be founded in atheifin. 
Philofophy muft not be corrupted in complai/ance to ' 
thefe men; for the order of things will not be 
changed. 

Fair and equal judges will therefore give fentence 
in favour of this mod excellent method of philo- 
fophy, which is founded on experiments and obfer- 
vations. To this method it is hardly to be laid 
or imagined, what light, what fplendor, hath accru- 
ed from this admirable work of our illudrious au- 
thor; whofe happy and fublime genius, refolving 
the mod difficult problems, and reaching to difco- 
veries of which the mind of man was thought in- 
capable before, is defervedly admired by all thofe 
woo are fomewhat more than fuperficially verted in 
thefe flatters* The gates are now fct open ; and by 
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jh« means we may ifretly enter into the knowledge 
of the hidden feasts and wonders of natural things* 
He has fo clearly laid open and fet before our eyes 
the mo ft beautiful frame of the Syftcm of the World ; 
lhat if King Afhonfm were now alive, he would not 
complain' for want of the graces either of (implicit/ 
or of harmony in it. Therefore we may now more 
nearly behold the beauties of Nature, and entertain 
Our felves with the delightful contemplation ; and* 
which is the bed and mod valuable fruit of philo- 
fophy, be thenSe iricited the fftore profoundly to 
fevererice arid adore the great Maker and Lord of 
all. He muft be blind who froth the mod wife and 
excellent contrivances of things catin6t fee the infi- 
nite Wifdom and Goodnefs of their Almighty Cre- 
ator, and he muft be mad and fenfelefs* who refufes 
to acknowledge them. 
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Mathematical 

PRINCIPLES 

O F 

Natural Philofophy. 
Definitions. 

Def. I. 

The Quantity of Matter is the tneafure of r/# 
fame, arifmgfrom its dtnfity and bulk con- 
junctly. 

3U3|£Nt H U S air of a double denfity , in a doublt 
jEfT€jK (j» c *» ** c l uac ' ru P' e * n quantity ; in a triple 
Egggg fpace 9 fcxtuple in quantity* The fame 
*■***■ thing is to be understood of fnow, and 
fine dull or powders, that are condenfed by compreffion 
or Jiquefa&oo; and of all bodies that are by any caufc* 
B what- 
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| whatever differently condenfed. I have no regard in 
J this place to a medium, if any fuch there is, that 
freely pervades the interfaces between the parts of 
bodies. It is this quantity that I mean hereafter every 
where under the name of Body or Mafs. And the 
, fame is known by the weight of each body : For it is 
proportional to tne weight, as I have found by experi- 
ments on pendulums, very accurately made* which 
(hall be Ihewn hereafter. 

Definition II. 

The Quantity of Motion is the meafure of the 
fame, arifing from the vdocity and quan- 
tity of matter conjunctly. 

The motion of the whole is the Sum of the mo* 
tions of all the parts ; and therefore in a body double in 
quantity, with equal velocity, the motion is double; 
with twice the velocity, it is quadruple. 

Definition III. 

The Vis Infita, or Innate Force of Matter^ 
l is a power of refifting y by which every 
body \ as much as in it ltes % endeavours to 
per fever e in its prefint fate, whether it be 
of reft, or of moving uniformly forward in 
aright line. 

This force is ever proportional to the body whofe 
force it is; and differs nothing from theinaftivity 
of the Mais, but in our manner of conceiving it. A 
Txxly. from the ina&ivity of matter, is not without 

difficulty 
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difficulty put cut of its ftate of reft or motion. Up* I 
on which account, this Pis infita* may, by a moft fig- / 1 f 
nificant name, be called Pis Inert u, or Force of In- ... 
adivity. But a body exerts this force only, when a* ; 
nocher force imprefs'd upon it, endeavours to change its -\ 
condition ; and the exercife of this force may be con* 
fidered both as refinance and impulfct It is refinance 
in fo far as the body* for maintaining its prefent ftate 
withftands the force imprefled ; it is impufe* in fo 
far as the body, by not eafily giving way to the imprefs'd 
force of another, endeavours to change the ftate 
of that other. Refiftance is ufually afcrib'd to bodies at 
reft, and impulfe to thofein motion : But motion and 
reft, as commonly conceived, are only relatively diftin* - ' 
guifhed; nor are thofe bodies always truly at reft, 
which commonly are taken to be fo* 
# 

Definition IV. 

An impreffd force is an aft ion exerted upon a 
body, in order to change its fiat e, either of 
refi % or of moving uniformly forward in a 
rtght line. 

This force confifts in the a&ion only ; and remains "* 
no longer in the body, when the a&ion is over. For 
a body maintains every~ new flate it acquires, by 
its Pis Intrtu only. Imprefs'd forces are of diffe- ^ v 
rent origines; as from gercuffion> from preffure, from ; J 
centripetal force. ~~ ~ ~~^~ 
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Definition V; 

A Centripetal force is that by which bodies are 
drawn or impelled, or any way tend, to- 
l^J) wards a point as to a centre. 

Of this fort is Gravity by which bodies tend to the 
centre of the Earth,- Magnetifm, by which iron tends 
to the loadftone; and that force, whatever it js, by 
which the Planets are perpetually drawn afide from 
the reflilinear motions, which otherwife they wouM 
purfue, and made to revolve in curvilinear orbits. A 
ftone, whirled about in a fling, endeavours to recede 
from the hand that turn* it ; and by that endeavour, 
diftends the fling, and that with fo much the great- 
er force, as it is revolv'd with the greater velocity > 
and as foon as ever it is let go, flies away. That force 
which oppofes it felf to this endeavour, and by which the 
fling perpetually draws back the ftone towards the hand, 
and retains it in its orbit, becaufe 'tis dire&ed to the 
pandas the centre of the orbirj call the Centripetal force. 
And the fame thing is to be underftood of all bodies, 
revolv'd in any orbits. They all endeavour to recede 
from the centres of their orbits ; and were it not for 
the oppofition of a contrary force which reftrains them 
to, and detains them in their orbits, which I therefore 
call Centripetal, would fly off in right lines, with an 
uniform motion. A projectile, if it was not for the 
force of gravity, would not deviate towards the 
Earth, but would go off from it in a right line 
and that with an uniform motion, if the refinance of 
the Air was taken away. 'Tis by its gravity that it is 
drawn afide perpetually from its reftilinear courfe, and 
made to deviate towards the Earth, more or lefs, accord- 
ing 
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mg to the force of its gravity, and the velocity of its 
motion. The lefs its gravity is, for the quantity of its 
matter, or thegreater tiie ve'ocity with which it is projed- 
cd, the lefs will it deviate from a reftilinrtr courfr, and j 
the farther it will go. If a leaden ball projected from 
the top of a mountain by the force ot gun-powder 
with a given velocity, and in a direftion parallel to 
the horizon, is carried in a curve line to the di (lance of 
two miles before it falls to the ground ; the fame* if 
the refiftance of the Air was took away, with a double 
or decuple velocity, would fly twice or ten times 
os far. And by increafing the velocity, we may at 
pleafure increafe the diftance to which it might be 
proje&ed, and diminifti the curvature of the line,, 
which it might defcribe, till at laft it fhould fall at 
the diftance of 10, 50, or 90 degrees, or even 
might go quite round the whole Earth before it 
tails; or laftly, fo that it might never fall to the Earth, 
but go forwards into the Celeftial Spaces, and proceed in 
its motion /» infinitum. And after the fame manner, that 
2 projeftile, by the force of gravity, may be made to 
revolve in an orbit, and go round the whole Earth, 
the Moon alfo, either by the force of gravity, if it I v ^ 
is endued with gravity, or by any other force, that im- ' '" J 
pells it towards the Earth, may be perpetually drawn afide 
towards the Earth, out of the rectilinear way, which 
by its innate force it would purfue ; and be made to 
revolve in the orbit which it now defcribes: nor could 
the Moon without fbme fuch force, be retain'd in its 
orbit. If this force was too final 1 , it would not fuf- 
ficiently turn the Moon out of a redilinear courfe: 
if it was too great, it would turn it too much, and 
draw down the Moon from its orbit towards the Earth. 
v/ It is neceflary, that the force beofjjuft quantity > and 
' \t belongs to the MathematicTans to finOie force, 
B 3 that 

'•: * • r r- : i * ■ 

'• '] r / -'-■•■ * 
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that may ferve exafily to retain a body in a given orbir* 

with a given velocity ; and vice verfi, to determine 

the curvilinear way, into which a body proje&ed 

from a given place, with a given velocity, may be 

made to deviate from its natural reftilinear way, by 

means of a given force. 

; The quantity of any Centripetal Force may be con- 

j fidered as of three kinds, Abfolute, Accelerative» and 

\ Motive. 

J 

Definition VI. 

The abfolute quantity of a centripetal force is 
then.etfure of the fame, proportional to the 
efficacy of the caufe that propagates it 
from the centre, through the /paces round 
about. 

\ Thus the magnetic force is greater in one load-done 
'■ end lefs in another, according to their fizes and 
; flrength. 

Definition VII. 

The accelerative quantity of a centripetal 
force is the meafure of the fame \ propor- 
tional to the velocity which it generates 
in a given time. 

Thus the force of the fame load-ftone is greater 

! at a lefs diftance, and lefs at a greater : alfo the force 

j of gravity is greater in valleys, lefs on tops of exceeding 

high mountains; and yet lefs (as fhall be hereafter 

ibewn) at greater diftances from the body of the 

Earth* 
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Earth ; but at equal diftances, it is the fameevery where j 
fcecaufe (taking away, or allowing for, the refiftance of 
the Airj it equally accelerates all lalling bodies, whether 
heavy or light, great or fmall. 

Definition VIII. 

The motive quantity of a centripetal force, is 
the me a jure of the fame y proportional to the 
motion which it generates m a given time. 

Thus the Weight is greater in a greater body, left 
in a kfc body ; it is greater near to the Earth, and lefs 
at remoter diftanccs. This tort of quantity is the cen- 
tripetency, or propenfion of the whole body towards -i~ f, : 
the centre, "or as I may lay, its Weight; and it is 
ever known by the quantity 6Ta force equal and con- 
trary to it, that is juft fuflkient to hinder the dekent of 
the body. . , ., 

Thefe quantities of Forces, we may forjjrevity >i ; Jak« ( 
can by the names of Motive, Acce!erativeaTia Abfolute ), 
forces; and fordiftinaion fake confider them, with 
refpea to the Bodies that tend to the centre ; to the Places 
of thofe bodies ; and to the Centre of force towards 
which they tend : That is to fay, I refer the Motive : 
force to the Body, as^an^endeavpur_ and propenfity of 
the whole towards a centfeTariiing from the ptopenfitits 
of the feveral parts taken together ; the Accelerative 
force to the Place of the body, as a certain power or 
energy diffufed from the centre to all places around to 
move the bodies that are in them; and the Abfolute 
force to the Centre, as indued with fome caufe, with- 
out which thofe motive forces would not be propaga- 
ted through the fpaces round about; whether that caufe 
is fome central body, (fuch as is the Load-ftone, in 
B i the 



Digitized by 



Google 



// 



S Mathematical Principles Book I. 

the centre of the force of Magnetifm, or the Earth in 
the centre of the gravitating force) or any thing elfe 
that does not yet appear. For I here defign only to 
!t give a Mathematical notion of thofe forces, without 
b confidering their Phyfical caufes and feats. 
* Wherefore the Accelerative force will ftand in the 
feme relation to the Motive, as celerity does to motion. 
For the quantity of motion arifes from the celerity, drawn 
into the quantity of matter; and the motive force arifes 
ftom the accelerative force drawn into the fame quantity of 
matter. For the fum of the a&ions of the Accelerative 
force, upon the feveral particles of the body, is the 
Motive force of the whole. Hence it is, that near the 
furface of the Earth, where the accelerative gravity, or 
force produ&ive of gravity in all bodies is the fame, 
the motive gravity or the Weight is as the Body : but 
if we (hould afcend to higher regions, where tne acce- 
lerative gravity is lefs, the Weight would be likewise 
diminifhed, and would always be as the produft of the 
Body, by the Accelerative gravity. So in thofe regions, 
where the accelerative gravity is diminiftiedinto one half, 
the Weight of a body two or three times lefs, will be 
four or fix times lefs. 

I likewife call Attradions and Impulfes, in the fame 
ftnfe, Accelerative, and Motive; and ufe the words 
Attra&ion, Impulfe or Propenfity of any fort to- 
/ wards a centre, promifcuoufly, and indifferently, one 

for another; confidering thofe (orces not Phyfically 
4?>ut Mathematically : Wherefore, the reader is not 
to imagine, that by thofe words, I any where take 
upon me to define the kind, or the manner of any Afti- 
on, the caufes or the phyfical reafon thereof, or that I 
attribute Force?, in a true and Phyfical fenfe, to certain 
centres (which are only Mathematical points,); when 
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at any tune I happen to fpeak of centres as attracting, 
or as endued with attractive powers. 

Scholium. 

* Hitherto I have laid down the definitions of fuch words 
as arc Ms known, and explained the fenfe in which I would 
have them to be underftood in the following difcourie. f 
I do not define Time, Space, Place and Motion, as , 
being well known to all. Only I muft obferve, that 
the vulgar conceive thofe quantities under no other no- 
tionsbut from the relation they bear to fenfible otyefts. 
And thence arife certain prejudices, for the removing \ 
of which, it will be convenient to diftinguifti them \ 
into Abfolute and Relative, True and Apparent, Ma- j 
thematical and Common. 

I. Abfolute, True, and Mathematical Time, of it : 
felf, and from its own nature flows equably without 
regard to any thing external, and T>y another name is 
called Duration : Relative, Apparent, and Common 
Time ITTome fenfible and external (whether accurate 
or unequable) meafure of Duration by the means of 
motion, which is commonly ufed inftead of True 
time ; fuch as an Hour, a Day, a Month, a Year. 

II Abfolute Space, in its own nature, without 
regard to any thing external, remains always fimilar 
and immoveable. Relative Space is fome moveable dimer- 
fion or meafure of the abfolute fpaces; which our fenfes 
determine, by its pofition to bodies j and which is 
vulgarly taken for immoveable fpace ; Such is the di- 
menfion of a fubterraneous, an aereal, or celeftial fpace, 
determin d by its pofition in refped of the Earth. 
Abfolute and Relative fpace, are the lame in figure and ' 
magnitude; but they do not remain always numeric , 
tally the fame. For if the Eartlv for inftance, moves ; 

a /pact 
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a fpace of our Air, which relatively and in refped of 

the £arth 9 remains always the fame, will at one time 

be one part of the abfolute fpace into which the 

! ' \ \ Air pafles ; at another time it will be another part of 

< ' ! the fame* and fo, abfolutely underftood, it will be per- 

• petually mutable. 

i III* Place is apart^of (pace which a body takes 

1 up, and, is according to the fpace, either abfolute or 

relative. I fay, a Part of Space; not the duration, nor 

the external furface of the body. For the places of 

equal Solids, are always equal; but their fuperficies, 

by reafon of their diffimilar figures, are often unequal. 

Pofitions properly have no quantity, nor are they fo 

much the places themfelves, as the properties of places. 

/ The motion of the whole is the fame thine with the 

fum of the motions of the parts, that is, the rranfla- 

tion of the whole, out of its place, is the fame thing 

* with the fum of the tranflations of the parts out of 

i their places ; and therefore the Place of the whole, is 

, the fame thing with the Sum of the places of the 

parts, and for that reafon, it is internal, and in the 

whole body. 

IV. Abfolute motion, is the tranflation of a body 
] from one abfolute place into another ; and Relative no* 
; * tion, the tranflation from one relative place into another. 
Thus in a Ship under fail, the relative p'ace of a body 
is that part of the Ship, which the Body poffeffes ; or 
I that part of its cavity which the body fills, and which 
therefore moves together with the Ship : And Rela- 
tive reft, is the continuance of the Body in the fame 
part of the Ship, or of its cavity. But Real, abfo- 
lute reft, is the continuance of the Body in the fame 
part of that Immoveable fpace, in which the Ship it 
felf, its cavity, and all that it contains, is moved. 
Wherefore, if the Earth is really at reft, the Body, 

which 
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which relatively refts in the Ship, will really and ab- 
folutely move with the fame velocity which the Ship , 
has on the Earth. But if the Earth alfo moves, the true \ 
and abfolute motion of the body will arife, partly from 
the true motion of the Earth, in immoveable fpace ; 
partly from the relative motion of the Ship on the 
Earth : and if the body moves alfo relatively in the 
Ship ; its true motion will arife, partly from the true 
morion of the Earth, in immoveable fpace, and partly 
from the relative motions as well of the Ship on the 
Earth, as of the Body in the Ship ; and from thefc 
relative motions, will arife the relative motion of the 
Body on the Earth. As if that part of the Earth f 
where the Ship is, was truly movM toward the Eaft, 
with a velocity of iooio parts; while the Shipitfeif 
with a firefli gale, and full fails, is carry d towards the 
Weft, with a velocity exprefs'd by 10 of thofe parts; 
but a Sailor walks in the Ship towards the Eaft, with 
ii part of the faid velocity : then the Sailor will be 
moved truly and abfolutely in immoveable fpace to- 
wards the Eaft with a velocity of ioooi parts, and 
relatively on the Earth towards the Weft, w ith a veloci- 
ty of 9 of thofe parts. 

Abfolute time, in Aftronomy, is diftinguifh d from 
Relative, by the Equation or corre&ion of the vulgar 
time. For the natural days are truly unequal, though 
they are commonly confider'd as equal, and ufed for 
ameafureof time : Aftronomers correft this inequality 
for their more accurate deducing of the celeftial mo- , 
tions It may be, that there is no fuch thingasan equable) 
motion, wnereby time may be accurately meaiured.; 
All motions may be accelerated and retarded, but the , 
True, or equable progrefs, of Abfolute time is liable to 
no change. The duration or perfeverance of the 
ttiftcnce of things remains the fame, whether the mo- 
tions 
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tions are fwift or flow, or none at all : and therefore ic 
ought to be diftinguifh'd from what are only fenfible 
meafures thereof; and out of which we colled: it, by 
means of the Aftronomical equation. The neceffity of" 
which Equation, for determining the Times of a phe- 
nomenon, is evinc'd as well from the experiments of the 
pendulum clock, as by eclipfes of the Satellites of J*- 
fiter. 
« ,.g As the order of the parts of Time is immutable, fo 
/i ^ i alfo is the order of the parts of Space. Suppofe thofe 
parts to be mov'd out ot their places, and they will be 
moved (if the expreffion may be allowed,) out of 
; themfelves. For times and fpaces are, as it were, the 
! Places as well of themfelves as of all other things. All 
things are placed in Time as to order of Succeflion ; 
-V" ind in Space as to order of Situation. It is from their 
} e/Tence orjiature that they are Places; and that the pri- 
mary places of things fhould be moveable, is abfurd. 
Thefe are therefore the abfolute places; and tranflations 
■ out of thofe places, arc the only Abfolute Motions. 
? -;. But became the parts of Space cannot be feen, or 
diftinguifhed from one another by our Senfes, there* 
fore in their flead we ufe fenfible meafures of jhem. 
For from the pofitio~ns and diftances of~things from 
any body confider'd as immoveable, we define all places: 
and then with refped to fuch places, we eftimate all 
motions, confidering bodies as transfer'd from fome of 
thofe places into others. And fo inflead of abfolute 
places and motions, we ufe relative ones ; and that with- 
out any inconvenience in cbmmon affairs: but in 
' Philofophical difquifitions, we ought to ab draft from 
our fenfes, and confider things themfelves, diftinft from 
what are only fenfible meafures of them. For it may 
be that there is no body really at reft, to which the 
places and motions of others may be referr'd. 

But 
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But we may diftinguifh Reft and Motion, abfo- 
lute and relative, one from the other by their Propenie^x 
Caufes and Eflfe&s. It is a property of Reft, that bodies 
really at reft do reft in refpea of one another. And 
therefore as it is poffible, that in the remote regions 
of the fixed Stars, or perhaps far bevond them, there -*- 
may be fome body absolutely at reft; but impoffible 
to know from the pofition of bodies to one another in 
our regions, whether any of thefe do keep the fame t 
pofition to that remote body ; it follows that abfolute reft ; ^ 
cannot be determined from the pofition of bodies inT 
our regions. | 

It is a property of motion, that the parts, which j 
retain given pofitionsto their wholes, do partake of the 
motions of thofe wholes. For all the parts of revol* ] 
ving bodies endeavour to recede from the axe of mo- 
tion ; and the impetus of bodies moving forwards, arifes 
from the joint impetus of all the parts. ^ Therefore^ 
if furrounding bodies are mov'd, thofe that are relative- 
ly at reft within them, will partake of their motion. 
Upon which account, the true and abfolute motion of 
a body cannot be determin'd by the tranflation of it 
from thofe which only feem to reft : For the external 
bodies ought not only to appear at reft, but to be really 
at reft. For otherwife,all included bodies, befide their 
tranflation from near the furrounding ones, partake like- 
wife of their true, motions; and tho* that'tranflation was 
not made they would not be really at reft , but only 
feem to be fo. For the furrounding bodies ftand in 
the like relation to the furrounded, as the exteriour part 
of a whole does to the interiour, or as the ftiell does to 
the kernel; but, if the fhell moves, the kernel will alfo 
move, as being part of the whole, without any removal 
from near the fhell. 

A property 
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A property near a kin td the preceding, is this* 
that if a place is mov'd, whatever is placed therein 
moves along with it ; and therefore a body, which is 
mov'd from a place in motion, partakes alfo of the 
motion of its place. Upon which account all motions 
from places in motion, are no other than parts of entire 
and abfolute motions; and every entire motion is com- 
pofed out of the motion of the body out of its firft 
place, and the motion of this place out of its place, 
and fo on ; until we come to fome immoveable place, 
as in the before mention *d example of the Sailor. 
Wherefore entire and abfolute motions an be no 
otherwife determined than by immoveable places ; and 
for that reafon I did before refer thofe abfolute motions 
to immoveable places, but relative ones to moveable 
places* Now no other places are immoveable, but 
thofe that, from infinity to infinity, do all retain the 
fame given pofitions one to another; and upon this ac- 
count, muft ever remain unmov'd ; and do thereby 
conftitute, what I call, immoveable fpace. 

The Caufes by which true and relative motions are 
diftinguiftied, one from the other, are the forces im- 
prefs'd upon bodies to generate motion. True motion 
is neither generated nor alter'd, but by fome force im- 
prefs'd upon the body moved : but relative motion 
may be generated or alter'd without any force imprefs'd 
upon the body* For it is fufficient only to imprefs 
fome force on other bodies with which the former is 
compar'd, that by their giving way, that relation may 
be chang'd, in which the relative reft or motion of 
this other body did confifh Again, True motion fu£ 
ftrs always fome change from any force imprefs 'd upon 
the moving body ; but Relative motion does not ne- 
ceffarily undergo any change, by fuch forces. For if 
the fame forces are likewife imprefs'd on thofe other 
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bodies* with which the companion is made, that the 
relative pofition may be preferved, then that condition 
will be prefetv'd, in which the relative motion confifts. 
And therefore, any relative motion may be changed, 
when the true motion remains unalter'd, and the rela- 
tive may be prefervd, when the true fuflfers fomechahge. 
Upon which accounts, true motion does by no means 
confift in fuch relations. 

The Eflfe&s which diftinguifh abfolute from relative 
motion are, the forces of receding from the axe of 
circular motion. For there are no fuch forces in a cir- 
cular motion purely relative, but in a true and abfolute 
circular motion, they are greater or lefs, according to 
the quantity of the motion. If a vefTel, hung by a 
long cord, is fo often turned about that the cord is 
firongly twitted, then fiU'd with water, and held at 
reft together with the water ; after by the fudden adioa 
of another force, it is whirPd about the contrary way* 
and while the cord is untwifting it felf, the veflel 
continues for Tome time in this motion ; the furface of 
the water will at firft be plain, as before the veflel be- 
gan to move : but the veflel, by gradually communica- 
ting its motion to the water, will make it begin fenfibly 
to revolve, and recede by little and little from the 
middle, and afcend to the fides of the veflel, forming 
it felf into a concave figure, (as I have experience^ 
and the fwifter the motion becomes, the higher will 
the water rife, till at laft, performing its revolutions in 
the fame times with the veflel, it becomes relatively at 
reft in it. This afcent of the water (hews its endea- 
vour to recede from the axe of its motion ; and the 
true and abfolute circular motion of the water, which 
is heredire&ly contrary to the relative, difcovers it felf, 
tnd may be meafured by this endeavour. At firft, 
when the relative motion of the water in the veflel was 
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greatefl it produc'd no endeavour to recede from the 
axe : the water Ihew'd no tendency to the circumfe- 
rence* nor any afcent towards the fides of the vefle!, 
but remained of a plain furface, and therefore its True 
circular motion had not yet begun. But afterwards* 
whin the relative motion of the water had decreased* 
the afcent thereof towards the fides of the veflel, proved 
its endeavour to recede from the axe ; and this endea- 
vour fhew'd the real circular motion of the water 
perpetually increaflhg, till it had acquir'd its greatefl 
quantity, when the water retted relatively in the vefTel. 
And therefore this endeavour does not depend upon any 
tranflation of the water in refped of the ambient bo- 
dies, nor can true circular motion be defin'd by fuch 
tranflations. There is only one real circular motion of 
any one revolving body* correfponding to only one 
power of endeavouring to recede from its axe of mo- 
tion, as its proper and adequate effeft : but relative mo- 
tions in one and the fame body are innumerable, ac- 
cording to the various relations it bears to external bodies, 
and like other relations, are altogether deftitute of any 
real effed, any otherwife than they may perhaps partici- 
pate of that one only true motion* And therefore in 
their fyftem who fuppofe that our heavens* revolving 
below the fphere of the fixt Stars, carry the Planets 
along with them; the feveral parts of thofe heavens, 
and the Planets, which are indeed relatively at reft in 
their heavens, do yet really move. For they change 
their pofition one to another (which never happens 
to bodies truly at reft) and being carried together wkh 
their heavens, participate of their motions, and as parts 
of revolving wholes, endeavour to recede from the axe 
of their motions. 

Wherefore .relative quantities, are not the quantities 
themfelves, whofe names they bear, but thofe fenfible 
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meafures of them (either accurate or inaccurate^ which 
are commonly ufed inftead of the meafur'd quantities 
themselves. And if the meaning of words is to be 
determine by their ufe ; then by the names Time* 
Space, Place and Motion, their meafures are properly to 
be underftood ; and the expreflion will be unufua), and 
purely Mathematical, if the meafured quantities them- 
(elves are meant. Upon which account, they do 
flrain the Sacred Writings, who there interpret thofe / J U 
words for the meafur'd quantities. Nor do thofe ; . 
Ws defile the purity of Mathematical and Philofophical j 
truths, who confound real quantities themfelves with ! 
their relations and vulgar meafures. 

It is indeed a matter of great difficulty to difcover, 5 
and effe&ua'ly to diftinguifli, the True morions of j 
particular bodies from the Apparent: becaufe thepartt 1 
of that immoveable fpace in which thofe motions are I 
perfonn'd, do by no means come under the obfervation 1 
of our fenfes. Yet the thing is not altogether defperate; 1 
for we have fome arguments to guide us, partly from \ 
the apparent motions, which are the differences of the 
true motions ; partly from the forces, which are the 
caufes and effeds of the true motions. For inftance, 
if two globes kept at a given diftance one from the 
other, by means of a cord that conne&s them, were re* 
voVd about their common centre of gravity; we might, 
from the tenfion of the cord, difcover the endeavour 
of the globes ro recede from the axe of their motion, 
and from thence we might compute the quantity of 
their circular motions. And then if any equal forces 
fhoukJ be imprefs'd at once on the alternate faces of the 

J 'lobes to augment or diminifli their circular motions; 
rom the encreafe or decreafeof the tenfion of the cord, 
we might infer the increment or decrement of their 
motions ; ar.d thence would be found, on what faces 
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thole forces ought to be imprefs'd, that the motions of 
the globes might be moft augmented , that is, we 
might difcover their hindermoft faces, or thofe which, 
in the circular motion, do follow. But the faces which 
follow being known, and confequenrly, the oppofite 
ones that precede, we fhould likewife know the de- 
termination of their motions. And thus we might 
find both the quantity and the determination of this 
circular motion, ev'n in an immenfe vacuum, where 
there was nothing external or fenfible with which the 
globes could be compar'd. But now if in that (pace 
ibme remote bodies were plac'd that kept always a 
given pofitton one to another, as the Fixt Stars do in 
our regions ; we cou*d not indeed determine from the re- 
lative tranflation of the globes among thofe bodies, 
whether the motion did belong to the globes or to the 
bodies. But if we obferv'd the cord, and found that 
its eenfion was that very tendon which the motions of 
the globes requir'd, we might conclude the motion to 
be m the globes, and the bodies to be at reft ; and 
then, iaftly, from the tranflation of the globes among 
the bodies, we ftiould find the determination of their 
motions. But how we are to colled the true motions 
from their caufes, effc&s, and apparent differences; and 
vice verfi, how from the motions, either true or ap- 
parent, we may come to the knowledge of their 
caufes and effe&s, (hall be explain'd more at large in 
the following Trad. For to this end it was that I 
compos'd it. 
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Axioms or Laws of 
Motion. 



A W 



I. 



Every body per fever es in its ft ate of reft, or 
of uniform motion in a right line, unltfs it 
is compelled to change that ft ate by forces 
imprefsd thereon. 

PRoje&Ues perfevcre in their motions) fo far as they 
are not retarded by the refiftance of the air, or 
impeU'd downwards by the force of gravity. A top, 
whofe part? by their cohefion are perpetually drawn a- 
fide from re&ilinear motions, does not ceafe its rotation, 
otherwife than as it is retarded by the air. The 
greater bodies of the Planets and Comets, meeting with 
kfs refiftance in more free (paces, preferve their motions 
both progreflive and circular for a much longer time. 

Law II. 

The alteration of motion is ever proportional 
to the motive force imprefsd; andTis made 
in the dire 8 ion of the right line in which 
that force is imprefs'd. 

If any force generates amotion, a double force will 
generate double the motion, a triple force triple the 
motion, whether that force be imprefs'd altogether and 
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at once, or gradually and fucceflively. And this 
motion (being always direfted the fame way with 
the generating force) if the body moved before, is ad- 
ded to or fubduded from the former motion, accord- 
ing as they dire& f y confore with or are dire&ly con- 
trary to each other; or obliquely joyned, when they 
are oblique, fo as to produce a new motion compound- 
ed from the determination of both* 

Law Hi. 

To every A f ft x ion there is always oppofed an 
equal Reaftion : or tie mutual aft tons of 
tuo bodies upon each other are always e- 
qual, and direffed to contrary parts. 

Whatever draws or prefles another is as much 
drawn or preffed by that other. If you prds a (tone 
with your finger, the finger is alfo prefled by the 
ftone. If a horfe draws a ftone tyed to a rope, the 
horfe (if I may fo fay) will be equally drawn back to- 
wards the (lone : For the diftended rope, by the fame 
endeavour to relax or unbend it felf, will draw the 
horfe as much towards the ftone, as it does the ftone 
towards the horfe, and will obftrud the progrefs of the 
one as much as it advances that of the other. If 
a body impinge upon another , and by its force 
change the motion of the other ; that body alfo (be- 
caufe of the equality of rjie mutual preffurej will un- 
dergo an equal change, in its own motion, towards 
! the contrary part. The changes made by thefea&ions 
are equal, not in the velocities, but in the motions of 
bodies ; that is to fay, if the bodies are not lynder'd 
by any other impediments. For becaufc the motions 
4 we 
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are equally changed) the changes of the velocities made 
towards contrary parts, are reciprocally proportional to 
the bodies. This Law takes place alfo in Attractions 
as will be proved in the next Scholium. 

Corollary I. 

K/t body by two forces conjoined will d, fcribe 
the diagonal of a par all logram^ in the fame 
time that it would defer the the fide s, by 
thofe forces apart. (PI. i. Fig. i.; 

If a body in a given time, by the force M im- 
prefs'd apart in the place A, fhould with an uniform 
motion be carried from A to B; and by the force N im- 
preft'd apart in the fame place, fhould be carried from 
A to C: compleat the paralelogram A BCD, and 
by both forces afting together, it will m the fame time 
be carried in the diagonal from A to D. For fince 
the force N afts in the direction of the line A C, 
parallel to B D y this force ("by the fecond law) will 
not at all alter the velocity generated by the other force 
M-, by which the body is carried towards the line 
BD. The body therefore will arrive at the line BD 
in the fame time, whether the force N be imprefs'd 
or not; and therefore at the end of that time, it will be 
found fome where in the line B D. By the fame ar- 
gument, at the end of the fame time it will be found 
foroe where in the line CD. Therefore it will be 
found in the point D, where both lines meet. But it will 
move in a right line from A to D by Law i. 
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Corollary II. 

And hence is explained the compofition of any 
one dire ft force A D, out of any two ob- 
lique forces A B and B D ; and, on the con- 
trary the refolution of any one dire ft force 
A D into two oblique forces A B and BD: 
which compofition and refolution are abun- 
dantly confirmed from Mechanics. (Ffg. 2.) 

As if the unequal Radii O M and O AT drawn 
from the centre Q of any wheel, fhould fuftain the 
weights A and P 3 by the cords M A and 7\TP ; 
and the forces of thole weights to move the wheel 
were required. Through the centre O draw the right 
line KOL, meeting the cords perpendicularly m 
*Tand L ; and from the centre 0, with OL the great- 
er of the diftances K and O L y defcribe a circle, 
meeting the cord MA in D : and drawing A make 
A C parallel and D C perpendicu ] ar thereto. Now, it 
being indifferenrwhether the points K, £, D, of the 
cords be fixed to the plane of the wheel or not, 
the weights will have the fame effeft whether they are 
Aifpended from the points fC and L> or from D and 
L. Let the whole force of the weight A be reprefent- 
cd by the Line AD, and let it be refolved into the 
forces AC and CD; of which the force AC, draw- 
ing the radius O D dire&ly from the centre, will have 
no efFeft to move the wheel: but the other force 
J) C, drawing the radius D O perpendicularly, will 
have the fame effeft as if it drew perpendicularly the 
radius L equal to 0D\ that is, it will have the 
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fame effed as the weight />, if that weight is to the 
▼eight A, as the force D C is to the force DA; 
that is (becaufe of the fimilar triangles ADC, D OK) 
kOKkoODoxOL. Therefore the weights A 
and P, which are reciprocally as the radii OK and 
L that lye in the fame right line, will be equipollent, 
and fo remain in equilibrfo: which is the well 
known property of the Ballance, the Lever, and the 
Wheel If either weight is greater than in this 
ratio, its force to move the wheel will be fo much 
the greater. 

It the weight p, equal to the weight ft is part- 
ly fufpended by the cord Np, partly fuftained by 
the oblique plane pG; draw pH, *NH, the former 
perpendicular to the horizon, the latter to the plane 
pG; and if the force of the weight p tending 
downwards is reprefenred by the line p H, it may be 
refolved into the forces p/V, H N. If there was any 
plane perpendicular to the cord pJV y cutting the 
other plane p G in a line parallel to the horizon ; and 
the weight p was fupported only by thofe planes 
pQ*p G; it would prefs tho r e planes perpendicu- 
larly with the forces pN> HN*> to wit, the plane 
pO^ with the force pN % and the plane pG with the 
force H*N. And therefore if the plane pQ^ was 
taken away, fo that the weight might ftretch the cord, 
becaufe the cord, now fuftaioing the weight, fupplies 
the place of the plane that was removed, it will be 
ftrained by the fame force p N which prefs'd upon 
the plane before. Therefore the tenfion of this ob- 
lique cord p N will be to that of the other perpen- 
dicular cord PNttpNto pH. And therefore if 
the weight pis to the weight A in a ratio compound- 
ed of the reciprocal ratio of the lead diftances of the 
cords p N, AM, from the centre of the wheel, 
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and of the'direft ratio of p H to pN; the weights 
will have the fame effeft towards moving the wheel* 
and will therefore fuftain each other, as any one may 
find by experiment. 

But the weight p preffing upon thofe two oblique 
planes, may be confiderd as a wedge between the two 
internal furfaces of a body fplit by it ; and hence the 
forces of the Wedge and the Mal!et may be deter- 
mine ; for becaufe the force with which the weight 
p prefles the plane pQ% is to the force with which 
the fame, whether by its own gravity, or by the Mow* 
of a mallet, is impelled in the direction of the line 
p H towards both the planes, as pN to p Hi and to 
the force with which it prefles the other plane p G 9 as 
p JST to N H. And tntis the force ot the Screw 
\ may be deduced from a like refolution of forces > it 
• being no other than a Wedge impelled with the force 
| of a Lever. Therefore the ufe of this Corollary fpreads 
j far and wide, and by that diflFufive extent the truth 
thereof is farther confirmed. For on what has been 
faid depends the whole dodrine of Mechanics varioufly 
demonftrated by different authors. For from hence 
are eafily deduced the forces of Machines, which are 
compounded of Wheels, Pulleys, Leavers, Cords and 
/ Weights, afcending diredly or obliquely, and other 
I Mechanical Powers ; as alfo the force of the Tendons 
i to move the Bones of Animals. 
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Corollary IIL 

The Quantity of motion, which is collecied 
bj taking the fum of the motions dnetted 
towards the fame parts, and the difference 
of tbofe that are direBedto contrary parts* 
fuffers no change fiom the 4ft ion of bo- 
dies amovg them/elves. 

For Aftion and its oppofite Re-adion are equal, by 
Law 5* and therefore, by Law z, they produce in the 
motions equal changes towards oppolite parts. There- 
fore if the motions are dire&ed towards the fame parts, 
whatever is added to the motion of the preceding body 
will be lubduded from the motion of that which fol- 
lows; fothat the fum will be the fame as before. If 
the bodies meet, with contrary motions, there will be 
an equal deduction from the motions of both ; and 
therefore the difference of the motions direded to- 
wards oppofite parts will remain the fame. 

Thus if a fpnsrical body A with two parts of velo- 
city is triple of a fphsneal body B which follows 
in the lame right line with ten parts of velocity ; 
the motion of A will be to that of B, as 6 to 10. 
Suppofe then their motions to be of 6 parts and of 10 
parts, and the fum will be 16 parts. Therefore upon 
the meeting of the bodies, if A acquire *, 4 or 5 
parts of motion, B will lofe as many] and therefore 
after reflexion A will proceed with 9, 10 or 1 1 parts, 
ami B with 7, 6 or 5 parts ; the fum remaining al- 
ways of 1 6 parts as before. If the body A acquire 9, 
10, 11 or 1 1 parts of motion, and therefore after meet- 
ing proceed with 15, i(S, 17 or 18 parts* the body 
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B, lofing fo many parts as A has got, will either proceed 
with one part, having loft 9 ; or (top and remain 
at reft, as having loft its whole progreflive motion of 
10 parts; or it will go back with one part, having not 
only loft its whole motion, but (if I may fo (ay) 
one part more ; or it will go back with % parts, becaufe 
a progreflive motion of 1 z parts is took off. And fo 
the Sumsof the confpiring morions 1 j + i, or 16+0* 
and the Differ Aces of the contrary motions 17 -1 
and 18-2 will always be equal to 16 parts, as they 
were before the meeting and reflexion of the bodies. 
But, the motions being known with which the bo- 
dies proceed after reflexion, the velocity of either will 
be alfo known, by taking .the velocity after to the 
velocity before reflexion, as the motion after is to the 
motion before. As in the laft cafe, where the^motion 
of the body A was of 6 parts before reflexion and of 
18 parts after, and the velocity was of z parts be- 
fore reflexion ; the velocity thereof after reflexion will be 
found to be of 6 parts, by faying, as the 6 parts of mo- 
tion before to 1 8 parts after, fo are z parts of veloci- 
' ty before reflexion to 6 parts after. 

But if the bodies are either not fphaprical, or moving in 
different right lines impinge obliquely one upon the 
other, and their motions after reflexion are required : 
in thofe cafes we are firft to determine the pohtion of 
the plane that touches the concurring bodies in the 
point of concourfe ; then the motion of each body 
^by Corol. 2.) is to be refolved into two, one per- 
pendicular to that plane, and the other parallel to it. 
This done, becaufe the bodies aft upon each other in the 
direction of a line perpendicular to this plane, the pa- 
rallel motions are to be retained the fame after re- 
flexion as before ; and to the perpendicular motions we 
are to aflign equal changes towards the contrary parts 5 in 
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fuch manner that thefumof the confpiring, and the dif- 
ference of the contrary motions, may remain the fame 
as before. From fuch kind of reflexions alfo fometimes 
arife the circular motions of bodies about their own 
centres. But thefe are cafes which I don't confider in 
what follows ; and it would be too tedious to demon- 
Urate every particular that relates to thisfubjedh 

Corollary IV. 

The common centre of gravity of two or more 
bodies 7 does not alter its flat e of motion or 
refl by the attions of the bodies among 
themselves-, and therefore the common 
fentre of gravity of all bodies atting upon 
each other {excluding outward aftions and 
impediments) is either at reft, or moves uni- 
formly in a right line. 

For if two points proceed with an uniform motion 
in right lines, and their diftance be divided in a given 
ratio, the dividing point will be either at reft, or pro- 
ceed uniformly in a right line. This is demon ft rated 
hereafter in Lem. 23. and its Corol. when the points are 
moved in the fame plane; and by a like way of argu- 
ing, it may be demonftrated when the points are not 
moved in tne fame plane. Therefore if any number of 
bodies move uniformly in right lines, the common 
centre of gravity of any two of them is either at 
reft, or proceeds uniformly in a right line; becaufe 
the line which conneSs the centres of thofe two bodies 
fo moving is divided at that common centre in a given 
pcio. In like manner the common centre of thofe 
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two and that of a third body will be either at reft or 
moving uniformly in a right line ; becaufe at that 
centre, the diftance between the common centre of 
the two bodies, and the centre of this laft, is divided 
in a given ratio. In like manner the common centre 
of thefe three, and of a fourth body, is either at reft, 
or moves uniformly in a right line ; becaufe the di- 
ftance between the common centre of the three bodies, 
and the centre of the fourth is there alio divided in a 
given ratio, and fo on i* viftnitum. Therefore in a 
fyftem of bodies, where there is neither any mutual 
aftion among themfelves, nor any foreign force im- 
prefs'd upon them from without, and which confe- 
quently move uniformly in right lines, the common 
centre of gravity of them all is either at reft, or 
moves uniformly forwards in a right line. 

Moreover, in a fyftem of two bodies mutually aft- 
ing upon eaclv other, fince the diftances between their 
centres and the common centre of gravity of both, are 
reciprocally as the bodies ; the relative motions of thofe 
bodies, whether of approaching to or of receding 
from that centre, will be equal among themfelves. 
Therefore fince the changes which happen to motions 
are equal and direfted to contrary parts, the common 
centre of thofe bodies, by their mutual aftion between 
themfelves, is neither promoted nor retarded, nor fuffers 
any change as to its ftate of motion or reft. But in a 
fyftem of feveral bodies, becaufe the common centre 
of gravity of any two afting mutually upon each other 
fuffers no change m its ftate by that aftion ; and much 
lefi the common centre of gravity of the others with 
which that aftion does not intervene} but the diftance 
between thofe two centres is divided by the common 
centre of gravity of all the bodies into parts recipro- 
cally proportional to the total fums of thofe bodies 
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whofc centres they are; and therefore while thofe two 
centres retain their ftate # of motion or reft, the 
common centre of all does alfo retain its ftate : It is 
manifeft, that the common centre of all never fuffers 
any change in the ftate of its motion or reft from the 
afttons of any two bodies between themfelves. But in 
fuch a fyftcm all the anions of the bodies among 
themfelves, either happen between two bodies, or are 
compofed of aftions interchanged between fome two 
bodies; and therefore they do never produce any al- 
teration in the common centre of all as to its ftate of 
motion or reft* Wherefore fince that centre when 
the bodies do not aft mutually one upon another, 
other is at reft or moves uniformly forward in fome right 
line; it will* notwithftanding the mutual a&ions of the 
bodies among themfelves, always perfevere in its ftat& 
either of reft* or of proceeding uniformly in a right line, 
unkfs it is fbrc'd out of this ftate by the aftion of 
fome power imprefs'd from without upon the whole 
frftem. And therefore the fame law takes place in a 
tyftem, confiding of many bodies, as in one (ingle 
body, with regard to their perfevering in their ftate 
of motioo or of reft. For the progreffive mo- 
rion whether of one (ingle body or or a whole fy~ 
ftem of bodies, is always to be eftimateA from tne 
morion of. the centre of gravity. 
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Corollary V. 

The motions of bodies included in a given 
/pace are the Jame among themfehes 9 
whether that [pace is at reft, or moves 
uniformly forwards in a right line with- 
out any circular motion. 

For the differences of the motions tending towards 
the fame parts, and the fums of thofe that tend towards 
contrary parts, are at firft (by fuppofition) in both 
cafes the fame ;. and it is from thofe fums and diffe- 
rences that the collifions and impulfes do arife with 
which the bodies mutually impinge one upon another* 
Wherefore (by Law 2.) the effe&s of thofe collifions 
will be equal in both cafes; and therefore the mutual 
motions of the bodies among themfelves in the one cafe 
will remain equal to the mutual motions of the bodies 
among themfelves in the other. A dear proof of which 
I we have from the experiment of a (hip : where all mo- 
\ tions happen after the fame manner, whether the (hip 
\ is at reft, or is carried uniformly forwards in a right 
; line* 
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CORO L'L A R Y VI. 

If bodies, any how moved among themfehcs 
are urged in the direction of parallel 
lines by equal accelerative forces $ they 
will all continue to mo ve among themfelves % 
after the fame manner as if they had been 
urged by no fuch forces. 

For thcfe forces a&ing equally (with refpeft to the 
quantities of the bodies to be moved) and in the di- 
re&ion of parallel lines, will (by Law p.) move all the 
bodies equally (2s to velociry) and therefore will never 
produce any change in the portions or motions of the 
bodies among themfelves. 

Scholium. 

Hitherto I have laid down fuch principles as have 
been received by Mathematicians, and are confirm *d by 
abundance of experiments. By the two firft Laws and 
the firft two Corollaries, Galdco difcoverd that the de- t 
fcent of bodies obferv'd the duplicate ratio of the time, 
and that the motion orproje&iles was in the curve of f 
a Parabola; experience agreeing with both, unlefs fo far ) 
as thefe motions are a little retarded by the refiftance 
of the Air. When a body is falling* the uniform 
force of its gravity a&ing equally, imprefl^s, in equal 
particles of time, equal forces upon that body, and there- 
fore generates equal velocities : and in the whole time 
imprefles a whole force and generates a whole velocity, 
proportional to the time* And the fpaces defcribed in 
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proportional times are as the velocities and the times 
conjun&ly ; that is, in a duplicate ratio of the times. 
And when a body is thrown upwards, its uniform 
gravity imprefles forces and takes off velocities pro- 
portional to the times; and the times of afcending 
to the greateft heights are as the velocities to be taken 
off, and thofe heights are as the velocities and the 
times conjunctly, or in the duplicate ratio of the 
velocities. And if a body be projected in any di- 
rection, the motion arifing from its projection is com- 
pounded with the motion arifing from its gravity. 
As if the Body A by its motion of projection alone 
{Tig. j.) could defcribe in a given time the right line 
AB, and with its motion of falling alone could de- 
fcribe in the fame time the altitude AC; compleat the 
paralellograra ABDC> and the bodv by that com- 
pounded motion will at the end of the time be found 
in the place D; and the curve line AE D$ which that 
body defcribes, will be a Parabola, to which the right 
line AB will be a tangent in A ; and whofe ordinate 
B D will be as the iquare of the line AB. On 
the fame laws and corollaries depend thofe things 
which have been demonftrated concerning the times of 
the vibration of Pendulums, and are confirm'd by the 
, daily experiments of Pendulum clocks. By the fame to- 
gether with the third Law Sir (Arift. Wren* Dr. ffUUs and 
Mr. Hnjgcns, the greateft Geometers of our tfenes, did 
feverally determine the rules of the Congrefc and Re- 
flexion of hard bodies, and much about the fame time 
communicated their difcoveries to the Rojai Society* 
exaCtly agreeing among themfelves, as to thofe rules. 
Dr. fPUlis indeed was fomething more early in the pub* 
lication ; then followed Sir Cbriftcpher Wr**> and laftly, 
Mr* HMjgmi. But Sir Ckrtftopbcr Wren confirmed the 
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truth of the thing before the Royal Society by the ex- 
periment of pendulums, which Mr Mmriotte foon after 
thought fit toexphm in a treatife entirely upon that fub* 
jeEt. But to bring this experiment to an accurate a- 
greement with the theory, we are to have a due re- 
gard as well to the refiftance of the air, as to the elaftic 
force of the concurring bodies. Let the fphxrical bodies 
AB,be fufpended by the parallel and equal firings, AC* 
B D 9 -Fg.4. from the centres C, D. About thefe centres, 
with thofeintervals,defcribe the femicides EAF, GBH 
bifeded by the radii CA> D B. Bring the body A 
to any point R of the arc EAF, and (withdrawing 
the body B) let it go from thence, and after one of 
ciBation fuppofe it to return to the point V: then 
R fwill be the retardation arifing from the refiftance 
of the air. Of this R V let ST be a fourth part 
fituated in the midd'e, to wit, fo as R S and TV 
may be equal, and RS mzy be to ST as 5 to 2 : then 
will «S!Treprefent very nearly the retardation during 
the defcent from S to A. Reftore the body B to 
its place : and fuppofing the body A to b: let fall from 
the point Sj the velocity thereof in the place of re- 
flexion A* without fenuble error, will be the fame as 
if it had defcended in vacuo from the point T Upon 
which account this velocity may be reprefented by 
the chord of the arc T A. For it is a propofition 
well known to Geometers, that the velocity of a pen- 
dulous body in the loweft point is as the chord ot the 
arc which it has defcribed in its defcent. Afrer re- 
flexion , fuppofe the body A comes to the place /, 
and the body B to the place k* Withdraw the body 
2?, and find the place v> from which if the body A* 
being let go, fhould after one ofc Nation return to 
the placer, st may be a fourth part of rv, fo paced 
in tie middle thereof as to leave rs equal to tv, and 
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let the chord of the arc tA reprefent the velocity which 
the body A had in the place A immediately after re- 
flexion. For t will be the true andcorreft place to which 
the Body A (hould have afcended, if the refiftance of 
the Air had been taken off. In the fame way we are 
to correft the place k to which the body B afcends, 
by finding the place / to which it fhould have afcend- 
ed in vacuo. And thus every thing may be fubje&ed 
to experiment, in the fame manner as if we were really 
placed in vacuo. Thefe things being done we are to 
take the produd (if I may fo fay J of the body A, 
by the chord of the arc TA (which reprefents its 
velocity J that we may have its motion in the place A 
immediately before reflexion ; and then by the chord 
of the arc tA % that we may have its motion in the 
place A immediately after reflexion. And fo we are 
to take the produft of the body B by the chord of 
the arc B/, that we may have the motion of the 
fame immediately after reflexion. And in like manners 
when two bodies are let go together from different places, 
we are to find the morion of each, as well before as after 
reflexion ; and then we may compare the motions be- 
tween themfelves, and colleft the efFeds of the reflexi- 
on. Thus trying the thing with pendulums of ten 
feet, in unequal as well as equal bodies, and making 
the bodies to concur after a defcent through large 
fpaces, as of 8, 1 2, or 16 feet, I found always, with- 
out an errour of 3 inches that when the bodies con- 
curr'd together direftly, equal changes toward the 
contrary parts were produced in their motions ; and 
of confequence, that the aftion and /ea&ion were 
always equal. As if the body A imping'd upon the 
body B at reft with 9 parts of motion, and loling 7, pro- 
ceeded after reflexion with 2 ; the body B was car- 
ried backwards with thofe 7 parts. If the bodies 
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fcODCurr'd with contrary motions, A with twelve 
parts of motion, and B with fix, then if A 
receded with 2, B receded with 8, to witi with a 
dedu&ion of 14 parts of motion on each fide. For 
from the motion of-rffubdu&ing 12 partSi nothing will 
ftmain : but fubdu&ing 2 parts more, a motion will 
be generated of 2 parts towards the contrary way ; 
and fo, from the motion of the body B of 6 parts, 
fubdu&ing 14 parts, a motion is generated of 8 parts 
towards the contrary wav* But if the bodies were 
toadeboth to move towards the fame way; A, the fwift- 
cr, with 14 parts of motion, ft the flower, with J* 
. and after reflexion A went on with 5, Blikewife went 
on with 14 pans; 9 parts being transferr'd from A to 
B. And fo in other cafes. By the congrefs and col- 
lision of bodies, the quantity of motion, colleft- 
td from the fum of the motions dire&ed towards 
the fame way, ot from the difference of thofe that 
were dire&ed towards contrary ways, was never 
changed. For the error of an inch or two in mea- 
fures may be eafily afcrib'd to the difficulty of exe- 
cuting every thing with accuracy. It was not eafy to 
let go the two pendulums fo exaflly together, that 
the bodies fhould impinge one upon the other in the. 
lowermoft place A B ; nor to mark the places s, and 
k> to which the bodies afcended after congrefs. Nay, 
and fome errors too might have happen'd from the un- 
equal denfity of the parts of the pendulous bodies 
themfelves, and from the irregularity of the texture 
proceeding from other caufes* 

But to prevent an objection that may perhaps be al- 
ledged againft the rule, for the proof of which this 
experiment was made, as if this ruledidfuppo^e that the 
bodies were either absolutely hard, or at leaft perfedly 
daftic i whereas no fuch bodies are to be found in na- 
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ture ; I mud add that the experiments we have been 
defcribing, by no means depending upon that quality 
of hardnefs, do fucceed as well in toft as in hard bodies. 
For if the rale is to be cried in bodies not perfe&ly hard, 
we are only to diminiih the reflexion in fuch a cer- 
tain proportion) as the quantity of the elaftic force re- 
quires. By the theory of Wren and Huygetss, bodies 
abfolurely nard return one from another with the 
fame velocity with which they meet. But this may 
be affirm'd with more certainty of bodies perft&ly 
elaftic. In bodies imperfefily elaftic the velocity of 
the return is to be diminiih'd together with the elaftic 
force; becaufe that force (except when the parts of* 
bodies are bruifed by their congrefs,or fuffer fome fuch 
extenfion as happens under the ftrokes of a hammer,) 
is (as far as I can perceive,) certain and determined, and 
makes the bodies to return one from the other with a 
relative velocity, which is in a given ratio to that rela- 
tive velocity with which they met. This I tried in 
balls of wool, made up tightly and ftrongly coro- 
preVd. For fir ft, by letting go the pendulous bodies 
and meafuring their reflexion, I determined the quan- 
tity of their elaftic force ; and then, according to this 
force, eftimated the reflexions that ought to happen 
in other cafes of congrefs. And with this computa- 
tion other experiments made afterwards did according- 
ly agree; the balls always receding one from the other 
with a relative velocity, which was to the relative ve- 
locity with which they met, as about 5 to 9. Balls of 
fteel returned with almoftthe fame velocity : thofe of 
cork with a velocity fomething lefs: but in balk of 
ghfs the proportion was as about 15 to itf. And thus 
the third law, fo far as it regards percuflions and reflexi- 
ons, is prov'd by a theory, exa&ly agreeing with ex- 
perience. 

In 
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In attra&ions, I briefly demon (Irate the thing after 
this manner. Suppofe an obflacle is interpos'd to hin- 
der the congrefs of any two bodies AJi* mutually at- 
tracting one the other : then if either body as j4* is 
more attra&ed towards the other body B, than that 
other body B is towards the firft body j4, the obfta- 
de will be more ftrongly urged by the preflure of 
the body -rf than by the preflure of the body B; and 
therefore will not remain in xquilibrio: but the ftrong- 
er preflure will prevail, and will make the fyftem of the 
two bodies, together with the obflacle, to move di- 
re&ly towards the parts on which B lies ,- and in free 
fpaces to go forward in infinitum with a motion per- 
petually accelerated. Which is abfurd, and contrary 
to the firft law. For by the firft law, the fyftem ought 
to perfevere in it's ftate of reft, or of moving uni- 
formly forward in a right line; and therefore the bodies 
mud equally prefs theobftacle, and be equally attra&ed 
one by the other. I made the experiment on the 
loadftone and iron. If thefe plac'd apart in proper 
vefle!s, are made to float by one another in ftanding 
water; neither of them will propellthe other, but by 
being equally artra&ed, they will fuftain each others 
preflure, and reft at laft in an equilibrium. 

So the gravitation betwixt the Earth and its parts, is 
mutual. Let the Earth Ft (Fig. 5.) be cut by any plane 
EG into two parts EG Find EG/: and their weights 
one towards tne other will be mutually equal. For if 
by another plane //Xi paral'el to the former EG, the 
greater part £6/ is cut into two parts EG K H and 
HKh whereof HKI is equal to the part EFG 
firft cut off: it is evident that the middle part EGKH 
will have no propenfion by its proper weight towards 
either fide, but will hang as it were and reft in an eq»? ' m 
librium betwixt both. But the one extreme part HKj 
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will with its whole weight bear upon and prefi the 
middle part toward the other extreme part E GF; and 
therefore the force, with which B Gh the fum of the 
parts HKI and EGKH, tpnds towards the third 
part EG F, is equal to the weight of the part H Kf y 
that is, to the weight pf the third part EGF. And 
therefore the weights of the two parts £G /and EGF, 
one towards the other, are equal, as I was to prove. 
And indeed if thofe weights were not equal, the whole 
Earth floating in the non-refifting aether, would give 
way to the greater weight, aqd retiring from it, wou'd 
be carried off in infinitum* 

And as thofe bodies are equipollent in the congrefs 
and reflexion, whofe velocities are reciprocally as their 
innate forces : fo in the ufe of mechanic inftruments,thofe 
agents are equipollent and mutually fuftain each the 
contrary prefTure of the other, whofe velocities, eftw 
mated according to the determination of the forces, 
are reciprocally as the forces. 

So thofe weights are of equal force to move the 
arms of a Ballance, which during the play of the bal- 
lance are reciprocally as their velocities upwards and 
downwards 2 that is, if the afcent or defcent is di- 
rect, thofe weights are of equal force, which are re- 
ciprocally as thediftancesof the points at which they 
*re fufpended from the axe of the ballance ; but if 
they are turned afide by the interpofition of oblique 
planes, or other obftacles,and madetoafcendordefcend 
pbliquely, thofe bodies will be equipollent, which are 
reciprocally as the heights of their afcent and defcene 
taken according to the perpendicular; and that on 
account of the determination of gravity downwards. 

And in like manner in the Pully,or in a combination of 
pullies, the force of a hand drawing the rope direftly, 
that is to the weight, whether afcencUng dire&ly or 
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obHquely, as the velocity of the perpendicular afcent 
of the weight to the velocity of the nand that draws 
the rope, will fuftain the weight. 

In Clocks and fuch like inftruments, made up from 
a combination of whee's, the contrary forces that 
promote and impede the motion of the wheels, if 
they are reciprocally as the velocities of the parts of the 
wheel on which they are imprefs'd, will mutually fuftain 
the one the other. 

The force of the Screw to prefs a body is to the 
force of the hand that turns the handles by which it is 
moved, as the circular velocity of the handle in that 
part where it is impelled by the hand, is to the pro* 
greffive velocity of the Screw towards the prefs'd body. 

The forces by which the Wedge prefles or drives the 
two parts of the wood it cleaves, are to the force of 
the mallet upon the wedge, as the progrefs of the 
wedge in the diredion of the force imprefs'd upon it 
by the mallet, is to the velocity with which the parts 
of the wood yield to the wedge, in the diredion of 
lines perpendicular to the fides of rhe wedge. And 
the like account is to be given of all Machines. 

The power and ufe of Machines confifts only in 
this, that by diminifhing the velocity we may aug- 
ment the force, and the contrary : From whence in 
all forts of proper Machines, we have the folution 
of this problem ; To move a given weight with a given 
power, or with a given force to overcome any other 
given refiftance. For if Machines are fo contriv'd, that 
the velocities of the agent and refiftant are recipro- 
cally as their forces; the agent will juft fuftain the re- 
fiftant : but with a greater difparity of velocity will 
overcome it. So. that if the difparity of velocities is 
(b great, as to overcome all that refiftance, which com- 
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monly arifcs either from the attrition of contiguous 
bodies as they Aide by one another, or from the co- 
hefion of continuous bodies that are to be feparated* 
or from the weights of bodies to be raifed ; the cxccfc 
of the force remaining, after all thofe refiftances are 
overcome, will produce an acceleration of motion pro* 
portional thereto, as well in the parts of the Machine, 
as in the refilling body. But to treat of Mechanics is 
not my prefent bufinefs. I was only willing to (hew 
by thole examples, the great extent and certainty of 
the third law of motion. For if we eft i mate the a&i- 
on of the agent from its force and velocity conjun&ly ; 
and likewife the re-a&ion of the impediment conjunft- 
ly from the velocities of its feveral parts, and from the 
forces of refi fiance arifing from the attrition, cohefi- 
on, weight, and acceleration of thofe parts ; the a£H- 
on and re-adion in the ufe of all forrs of Machines 
will be found always equal to one another* And fo 
far as the adion is propagated by the intervening in- 
ftruments, and at lad imprefs d upon the refilling 
body, the ultimate det rmination of the afiion will be 
always contrary to the determination of the re-a&ion. 
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Section I. 

Of the metho4 of fir ft and laft 
ratios of quantities ; ly the help 
whereof we demon/irate the 
propofitions that follow. 

Lemma I. 

Quantities, and the ratio's of quantities, 
which in any finite time converge con- 

% timally to equality t and before the end of 
that time approach nearer the one to the 

other 
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other than by any given difference, become 
ultimately equal. 

If you deny it ; fuppofe them to be ultimately un- 
equal, and let D be their ultimate difference. There- 
fore they cannot approach nearer to equality than by 
that given difference D ; which is againft the fuppofirioiu 

Lemma II. 

If in any figure AacE (PI. i.Fig.6.) terminated 
by the right lines A a, AE, and the curve 
acE, there beinferib'd any number of paral- 
lelograms A b, B c, C d, &c. comprehended 
under equal bafes AB,BC, CD, &c. and 
the fides B b, Cc, Dd, &c. parallel to one 
fide Aar/ the figure > and the parallelo- 
grams a K b 1, bLcm, cMdn, inc. are 
compleated. Then if the breadth of thofe 
parallelograms be fuppos'd to be diminijhed t 
and their number to be augmented in infini- 
tum : I fay that the ultimate ratio's which 
the infer Wd figure AKbLcMdD, the 
circumfcribed figure AalbmcndoE, and 
curvilinear figure A a b c d E, will have 
to one another, are ratio's of equality. 

For the difference of the inferib'd and circomfcnVd 
figures is the fum of the parallelograms Kl, Lm, Mn % 
Do, that is, (from the equality of all their bafes) the 
redangle under one of their bales Kb and the fum of 
their altitudes A*> that is, the redanglc ABl*^ 

But 
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But this re&angle, becaufe its breadth AB is fup- 
pos'd diminifhed t* uifmum^ becomes left thaa 
any given fpace. And therefore (by Lem. r.) the 
figures inferibed and circumfcribed become ultimately 
qual one to the other ; and much more will the in* 
termediate curvilinear figure be ultimately equal to either* 
Q. E. D, 

Lemma IIL 

The fame ultimate ratio'* are alfo ratio's of 
equality 9 when the breadths AB, BC, 
D C, &c. of the parallelograms are un- 
equal, and are all diminifhed in infinitum. 

For fuppofe AF equal to the greateft breadth, and 
compleat the parallelogram FAdf. This parallelo- 
gram will be greater than the difference of the inferib'd 
and circumfcribed figures ; but, becaufe its breadth AF 
is diminifhed in wfou'tum, it will become lefs than any 
given redangle. Q. £. D. 

Cor* i* Hence the ultimate fum of thofe evanes- 
cent parallelograms will in all parts coincide with the 
curvilinear figure. 

Cor. 2. Much more will the re&ilinear figure* 
comprehended under the chords of the evanefcent arcs 
tb, bc> cdj &c. ultimately coincide with the curvili- 
near figure. 

C o r. 3 . And alfo the circumfcrib'd redi linear figure 
comprehended under the tangents of the fame arcs* 

Cor. 4. And therefore thefe ultimate figures (as 
to their perimeters * cE 9 ) are not refiilinear, but cur* 
yilipc^r Unfits of re&ilinear figures* 

Lemma 
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L R M M A IV. 

If in two figures Aa c E,Ppr T,(PI.i .Vig.7-)j** 
infer the (as before) two ranks of paralle- 
lograms^ an equal number in each rank, 
and when their breadths are diminijhed 
in infinitum, the ultimate ratio's of the 
parallelograms in one figure to thofe m 
the other, each toeachrefpeftivelj, are the 
fame\ I fay that thofi two figures AacE, 
PprT, are to one another in that fame 
ratio. 

For as the parallelograms in the one are feverally to the 
parallelograms in the other, fo (by compofition) is the 
fum of all in the one to the fum of all in the other ; 
tnd fo is the one figure to the other, becaufe (by 
Lem. $.) the former figure to the former fum, and 
the latter figure to the latter (urn are both in the ratio 
of equality. Q. £. D. 

Cor. Hence if two quantities of any kind are 
any how divided into an equal number of parts: 
and thofe parts, when their number is augmented and 
their magnitude diminifhed in infinitum, have a given 
ratio one to the other, the firfl to the firft, the fecond 
to the fecond, and fo on in order : the whole quan- 
tities will be one to the other in that fame given ratio. 
For if, in the figures of this lemma, the parallelo- 
grams are taken one to the other in the ratio of the 
parts, the fum of the parts will always be as the fum 
of the parallelograms s and therefore fuppofing the 

number 
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number of the parallelograms and parts to be aug- 
mented, and their magnitudes dimimflied in infinitum, 
thofe fums will be in the ultimate ratio of the parallelo* 
gram in the one figure to the correfpondent parallelo- 
gram in the other; that is, fby the fuppofition) in the 
ultimate ratio of any part of the one quantity to the 
correfpondent part of the other* 

Lemma V. 

In fimilar figures, all forts of homologous 
Jules* whether curvilinear or reEtilmear* 
are proportional ; and the area's are in the 
duplicate ratio of the homologous fides. 

Lemma VI. 

If any arc ACB (PL 2.Fig.i .) given in pofition 
is fubt ended by its chord A B t and in any 
point A in the middle of the continued 
curvature % is touch'd by aright line AD, 
produced both ways-, then if the points 
A and B approach one another and meet t 
1 fay the angle BAD, contained between 
the chord and the tangent , will be di- 
minifhed in infinitum, and ultimately will 
<varitfb. 

For if that angle does not vani(h, the arc ACB 
will contain with the tangent AD an angle equal to a 
reftilinear angle ; and therefore the curvature at the 
point A will not be continued , which is again ft the 
fuppofition. 

Lem 
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Lemma VII. 

The fame things being Juppofed $ I fay, that 

the ultimate ratio of the arc, chord, and 

tangent y any one to any other, is the ratio 
of equality. PI. 2. Fig. 1. 

For while the point B approaches towards the point 
A, confider always A B and AD as produc'd to the 
remote points b and d, and parallel to the (ecant BD 
draw l>d 1 and let the arc Acb be always fimihr to 
the arc ACB. Then fuppofing the points A and B to 
coincide, the angle dAb will vanifh, by the preceding 
lemma ,• and therefore the right lines Ab,Ad ("which 
are always finite,) and the intermediate zrcAc b will coin* 
cide, and become equal among themfelves. Where- 
fore the right lines AB, AD, and the intermediate arc 
ACB (which are always proportional to the former ) 
will vanifh ; and ultimately acquire the ratio of equa- 
lity. QE.D. 

Cor. 1. Whence if through B (PLi. Fg.i.) we draw 
BF parallel to the tangent, always cutting any right line 
AT palling through AitiF; this line BF will be ultimate- 
ly in the ratio of equality with the evanefcent arc 
ACB; becaufe, compleating the parallelogram AFBD$ 
it is always in a ratio of equality with AD. 

Cor. ^• And if through B 2nd A more right lines 
are drawn as BE, BD, AF,AG cutting the tangent 
AD and its parallel BF; the ultimate ratio of all the 
abfeiffa's AD, AE, BF, BG, and of the chord and 
arc AB, any one to any other, will be the ratio of 
equality. 

Co*. 
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Cor. ?• And therefore in all our Teafoning about 
ultimate ratio's, we may freely ufe any one of thofe 
lines for any other. 

Lemma VIII. 

If the right lines AR,BR,(P1.2.Fig.i.)wi/& the 
arc ACRjhe chord AB and the tangent AD, 
conflttute three triangles RAB.RACB, 
RAD, and the points A and B approach 
and meet : I fay that the ultimate form of 
thefe evanefcent triangles is that ofjimt- 
Utude y and their ultimate ratio that of 
equality. 

For while the point B approaches towards the point 
A confider always AB 9 AD, AR> as produced to 
the remote points b>d> and r, and r b d as drawn pa>» 
ralkl to R £>, and let the McAcbbe always firailaf 
to the arc A C B. Then fuppofing the points A and 
B to coincide, the angle 6.^ will vanifh; and therefore 
the three triangles rAb, rAcb, rAd, (which are 
always finite) will coincide, and on that account become 
both fimilar and equal. And therefore the triangles 
RAB, RACB, RAD y which are always fimilar and 
proportional to thefe,' will ultimately become both fimi- 
lar and equal among themfelves. Q.E. D. 

Cor. And hence in all our reafonings about ul- 
timate ratio's, we may indifferently ufe any one of thofc 
triangles for any other* 



Lemma 
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Lemma IX. 

If a right line AE,(Pl.i.Fig. j !)and a curve fine 
ABC, both given by pofition, cut each other 
in a given angle A ; and to that right line, . 
in another given angle, BD, CE are or- 
dinate!/ applied, meeting the curve in 
B, C * and the points B and C together, 
approach towards, and meet in jhe Point A : 
I fay that the area's oj the triangles A B D f 
ACE, will ultimately be one to the other in 
the duplicate ratio of the fides. 

For while the points B, C approach towards the 
point A, fuppofe always A D to be produced to the 
remote points d and e, fo as A d, A e may be pro- 
portional to AD, AE; and the ordinate db, ec, 
to be drawn parallel to the ordinate DB and EC, 
and meeting A B and AC produced in b and c. Let 
the curve Abe be fimilar to the curve ABC, and 
draw the right line Ag fo as to touch both curves in 
A, and cut theordinates DB,EC, db, ec, in F,G, 
f, g. Then, fuppofing the length Ae to remain the 
fame, let the points B and C meet in the points; and 
the angle cAg vanifhing, the curvilinear areas Abd, 
Ace will coincide with the re&ilinear areas Afd, 
Age; and therefore (by Leah 5 ) will be one to the 
other in the duplicate ratio of the fides Ad, Ae. 
But the areas ABD, ACE are always proportional to 
thefe areas ; and fo the fides AD, AE are to thefe fides. 
And therefore the areas ABD, ACE are ultimately 

one 
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one to the other id the duplicate ratio of the fides 
AD, At. Q.E.D. 



Lemma X. 

The /paces which a body describes ky any 
finite force urging it, whether that force 
is determined a%d imnutakle, or ts conti- 
nually augmented cr continually dimi- 
nified \ are in the very beginning of 
the motion one to the other in the dupli- 
cate ratio of the times. 

Let the times be reprefented by the Knes AD, AE 9 
and the velocities generated in thofe times by the ordt- 
nates DB> EC The fpaces defcribed with thefe velo- 
cities will be as the s.reas ABD, ACE, defcribed by 
thofe ordinate*, that is, at the very beginning of the mo- 
tion (1>y Lem.9.) in the duplicate ratio of the times 
AD 9 AE. Q.E.D. 

Cor. 1 . And hence one may eafily infer, that the 
errors of bodies describing fimilar parts of fimilar 
figures in proportional times are nearly in the duplicate 
ratio of the times in which they are g nerated ; if fo 
be thefe errors are generated by any equal forces fimilarly 
applied to the bodies, and meafur'd by the diftances of 
the bodies from thofe places cf the fimilar figures, at 
which, without the aftion of thofe forces, the bodies 
would have arrived in thofe proportional times. 

E Cor. 
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Cor. i. But the errors that are generated by pro- 
portional forces fimilarly applied to the bodies at fi- 
milar parts of the fimilar figures, are as the forces and 
thefquares of the times conjunctly. 

C o r. 3. The fame thing is to be underftood of any 
/paces whatfoever defcrib'd by bodies urged with dif- 
ferent forces. All which, in the very beginning of .the 
motion, are as the forces and the fquares of the times 
conjunftly. 

Cor. 4. And therefore the forces areas thefpaces 
defcribed in the very beginning of the motion dire&ly 
and the fquares of the times inverlly. 

*Cor. 5. And the fquares of the times are as the 
fpaces defcrib'd dire&ly and the forces inverfly. 



S C H O L .1 U M. 

If in comparing indetermined quantities of different 
forts one with another, any one is faid to be as any o- 
ther diredly or inverfly : the meaning is, that the for- 
mer is augmented or diminished in the fame ratio with 
the latter, or with its reciprocal. And if any one is 
faid to be as any other two or more dire&'y or in- 
verfly : the meaning is, that the firft is augmented 
or diminiflied in the ratio compounded of the ratio's 
in which the others, or the reciprocals of the others; 
are augmented or diminiflied. As if A is (aid to be 
as B direftly and C direftly and D inverfly : the 
meaning is, that A is augmented or diminiflied in the 



nc 



fame ratio with B X Cx - l y that is to r ay, that A and 
- - are one to the other in a given ratio. 

Lem. 
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Lemma XL 

The evantfcent fubtenfe of the angle of con- 
tact, in all curves, which at the point of 
contact have a finite curvature^ is ulti- 
mately in the duplicate ratio of the fub- 
tenfe of the conterminate arc. PI. 2. Fig 4. 

Case i. Let AB be that arc, AD its tangent* 
BD the fubtenfe of the angle of contaft perpendicula? 
00 the tangent, AB the fubtenfe of the arc. Draw 
B6 perpendicular to the fubtenfe -^5, and AG to the 
tangent A D, meeting in G ; then let the points A B 9 
and 6, approach to the points </, b> and^, and fuppofe 
J to be the ultimate interfe&ion of the lines BG, 
A G, when the points D> B have come to A. It 
is evident that the diftance GJ may be lefs than any 
affignable. But (from the nature of the circles paffing 
through the points A,B,G; A,b,g) AB =AG% B D, 
and Ab* *= Ag x bd\ and therefore the ratio of 
AB % to Ah* is compounded of the ratio's of AG 
to Ag and of B D to b d. But because GJ may be 
affum'dof lefs length than any affignable, the ratio 
of AG to Ag may be fuch as to differ from the 
ratio of equality by lefs than any affignable difference; 
and therefore the ratio of AB 1 to Ab a may be fuch 
as to differ from the ratio of B D to bd by lefs than any 
affignable difference. Therefore, by Lem. 1. the ulti- 
mate ratio of AB- to Ab* is the fame with the ulti- 
mate ratio of BD to bd. Q. E.B. 

Case 2. Now let BD be inclined to AD in any 

gwn angle, and the ultimate ratio of BD to bd will 

E 1 always 
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always be the fame as before, and therefore the fame 
with the ratio of AB to Ab \ Q.E.D. 

C a s e 3 . And if we fuppofe the ang'e D not to be 
given, but that the right line BD converges to a 
given point, or is determined by any other condition 
whatever ; neverthelefs, the angles D, d, being deter- 
mined by the fame law, will always draw nearer to e- 
quality, and approach nearer to each other than by any 
affigned difference, and therefore, by Lem. i, will at 
laft be equal, and therefore the lines B D, bd are in 
the fame ratio to each other as before, Q. E. D. 

Cor. i . Therefore fince the tangents A D, Ad, 
the arcs AB, Ab, and their fines BC, be, become ul- 
timately equal to the chords AB, Ab; their fquares 
will ultimately become as the fubtenfes BD, bd. 

Cor. 2. Their fquares are alfo ultimately as the 
verfed fines of the arcs, bifefling the chords, and con- 
verging to a given point. For thofe verfed fines are 
as the fubtenfes 8D, bd. 

Cop.. 3. And therefore the verfed fine is in the 
duplicate ratio of the time in which a body will d£- 
fcribe the arc with a g ven velocity. 

Co r. 4. The rcftilinear triangles ADB, Ad b are 
ultimately in the triplicate ratio of the fides AD, Ad* 
and in a fefquiplicate ratio of the fides D B, db ; as 
being in the ratio compounded of the fides AD to 
DB, and of Ad to db. So alfo the triangles ABC% 
Abe are ultimately in the tripl catc ratio of the fides 
BC, be. What I call the fefquiplicate rario is the fub- 
duplicate of the triplicate, as being compounded of the 
fimple and fubduplicaie ratio. 

Cor. 5. And becaufe DB, db are ultimately pa* 
rallel and in the duplicate ratio of the lines AD, Ad: 
the ultimate curvilinear areas ADB, Adb will be 

(by 
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(by the nature of the parabola,} two thirds of the re- 
Ailrtear triangles ADB, Adb\ and the fegments AB 9 
yf i will be one third of the fame triangles. And 
thence thofe areas and tho r e fegments will be in the 
triplicate ratio as well of the tangents A D, Ad\ as 
of the chords and arcs AB> A b. 



Scholium. 

But we have all along fuppofed the angle of contaft _ 
to be neither infinitely greater nor infinitely lefs, than 
the angles of conraft made by circles and their tan- 
gents ; that is, that the curvature at the point A is 
neither infinitely fmall nor infinitely great, or that the 
interval ui J is of a finite magnitude* For D B may 
be taken as AD > : in which cafe no circle can bedrawn 
through the point A, between the tangent AD and 
the curve AB, and therefore the angle of contact 
will be infinitey left than thofe of circles. And by a 
like reafoning if D B be made fucceflive'y as AD % 
AD S 9 AD> AD , &c. we (hall have a feries of an- 
gles of contafti p'oceeding in infinitum^ wherein every 
fucceeding term is infinitely k(s than the preceding. 

And if DB be made fucceffively as AD , AD*, AD , 

% t t 

AD*, AD 1 j AD X > &c; we fliall have another infinite 
feries of angles of contaft, the firft of which is of the 
feme fort with thofe of circles, the fecond infinitely 
greater* and every fucceeding one infinitely greater than 
the preceding. But between any two of tbele angles 
another feries of intermediate angles of contaft may be 
interpofed proceeding both ways in infinitum, wherein 
every fucceeding angle ihall be infinitely grearer, or 
infinitely Ids than the preceding. As if between the 

E 3 % terms 
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terms AD z and AD 3 there were interpofed the feries 

AD' 9 AD*' AD*> AD* AD* AD* u!D % * % 

AD y AD" &c. And again between any two 
angles of this feries, a new feries of intermediate angles 
may be interpofed, differing from one another by in* 
finite intervals. Nor is nature confin'd to any bounds. 

Tho^e things which have been demonftrated of 
curve lines and the fuperficies which they comprehend, 
may be eafily applied to the curve fuperficies and con- 
tents of folids. Thefe lemmas are premifed, to avoid 
the tedioufnefs of deducing perplexed demonftrations 
fid abfurdum* according to the method of the ancient 
geometers. For demonftrations are more contra&ed by 
the method of indiviiibles : But becaufe the hypotheus 
of indivifibles feems fomewhat harfti, and tnerefbre 
that method is reckoned lefs geometrical ; I choft rar 
ther to reduce the demonftrations of the following 
> propofitions to the firft and laft fums and ratio's or 
nafcent and evanefcent quantities, that is, to the limits 
of thofefums and ratio's ; andfo to premife, as (hortas 
I could, the demonftrations of thofe limits. For here- 
by the fame thing is perform'd as by the method of 
indivifibles; and now thofe principles being demon- 
ftrated, we may ufe them with more fafety. There- 
fore if hereafter, I fhould happen to confider quanti- 
ties as made up of particles, or fhould ufe little curve 
lines for right ones; I would not be underftood to 
"mean indivifibles, but evanefcent divifible quantities; 
pot the fums and ratio's of determinate parts, but al- 
ways the limits of fums and ratio's : and that the force 
of fuch demonftrations always depends on the method 
lay'd down in the foregoing lemma's. 

Perhaps it may be objefted, that there is no ulri? 
mate proportion of evanefcent quantities ; becaufe the 

pro- 
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proportion, before the quantities have vaniflied, is not 
the ultimate, and when they are vaniflied, is none. 
But by the fame argument it may be alledged, that a bo- 
dy arriving at a certain place, and there flopping, has no 
ultimate velocity : because the velocity, before the body 
comes to the place, is not its ultimate velocity ; when 
it has arrived, is none. But the anfwer is eafy ; for 
by the ultimate velocity is meant that with which 
the body is moved, neither before it arrives at its laft 
place and the motion ceafes, nor after, but at the very 
inftant it arrives ; that is, that velocity with which the 
body arrives at its laft place, and with which the mo- 
tion ceafes. And in like manner, by the ultimate ratio 
of evane/cent quantities is to be underftood the ratio of 
the quantities, not before they vanifh, nor afterwards, 
but with which they vanifh. In like manner the firft 
ratio of nafcenr quantities is that with which they b> 
gin to be. And the firft or laft fum is that wirh 
which they begin and ceafe to be (or to be augmented 
or diminiihtd.) There is a limit which the velocity at 
the end of the mot on may arrain, but not exceed. This 
is the ultimate velocity. And there is the 1 ke limit in 
all quantities and proportions that begin and ceafe to be. 
And fince fuch limits are certain and definite , to 
determine the fam: is a probkm ftridly gcometrica 1 . 
But whatever is geometrical we may be a lowed to 
ufe in determ ning and demon ftrating any other thing 
that is likewife geometrical. 

It may alfo be objedh-d, that if the ultimate ratio's 
of evanefcent quantities are given, their ultimate magni- 
tudes will be aTo given: andfo all quantities will con- 
fift of indivifibles, which is contrary to what Euclid 
has demonftrated concerning incommenfurables, in the 
10th book of his Elements. But this objedtion is 

£ 4 founded 
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founded on afalfe fuppofition. For thofc ultimate ratio's 
with which quantities vaniih, are not truly the ratio's 
of ultimate quantities, but Imits towards which the 
ratio's of quantities decreafing without limit, do al- 
ways converge $ and to which they approach nearer 
than by any given difference, but n:ver go beyond, 
nor in effed attain to, till the quantities are dimi- 
nifhed in infinitum. This thing will appear more 
evident in quantities infinitely gteat. If two quan- 
tities, whofe difference is given, be augmented in 
infinitum^ the ultimate ratio cf thefe quantities will 
be given, to wit, the ratio of equality; but it does 
not froip thence follow, that the ultimate or greareft 
quantities themfelves, whofe ratio that is, will be 
given. Therefore if in what follows, for the fake 
of being more eafily undcrftood, I ftiould happen 
to mention quantities as lead, or evanefcent, or ultimate; 
you are not to fuppofe that quantities of any determinate 
magnitude are meant, but iuch as are ponceiv'd to be 
always diminiihed without cncj. 



SECTION 
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SECTION II. 

Of the invention of centripetal 
forces. 

Proposition L Theorem L 

The areas, which revolving bodies defcribe 
by radii drawn to an immoveable centre 
of force, do lie in the fame immoveable 
planes, and are proportional to the times in 
which they are dejcribed. PI. 2. Fig. 5. 

^^5 O R fuppofe the time to be divided into 
<& F S equal parts, and in the firft part of that 

fcribe the right line AB In the fecond 
part of that time, the fame would, (by law 1.) if 
not binder'd, proceed dire&ly to <r, along the line 
?c equal to AB ; fo that by" the radii AS, BS y cS 
drawn to the centre, the equal areas ASB 9 BSc, would 
be defcribed. But when the body is arrived at B, 
fijppofe that a centripetal force z6ts at once with a 
great iropulfe, and turning afide the body from the 
right line B c> compells it afterwards to continue its 
motion along the right line BC Draw f C parallel to 
BS meeting BC in C ; and at the end of the fe- 
cond part of the time, the body (by Cor. 1. of the 
bws) will be found in C, in the lame plane with the 
triable 4Sfy Joyn SG> and* bpcaufe SB and Qc are 

parallel, 
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paraMel, the triangle SBC will be equal to the triangle 
. SBc, and therefore alfo to the triangle SAB. By 
the like argument, if the centrip tal force afts fuc- 
ceflively in GDjE, &c. and makes the body in 
each fingle particle of time,to defcn*be the right lines CD, 
DE> EF, &c. they will all lye in the fame plane; 
and the triangle SCD will be equal to the triangle 
SBC, and SDE to SCD, and SEE to SDE. And 
therefore in equal times, equal areas are defcrib'd in 
one immoveable p^ne : and, by compofition, any 
fums SdDS> SAFS, of thofe areas, are one to the 
other, as the times in which they are defcrib'd. Now 
let the number of thofe triangles be augmented, and 
their breadth dimnilhed in infinitum ; and (by cor. 4. 
km. 3.) their ultimate perimet:r ADF will be a curve 
line: and therefore the centripetal force, by which the 
body is perpetually drawn back from the tangent of 
this curve, will aft continually; and any defcrib'd 
areas SADS 9 SAFS> which are always proportional 
to the times of description, will, in this cafe alfo, be 
proportional to thofe times. O.E.D. 

Cor. 1. The velocity of a body attra&ed to- 
wards an immoveable centre, in fpaces void of refift- 
ance, is reciprocally as the perpendicular let fall from 
that centre on the right line that touches the orbit. 
For the velocities in thofe places A^ByCjD.E are as 
the bafes AB,BC,CD>DE,EF> of equal triangles; and 
thefe bafes are reciprocally as the perpendiculars let fall 
upon them. 

Cor, 2. If the chords AB,BC of two arcs, fuc- 
ceffively defcribed in equal times, by the fame body, 
in fpaces void of refiftance, are complected into a pa- 
rallelogram ABCV, and the diagonal BP of this pa- 
rallelogram, in the portion which it ultimately acquires 
when thofe arcs are diminilhed in infinitum^ is pro- 
duced 
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duced both ways, it will pafs through the centre of 
force. 

Cor. 3. If the chords AB* B C, and DE>EF> of 
arcs defcrib cl in equal times, in fpaces void of refiftance, 
are compleated into the parallelograms ABCV\DE J Zi 
the forces in B and £ are one to the other in the ulti- 
mate ratio of the diagonals BV* EZ, when thofe arcs 
are diminiftied in infinitum* For the motions B . and 
EF of the body (by cor. 1. of the laws) are com- 
pounded of the motions Ec 9 BV\ and £/, EZ: 
but iff and £Z, which are equal to Or and ffi 
in the demonftration of this proposition, were gene- 
rated by the impulfes of the centripetal force in B and 
£, and are therefore proportional to thofe impulfes. 

C o r. 4. The forces by which bodies, in fpaces void 
of refiftance, are drawn back from reftilinear jnotioqs, 
and turned into curvilinear orbits, are one to another 
as the vers'd fines of arcs defcribed in equal times; 
which verfed fines tend to the centre of force, and 
bifed the chords when thofe arcs are diminifhed to 
infinity. For luch vers'd fines are the halfs of the 
diagonals mentioned in cor. 3. 

Cor. 5. And therefore thofe forces are to the 
force of gravity, as the faid vers'd fines to the vers'd 
fines perpendicular to the horizon of thofe parabolic arcs 
which projediles defcribe in the fame time. 

Cor. 6. And the fame things do all hold good 
(by cor. 5. of the laws) when the planes in which 
the bodies are mov'd, together with the centres of 
force which are placed in thofe planes, are not at 
reft but move uniformly forward in right lines. 
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Proposition II. Theorem II. 

Every body, that moves in any curve line 
described in a plane, and by a radius, 
drawn to a point either immoveable, or 
moving forward with an uniform rectilinear 
motton y dcfcribes about that point areas pro- 
portional to the times ; is urged by a cen- 
tripetal force directed to that point. 

Case i . For every body that moves in a curve 
line, is (by law i.) turned afide from its re&ilinear 
covfe by the a&ion of fome force that impels it. 
And that force by which the body is turned off 
from its reftilinear courfe, and is made to defcribe, in 
equal times, the equal lead: triangles SAB>SBQ SCD*&c. 
about the immoveable points, (by prop. 40. book 1. 
elem. and law 2. ) afts in the place B 3 according to 
the direftion of a line parallel to cC> that is, in the 
dire&ion of the line BS; and in the place C, accord- 
ing to the direftion of aline parallel to dD, that is, 
in the dire&ion of the line CS,&c. And therefore afrs 
always in the direction of lines tending to the immove- 
able point S. Q.E.D. 

Case 2. And (by cor. 5. of the laws) it is in- 
different whether the fuperficies in which a body de- 
scribes a curvilinear figure be quiefcent, or moves to- 
gether with the body, the figure defcrib'd, and its 
point S> uniformly forwards in right lines. 

Cor. 
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Cor. i. In non-re fitting fpaces or mediums, if 
the areas are not proportional to the times, the forces 
are not dire&ed to the point in which the radii meet; 
but deviate therefrom m C(mfequenti* t or towards the 
parts to which the motion n diteded, if the defcrip- 
tion of the areas is accelerated ; but in *ttcccdemi4, if 
retarded* 

Cor. 2. And even in refilling mediums, if the 
defcription of the areas is accelerated, the dire&ions of 
the forces deviate from the point in which the radii 
meet, towards the parts to which the motion tends. 



b CHOLIUM. 

A body mav be urged by a centripetal force 
compounded of feveral forces. In which cafe the 
meaning of the propofition if, that the force which 
refults out of all, tends to the point S. But if any 
force, afis perpetually in the airedion of lines per- 
pendicular to the defcrib'd fur face; this force will 
make the body to deviate from the plane of its mo- 
tion: but will neither augment nor diminiih the 
quantity of the defcribed furface, and is therefore to 
be negle&ed in the compofition of forces. 
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Proposition III. Theorem III. 

Every body, that, by a radius drawn to the 
centre of another body howfoever punted, 
def tribes areas about that centre propor- 
tional to the times \ is urged by a force 
compounded out of the centripetal force 
tending to that other body, and of all the 
accelerative force by which that other body 
is impelled. 

Let L reprefent the one, and T the other body; 
and (by Cor. 6 of the lawsj if both bodies are ur- 
ged in the dire&ion of parallel lines, by a new force 
equal and contrary to that by which the fecondbody T 
is urgeed , the firft body L will go on to defcribe 
about the other body T, the fame areas as before: but 
the force, by which that other body T was urged, 
will be now destroyed by an equal and contrary force; 
and therefore (by Law i.) that other body 7*, now left 
to it felf, will either reft, or move uniformly forward 
in a right line : and the firft body L impelTd by 
the difference of the forces, that is, by the force re- 
maining, will go on to defcribe about the other body 
T 9 areas proportional to the times. And therefore (by 
Theor. 2.) the difference of the forces is direded to 
the other body % as its centre. Q.E.D* 

Cor. 1. Hence if the one body £, by a radius 
drawn to the other body T> defcribes areas proportio- 
nal to the times; and from the whole force, by which 
the firft body L is urged ( whether that force is 

fimple, 
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fimple,or, according to cor. 2. of the laws, compound- 
ed out of feveral forces) we fubdud (by the lame 
cor, ) that whole accelerative force, by which the 
other body is urged ; the whole rema ning force by 
which the firft body is urged, will tend to the other 
body Tj as its centre. 

Cor.2. And, if thefe areas are proportional to the 
times nearly, the remaining force will tend to the other 
body T nearly. 

Cor. 3. And vice verfay if the remaining £>rce 
tends nearly to the other body T y thofe areas will 
be nearly proportional to the times. 

Cor. 4. If the body L, by a radius drawn to 
the other body 7*, defcribes areas, which compared 
with the times, are very unequal ; and that other 
body T be either at reft or moves uniformly forward 
in a right line: the a&ion of the centripetal force 
tending to that other body 7", is either none at all, or 
it is mix'd and compounded with very powerful adti* 
ons of other forces : and the whole force compounded 
of them all, if they are many, is direded to another 
(immoveable or moveable) centre. The fame thing 
obtains, when the other body is moved by any mo- 
tion whatfocver; provided that centripetal force is 
taken, which remains after fubdu&ing tnat whole force 
afting upoa that other body T. 

Scholium. 

Becaufe the equable defcription of areas indicates 
that a centre is refpeded by that force with which the 
body is moft affeded, and by which it is drawn back 
ftomits reailinear mbtion, and retained in its orbit: 

why 
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why may we not be allowed in the following <££• 
courfe, to ufe the equable defcription of areas as an in- 
dication of a centre, about which all circular motion 
is performed in free fpacesJ 



Proposition IV. Theorem IV. 

The centripetal forces of bodies, which by 
equable motions defer ibe different circles, 
tend to the centres of the fame , circles ; 
and are one to the other, as the fquares of 
the arcs defcribed in equal times applied 
to the radii of the circles. 

Thefe forces tend to the centres of the circles (by 
prop. 2. and cor. 2. prop. 1 ) and are one to another as 
the verfed fines of the leaft arcs defcribed in equal 
times (by cor. 4. prop. 1.) that is, as the fquares 
of the fame arcs applied to the diameters of the circles, 
(by lem. 7.) and therefore fince thofe arcs are as arcs 
defcribed in any equal times, and the diameters are as 
the radii ; the forces will be as the fquares of any arcs 
defcribed in the fame time applied to the radii of 
the circles. Q.E.D. 

Cor.i. Therefore, fince thofe arcs are as the velo- 
cities of the bodies, the centripetal forces are in a ratio 
compounded of the duplicate ratio of the velocities 
dire&ly, and of the fimple ratio of the radii in- 
verfdy. 

Co*. 
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Cor. 2. Arid, fince the periodic times are in a 
rario compounded of the ratio of the radii diredly* 
and the ratio of the velocities inverfely ; the centri- 
petal forces are in a ratio compounded of the ratio of 
the radii dire&ly, and the duplicate ratio of the perio- 
dic times inverfely. 

Cor. j. Whence if the periodic times are equal, 
and the velocities therefore as the radii ; the centri- 
petal forces will be alfo as the radii ; and the contrary. 
C o r. 4. If the periodic times and the velocities 
are both in the fubduplicate ratio of the radii; the 
centripetal forces will be equal among themfelves : and 
the contrary. 

Cor. 5. If the periodic times are as the radii, 
and therefore the velocities equal 3 the centripetal for- 
ces will be reciprocally as the radii : and the contrary* 
Cor. '6. If the periodic times are in the fefquipli- 
cate ratio of the radii, and therefore the velocities re* 
ciprocally in the fubduplicate ratio of the radii ; the 
centripetal forces will be ift the duplicate ratio of the 
radii inverfely : and the contrary. 

Cor. ^. And univerfally, if the periodic time is 
as any power R n of the radius *, and therefore thfc 
velocity reciprocally as the power £ n ~ * of the ra- 
dius ; the centripetal force will be reciprocally as the 
power R 2 " — « of the radius : and the contrary; 

Cor. 8. The fame things all hold concerning the 
times, the velocities, and forces by which bodies de- 
fcribe the fimilar parts of any fimilar figures, that 
have their centres in a fimilar pofirion within thofe 
figures ; as appears by applying the demonftration of 
the preceding cafes to thofe. And the application 
iseafy by only fubftituting the equable defcription of 
areas in the place of equable motion, and ufing the 
di (lances of tne bodies from the centres inftead of the 
ndiu p C6r« 
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Cor. 9. From the fame demonftration it Kkcwifc 
follows, that the arc which a body, uniformly re- 
volving in a circle by means of a given centripetal 
force, defcribesin any time, is a mean proportional be- 
tween the diameter of the circle, and the (pace which 
the fame body falling by the fame given force would 
defcend thro' in the^fame given time. 

Scholium. 

The cafe of the (Teh corollary obtains in the ce- 
Icftial bodies, (as Sir Ckrtftopber Wren, Dr. Hook, and 
Dr. Hallej have feverally obferved) and therefore in 
what follows, I intend to treat more at large of thofe 
things which relate to centripetal force decreafing in 
a duplicate ratio of the diftances from the centres. 

Moreover, by means of the preceding propofition 
and its corollaries, we may difcover the proportion 
of a centripetal force to any other known force, fuch 
as that of gravity. For if a body by means of hs 
gravity revolves in a circle concentric to the Earth, 
this gravity is the centripetal force of that body. But 
from thedefcent of heavy bodies, the time of one entire 
revolution, as well as the arc defcribed in any given 
time, is given, (by cor. 9. of this prop.) And by 
fuch propofitions, Mr. Hnjgens> in his excellent book 
De Ho ologio OfcilUtorio, has compared the force of 
gravity with the centrifugal forces of revolving bo- 
dies. 

The preceding propofition may be likewife demon* 
ftrated after this manner. In any circle fuppofe a po- 
lygon to be inferibed of any number of fides. And 
if a body* moved with a given velocity along the 
fides of the polygon, is refie&ed from the circle at 
the feveral angular points; the force, with which at 

every 
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every refle&ion it ftrikes the circle, will be as its 
velocity : and therefore the Aim of the forces, in a 
given time, will be as that velocity and the number 
of reflexions conjundly ; that is, (ifthefpecies of the 
polygon be given) as the length defcribed in that given 
time, andincreafed ordiminifhedin the ratio of the fame 
length to the radius of the circle; that is, as the 
(quare of that length applied to the radius : and there- 
fore if the polygon, by having its (ides diminiflied 
m infinitum, coincides with the circle, as the fquare 
of the arc defcribed in a given time applied to the ra- 
dius. This is the centrifugal force, with which the 
body impells the circle ; and to which the contrary 
force, wherewith the circle continually repells the body 
towards the centre, is equal. 

Proposition V. Problem I. 

There being given in any pi aces, the velocity 
with which a loiy defcribes a given 
figure, by means of forces direBed to 
fome common centre \ to find that centre. 
PI. j. Fig. 1. 

Let the three right lines PT> TQ V> VR touch the 
figute defcribed in as many points P>Q*R> and meet 
in rand P. On the tangents ereft the perpendicu- 
lars?./*, QB, R C, reciprocally proportional to the 
velocities of the body in the points P> Q> R> from 
which the perpendiculars were raifed ; that is, fo that 
PA may be to £ B as the velocity in Qjo the 
velocity in ft and QJB to R C as the velocity in R to 
the velocity in Q. Thro* the ends A, ft C, of the 
perpendiculars draw-^D, D B £, £C,$ right angles, 

F i meeting 
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meeting in D and£ ; And the right lines TD, VE 
produced} will meet in S the centre required. 

For the perpendiculars let fall from the centre S on 
the tangents PT, QT> are reciprocally as the veloci- 
ties of the bodies in the points P and £? (by cor. x* 
prop, i.) and therefore, by conflrudiion, as the per- 
pendiculars AP> BCMire&ly ; that is, as the per- 
pendiculars let fall from the point D on the tangents. 
Whence it is eafy to infer, that the points S, D, T, arc 
in one right line. And by the like argument the points 
5, E f V are alfo in one right line; and therefore the 
centre S is in the point where the right lines TD, 
VE meet. Q. E. D. 

Proposition VI. Theorem V. 

In a [face void of refinance, if a body re- 
volves in any orhit alof/t an immoveable 
centre *, and in the leaft time defcriles 
any arc jtft then nafcent ; and theverfed 
fine of that a*c is fuffiofedto he drawn, 
UfeEiing the chord, and produced paffirg 
tiYO'tgh the centre of force ; the centr;- 
pslal force in the middle of the arc, will 
be as the verfei fine dheRly and the 
fiuare of the time inverftly. 

For theverfed fine in a given time is as the force (by 
cor. 4. prop. 1. ) and augmenting thetime in any ratio, 
becaufe the arc will be augmented in the fame ratio, the 
verfed fine will be augmented in the duplicate of that 
ratio, (by cor. 2 and 3. lem. 11.) and therefore is as 
the force and the fquare of the time. Subduft on both 
fides theiluplicate ratio of the time, and the force 

will 
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will be as the verfed fine dire&ly and the fquare of 
the time inverfely. Q. £. Z>. 

And the fcme thing may alfo be eafily demonftrated 
by corol. 4. km. 10. 

Cor. 1. If a body P revolving about the centre 
S, {PL 3. Fig. 2.) defcribes a curve line <*4?<g» which 
aright line Z PR touches in any poinr P ; and from 
any other point Qjof the curve, QR is drawn paral- 
lel to the diftance SP, meeting the tangent inR; 
and QJT is drawn perpendicular to the diftance S P .• 
the centripetal force will be reciprocally as the folid 

1 SP % xQT x 

1 - ^ — , if the folid be taken of that magnitude 

which it ultimately acquires when the points P and 

1 ^coincide. For QR is equal to the verfed fine of 

J double the arc Q^pT whofe middle is P : and double 

• the triangle SQP> or SPx QT is proportional to 

tbe time, in which that double arc is described ; and 

therefore may be ufed for the exponent of the time. 

C or. 2. By a like reafoning, the centripetal force 

ST*x O P* 
is reciprocally as the folid -~= — > if S T is a 

perpendicular from the centre of force on PR the tan* 
gent of the orbit. For the rectangles STx QP and 
S Px QT are equal. 

Cor. 3. If the orbit is either a circle, or touches 
or cuts a circle concentrically, that is, contains with 
a circle the lead angle of contaft or fedion, having 
9 the fame curvature and the fame radius of curvature at 
tbe point P ; and if P y be a chord of this circle, 
drawn from the body through the centre of force ; the 
centripetal force will be reciprocally as the folid 

$r*pr< Forpris^- 1 

F $ Cor. 
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Cor. 4. The fame things being fuppofed, the 
centripetal force is as the (quare of the velocity di- 
redly, and that chord inverfely. For the velocity is 
reciprocally as the perpendicular ST, by cor. 1. 
prop. i. 

Cor. 5. Henci if any curvilinear figure ^APQ^ 
is given ; and therein a point S is alfo given to 
whicji a centripetal force is perpetually dire&ed ; that 
law 0f centripetal force may be found, by which the 
body P will be continually drawn back horn a re&i- 
linear courfe, and being detained in the perimeter of 
that figure, will defcribe the fame by a perpetual re- 
volution. That is, we are to find by computation, ei- 

SP 1 x O 7* z 
ther the folid zr-Z*— or the folid ST x xPf, 

reciprocally proportional to this force. Examples of 
this we fhall give in the following problems. 

Proposition VII. Problem II, 

If a body revolves in the circumference of 
a circle; it is propofed to find the law 
of centripetal force direBed to any given 
point. PI. 3. Fig. 3. 

Let r QP A be the circumference of the circle ; S 
the given point to which as to a centre the force tends ; 
P the body moving in the circumference; £the 
next place into which it is to move; and PR Z the 
tangent of the circle at the preceding place. Through 
the point S draw the chord P r, and the diameter 
VA of the circle, jo:n AP, and draw QT perpendi- 
cular to SP, which produced* may meet the tan- 
gent 
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gent P R in Z; and laftly, thro' the point Q* draw 
L R parallel to SP, meeting the circle in L» and the 
tangent P Z in R. And, becaufe of the fimilar tri- 
angles Z QRtZTp, rPA> we (hall have RP\ 
that is, QRL> to QJT X > as A P™ to PT\ And 

therefore = ^ is equal to QT \ Multiply 

SP X 
thofe equals by .* and the points P and £ coin* 

ciding, for £ Z, write P f; then we (hall have 
cor. i. and 5. prop. 6.) the centripetal force is reci- 

s p % xpy* 

procally as — -— — ..that is, (becaufe AV* is given) 

reciprocally as the fquare of the diftance or altitude 
S P, and the cube of the chord PV conjunftly; 
Q±E. I. 

The fame otherwife. 

On the tangent P R produced, let fall the perpen^ 

dicubr ST: and (becaufe of the fimilar triangles 

STP.rPA) we (hall have AV to Pfas SP 

S P x P V 
to S T 9 and therefore — ■ - ^ = S T 9 and 

SP 1 x P V* 

- *zST x xPK And therefore (by coroL 

Ar* 

3 and j. prop. 6.) the centripetal force is recipro- 

SP * x Pi^" 1 
caDy as ■ - I that is, (becaufe AV\* given> 

xcriprocallyasSP^Pr 1 . Q. E. I. 

F 4 Co iu 
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Cor. i. Hence if the given point S f to which 
the centripetal force always tends, is placed in the 
circumference of the circle, as at V\ the centripetal 
force will be reciprocally as the quadrato-Cube (or 
fifth power) of the altitude S P. 

Cor. 2. The force by which the body Pin the 
circle APT V {PL j. Fig. 4.) revolves about the centre 
of force S is to the force by which the fame body P 
may revolve in the fame circle and in the fame perio- 
dic time about any other centre of force £» as i? P * 
x SP to the cube of the right line $ G, which from 
the firft centre of force S> is drawn parallel to the 
diftance PR of the body from the fecond centre of 
force R, meeting the tangent P Q of the orbit in G. 
For by the conftruftfon of this propofition, the for- 
mer force is to the latter as R P * x PT* to SP 1 x 

S P* x P V* 

P V 1 1 that is, as SP x R P z to — or,fbe- 

p t% 

caufe of the fimilar triangles PSG^TPT) to SG 5 . 
Cor. 5 . The force by which the body P in any 
orbit revolves about the centre of force & is to die 
force by which the fame body may f evolve in the 
fame orbit, and in the fame periodic time about any 
other centre of force R> as the folid SP x R P % 
contained under the diftance of the body from the 
firft centre of force S> and the fquare of its diftance 
from the fecond centre of force R, to the cube of the 
right line S G> drawn from the firft centre of force S y 
parallel to the diftance RP of the body from the 
iecond centre offeree R, meeting the tangent PG of 
the orbit in G. For the force in this orbit at any 
point P is the fame as in a circle of the fame curn- 
jure. 

Pro p. 
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Proposit ion VIH Problem HI. 

If a body moves in the femucircumference 
P Q, A ; it is propofed to find the law 
of the centripetal force tending to a 
point % fo remote y that all the lines 
PS,RS draxvn thereto, may be taken 
for parallels. Pi. 3. Fig. 5. 

From Cthc centre of the femi<irde, let the femidi- 
amcter C Ji be drawn, cutting the parallels at righc 
angles in M and N> and join C P. Becaufe of the 
fimilar triangles CPM 9 P ZT and RZO we lhall 
haveC/>* xoPM* 2sPR z toQT % ; an3,fromthc 
nature of the circle, P R * is equal to the re&angk 
QRx RN~\-ON 9 or the points P, Q coinciding, 
to theredangle^R xxp M. Therefore GP % is to 

PM X as QjRxxPM to QT % ; and ^j^= 

zPM* *QT*xSP z iPM*xSP % 

■ ->and ■ — ■ = ^ - ; • 

CP X Q^R CP* 

And therefore (by corol. 1. and 5. prop. 6.) the 

centnpetal force is reciprocally as cp% ■ ; 

2 5P* 
rfwt is, (neglefting the given ratio -gjr) recipro- 

frtynPM*. Q E. I. 

And the fame thing is likewife eafily inferred from 
die preceding Propofiuon. 

SCHCk 
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Scholium. 

And by a like reafoning, a body will be moved in 
tn ellipfis, or even in an hyperbola, or parabola, by 
a centripetal force which is reciprocally as the cube of 
the ordinate dire&ed to an infinitely remote centre of 
force. 

Proposition IX. Problem IV. 

If a lody revolves in a ffiral P OS, cut - 
ting all the radii S P, SQ, &c. in a 
given angle: it is propofed to find the 
law of the centripetal force tending to 
the centre of that ffiral. Pi. 3. Fig. 6. 

Soppofe the indefinitely fmafl angle P S f? to 
be given ; becaufe then ail the angles are given, 
the figure S P R QT will be given in iperie. 

Therefore the ratio ^ is alfo given, and-^-— is as 
Qji * s^R 

QT 9 that is (becaufe the figure is given in fpecfc) as 
SP. But if the angle PSQJs any way changed, 
the right line Q^R> fubtending the angle of contad 
QPR, (by lem. 11.) will be changed in the dupli- 

p T* 
cate ratio of P R or Q^T* Therefore the ratio ~~ 

remains the fame as before, that is as S P. And 
QT* xSP z 

is as S P 3 , and therefore (by corol. i. 

and 5. prop. 6.) the centripetal force is reciprocally as. 
the cube of thqdiftance SP. £.£./. 
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The fume otkerwife. 

The perpendicular ST let fall upon the tangent* 
and the chord P Pot the circle concentrically cutting 
the fpiral are in given ratio's to the height SP ; and 
therefore SP* is as ST % *PV> that is (by corol. j. 
and 5. prop. 6.) reciprocally as the centripetal force. 

Lemma XII. 

All parallelograms circumfcriled about any 
conjugate diameters of a given ellipfis or 
hyperbola are equal among tbemf elves. 

This is demonftrated by the writers on the conic 
Je&ions. 

Proposition X Problem V. 

If a body revolves in an ellipfis : it is pro- 
pofedtofind the lavo of the centripetal 
force tending to the centre of the ellipfis. 
PI. 4. Fig. 1. rJ 

. Suppofe CA, C B to be femi-axes of the ellip- 
fis ;GP>DK conjugate diameters ; P F, ^jTperpen- 
diculars to thofe diameters ; Qy an ordinate to the di- 
ameter OP ; and if the parallelogram Qv P R be com- 
pleted; then (by the properties of the conic fedions) 
the reftapgle PvO will be to Qv z as P C 1 to 
CD*, and (becaufe of the fimitar triangles Pvf, 
PCF)Qv* toQT*zsPC* to P i^jandby com- 
pofiriojjf the ratio 0? Pv G to QJ* is compounded of 

the 
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the ratio of PC * to CD * and of the ratio of PC* 
O T z CD % x P I? * 

toPPS that is, vG to ^— asP C 1 to — 

Pv PC . 

Put £tf for P v 9 and (by lem. n.) B Cx C^for 
CDxPF, alfo (the points P and Q coinciding,) a P Q 
for v G ; and multiplying the extremes and means 

QT 2, xPC z 
together, we fliall have n p equal to 

zBC z xCA z _ *. yL 

— ; • Therefore (by cor. j. prop. 6.) 

the centripetal force is reciprocally as — — j 

that is (becaufe %BC x xCA % is given) reciprocally 

as =~ ; that is, dire&ly as the diftance PC Q.E. l. 
* c# 

The fame otherwife. 

In the right line PG on the other fide of the 
point T 9 take the point * fo that T n may be equat 
xoTvi then take*r, fuch as (hall be to ^(7 as 
DC 1 to PC Z . And becaufe Qv x is to P vGus 
P C 1 to PC*, (by the conic feftions) we fliall 
have Qv % — P vx uV. Add the reftangle uPv 
to both fides, and the fquare of the chord of the arc 
PQ^ will be equal to the reftangle VPv\ and there- 
fore a circle, which touches the conic fedion in P, 
and pafTes thro' the point Q, will pafs alfo thro* the 
point P. Now let the points P and ^meer, and the 
ratio ofuVto v G, which is the fame with the ratio of 
D C x to PC a , will become the ratio of P^to PGoxPV 

zDC % 

to i P C> and therefore PV will be equal to ■ • i 

And therefpre the force, by which the body P 
{evolves in the eHipfls, will be reciprocally as 

*DC* 
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z DC 1 

x P F z (by cor. 5 . prop. 6 .) that is, (becaufe 

2 DC*xPF x is given) diredly as PC. Q. E. I. 

Cor. 1. And therefore the force is as the di- 
fhnce of the body from the centre of the dlipfis ; and 
vkt vtrfa if the force is as the diftance, the body will 
move in an ellipfis whofe centre coincides with the 
centre of force, or perhaps in a circle into which the 
ellipfis may degenerate. 

Cor. 2. And the periodic times of the revolu- 
tions made in all ellipfes whatfoever about the fame 
centre will be equal. For thofe times in fimilar ellip- 
fes will be equal (by corol. 5 and 8. prop. 4.) but in 
dlipfes that have their greater axe common, they 
are one to another as the whole areas of the ellipfes 
direftly, and the parts of the areas defcribed in the 
lame time inverfely ; that is, as the kfler axes di- 
re&ly, and the velocities of the bodies in their principal 
vertices inverfely ; that is, as thofe lefler axes dire&ly, 
andtheordinates to the famepoint of the common axis 
inverfely; and therefore (becaufe of the equality of 
the direft andinverfe ratio's) in the ratio of equality. 

Scholium: 

If the ellipfis by having its centre removed to an 
infinite diftance degenerates into a parabola, the body 
will move in this parabola ; and the force, now tend- 
ing to a centre infinitely remote, will become equable. 
Which is GMcq % % theorem. And if the parabolic 
fedion of the cone (by changing the inclination of 
the cutting plane to the cone) degenerates into an 
hyperbola, the body will move in the perimeter of 
this hyperbola, having its centripetal force changed 
into a centrifugal force. And in like manner as in the 

circle> 
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circle, or in the ellipfis, if the forces are dire&ed to the 
centre of the figure placed in the abfcifla, thofc forces by 
increafing or duninHhing the ordinates in any given ra- 
tio, of even by changing the angle of the inclination of 
the ordinates to the dbfofli, arc always augmented ordi- 
mini/hed in the ratio of the diftances from the centre ; 
provided the periodic times remain equal ,* fo aUb in 
all figures whatfoever, if the ordinates are augmented 
or diminished in any given ratio, or their inclination 
is any way changed, the periodic time remaining the 
lame ; the forces dire<3ed to any centre placed in 
the abfcifla, are in the feveral ordinates augmented or 
diminiftied in the ratio of the diftances from the centre. 



Sec tiok 
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Section III. 

Of the motion of bodies in eccentric 
Comcfefiions. 



Proposition XI. Problem VI. 

If a lody revolves in an elliffis : it is re- 
quired to find the law of the centri- 
petal force tending to the focus of the 
elliffis. PL 4. Fig. 2. 

Let S be the focus of the ellipfis. Draw SP 

cutting the diameter D K of the ellipfis in E, and the 

ordinate Qjv'mx; and compleat the parallelogram 

QxPR. It is evident that £ P is equal to the greater fe- 

nu-axis AC: for drawing HI (torn the other focus H 

of the ellipfis parallel to E C, becaufe C S 9 CHxc 

equal E S y E I will be dfo equal fo that EP is the 

half fum of P S, P /, that is, ( becaufe of the parallels 

JFffj PR, and the equal angles /PR, HP Z) of 

F S> PH% which taken together are equal to the 

whole axis 2 AC. Draw ^ T perpendicular to SP 9 

and putting L for the principal latus re&um of the 

iBC* 
cDipfis (or for-——,) we ftiall have L xQR to 



AC 



LxPv 
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t x PvtsQR to Vv y that is, as V E or AC to F C; 
and L x P v to G v P as L to Gv ; and <7 vP to 
£?v * as P C * to CZ? * ; and (by corol. 2. 1cm. 7.) 
the points ^and P coinciding, ^jv z is to ^.* * in the 
ratio of equality ; and £ x % or £ v * is to £JT* as 
fP^oPJFSthatisjasC^^oPJF^orCbylcm- n.) 
as CD 1 to CB\ And compounding all thofe ratio's to- 
gether, we (hall have L x ££ to £ 7^ as ACxLx 
PC x xCD x ot %CB % xPC z xCD x toPCxGv 
x CD* x C2? Sor as iPCtoGv. But the points 
QjrA P coinciding, i P Cand Gv are equal. And 
therefore the quantities L x Q R and (?7"S propor- 
tional to thefe, will be alfo equal. Let thofe equals be 

SP* 
drawn into ^~, and L x SP * will become equal to 

— p • And therefore (by corol. 1. and 5. 

prop. <J.) the centripetal force is reciprocally asLx 
SP V , that is, reciprocally in the duplicate ratio of the 
diftance SP. Q. E. I. 

The fame otherwife. 

Seeing the force tending to the centre of the ellip- 
fis, by which the body P may revolve in that ellip- 
fis, is fby corol. 1. prop. 10. ) as the diftance CP of 
the body from the centre Cof the ellipfis ; let CE 
be drawn parallel to the tangent PR of the ellipfis; 
and the force, by which the fame body Proay revolve 
about any other point S of the ellipfis, if CE and 

PE* 
PS interfed in £, will be as — (by cor. 5. prop* 

S P 

7.) that is, if the point S is the focus of the ellipfis* 

and therefore P E be given, as SP 1 reciprocally. 

£.£./. With 
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With the fame brevity with which we reduced 
the fifth problem to the parabola and hyperbola, we 
imght do the like here : But becaufe of the dignity of 
the problem and itsufe in what follows, I (hall confirm 
the other cafes by particular demonftrations. 

Proposi tion XII. Problem VIP 

Suppofe a lody tb movi in an hferlola : it 
is required to find the law of the centri- 
petal force tending to the focus of that 
figure. PL 5. Fig. 1. 

Let CA, CB be the fenii-axes of the hyperbola; 
PG f KD other conjugate diameters ; P F a (Serpen- 
dicular to the diameter KD ; and £ v an ordinate to 
the diameter /j P. Draw SP cutting the diameter 
V K in £, and the ordinate £tJin .t, and compleat 
the parallelogram QJR P x. It is evident that EP is 
equal to the femi-tranfvcrfe axe AC; for, drawing 
HI* from the other focus H of the hyperbola, paral- 
lel to £ G becaufe CS,CH are eaual, E S> £/will 
bealfo equal; fo that EP is the half difference of 
PS, PI; that is, (becaufe of the parallels / //, P X* 
and the equal Tingles /P& H P Z) ofPS,PH, the 
difference of which ii equal to the whole axis 2 A C. 
Draw^:Tperpendicular to SP. And putting L for the 
principal latus reftum of the hyperbola, (that is, for 
xBC z \ 
-TfiT, J we (hall haveLx£* to LxFv as QR toPvi 

or P x to P v, that is, (becaufe of the fimilar triangles 

P*v>PBC) asP£ to PC, or ACto PC. And 

G LxPf 
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Lx P v will be to Gvx Pv zsLtoGv ; and (by 
the properties of the conic fe&ionsj the re&angle GvP 
is to Qy 1 as P C* to CD 1 ; and (by cor. 2. km. 7.) 
Qy* to££xS the points ^and P coinciding, be- 
comes a ratio of equality ; and Q x z or Qv x is to 
QT*q&E P* toP F\ that is, as C A x to PF l , 
or (by lem. 12.) as C D 1 toCB*z and, compound- 
ing all thofe ratio's together, we ftiall haveL x££ to 
C/T 1 as ACxLxPC* x CD 2 or 1 CB z x PC* 
xCD*toPCxGvxCD 1 xCB 1 ,orzsiPCtoGv. 
But the points P and Q coinciding, zPC and G tr 
are equal. And therefore the quantities LxQR 
and OT* 9 proportional to them, will be alfo equal* 

S P x 
Let thofe equals be drawn into 77-5-5 and we {ball 

SP 1 xQ T 1 
have LxSP 1 equalto — £-~* — And therefore 

(by cor. 1 & 5. prop. 6.) the centripetal force is re- 
ciprocally as LxS P % that is, reciprocally in the 
duplicate ratio of the diftanceSP. Q\ E * *• 

The fame otherwife. 

Find out the force tending from the centre C of the 

hyperbola. This will be proportional to the di (lance 

C P. But from thence ("by cor. 3* prop. 7.) the 

PE* 
force tending to the focus S will be as r-rp that is, 

becaufe P E is given, reciprocally as SP X . Q. E. I. 

And the fame way it may be demonftrated, that the 
body having its centripetal changed into a centrifugal 
force* will move in the conjugate hyperbola. 

Lem ma 
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Le m m a XIII. 

The la: us re&um of a faralola belonging 
to any vertex /r quadruple the diflance 
of that vertex from the focus of the fi- 
gure. 

This is dcmonftrated by the writers on the conic 
fe&ions. 

Lemma XIV. 

The perpendicular let fall from the focus of 

a faralola on its tangent, is a mean 

proportional between the di fiances of the 

focus from the point of contaft, and from 

the principal vertex of the figure. PI. 

5- Fig- 2 - 

For, let AP be the parabola, S its focus,«<4its priiw 
cipal vertex, P the point of contaft, P O an ordinate 
to the principal diameter, P M the tangent meeting 
the principal diameter in M, and SN the perpendicu- 
lar from tne focus on the tangent. Join AN, and 
becaufe of the equal lines MSmd S P, MNwd 
NP, M A znd AO; the right lines AN,OP 9 will 
be parallel; and thence the triangle SAN will be 
right angled at A> and fimilar to the equal triangle$ 
SNMy SNP\ therefore?.? isto«JATas SNv* 
SA. Q. E. D. 

Cor. u PS X i%to S N 1 zs PS to S A. 

G x Cor: 
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Cor. i. And bccaufe S A is given, SJV X will 
bets PS. 

Cor. 5. And the ctoncourfe of any tangent P M \ 
with the right line S N y drawn from the focus per- 
pendicular on the tangent, falls in the right line AN* 
that touches the parabola in the principal vertex. 

Proposition XIII. Problem VIII. 

If a body moves in the perimeter of a fira- 
bola : it is required to find the law of the 
centripetal force tending to the focus of 
that figure* PI. 5. Fig. j. 

Retaining the conftru&ion of the preceding lemma, 
let P be the body in the perimeter of the parabola ; 
and from the place Q> into which it is next to fuc- 
ceed, draw Q^R parallel and QT perpendicular to 
S p, as alfo Qju parallel to the tangent, and meeting 
the diameter TG in ?,and thediftance SP in at. Now, 
becaufe of the fimilar triangles Pxv 9 SPM> and of 
the equal fides S ?, SM of the one, the fide P x or 
QR and P v of the other will be alfo equal. But 
(by the conic fe&ionsj the fquare of the ordinate Qjf 
is equal to the re&angle under the latus re&uffl and 
the fegment P v of the diameter, that is, (by lem. 1 j.) 
totheredangle4?5x?v,or4F5x^A; and the 
poirits? and ^coinciding, the ratio of Qvxo Qjc 
(by cor. it lefti. 7.) becomes a ratio of equality. And 
therefore Qji\ in this cafe, becomes equal to the 
re&angle +PSx QR. But (becaufe of the fimihr 
triangles (JxT, SP NT) Qx x is to Q T x * P S x to 
SN\ that is (by cor. 1. lem. 14.) as P S to SA\ 
that is, as 4 PSx Q^R to 4 SA x OA and therefore 
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(*by prop. 9. lib. j. clem J QT % and 4 J -^x OR 

S P * 
are equa 1 . Multiply thefe equals by , and 

SP x xQT* , . 

-r-^ — will become equal to «SP * X4 £^: and 

therefore (by cor. 1. and 5. prop. 6.) the centripetal 
force is reciprocally as S P l x 4^ A ; that is, becaufe 
$SA is given, reciprocally in the duplicate ratio of 
the diftance SF / <? T £./. 

Cdr. 1, Fromthe three laft propositions it fol- 
lows, that if any body P goes from the place Pwitl\ 
any velocity in the direftion of any right line P R> 
and at the fame time is urged by the adion of a cen* 
tripetal force, that is reciprocally proportional to the 
fquare of the diftance of the places from the centre ; 
the body will move in one of the conic fe&ions, 
having its focus in the centre of force ; and the con- 
trary. For the focus, the point of contaft, and the 
poGtion of the tangent being given, a conic feftion 
may be defcribed, which at that point ftiall have a 
given curvature. But the curvature is given from 
the centripetal force and the bodies velocity given ; 
and two orbits mutually touching one the other, can- 
not be defcribed by the fame centripetal force and the 
fame velocity. 

Cor. 2. If the velocity, with which the body 
goes from its place P, is fuch, that in any infinitely 
irnall moment of time the lineola PR may be 
thereby defcribed ; and the centripetal force fuch as in 
the fame time to move that body through the fpace 
£^R; the body will move in one of the conic feSions, 

whofe principal latus re&um is the quantity « 

i*j its ultimate ftate, when the lincote PR, Q^R are 

G 3 dimi. 
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diminiftied in infinitum. In thefe corollaries, I consi- 
der the circle as an ellipfis; and I except the cafe, 
where the body defcends to the centre in a right line. 

Proposition XIV. Theorem VI. 

If fever al todies revolve alout one common 
centre, and the centripetal force is reci- 
procally in the duplicate ratio ofthedi- 
fiance of places from the centre ; / faj y 
that the principal I at era recta of their 
orbits are in the duplicate ratio of the 
areas, which the bodies by radii drawn 
to the centre dejcrile in the jame time. 
PI. 6. Fig. i. 

For fby cor. 2. prep. 13. J the latus reftum L is 

equal to the quantity ^x in its ultimate Hate when 

the points P and Q coincide. But the lineola Q^H 
in a given time is as the generating centripetal force; 
that is (by fuppofition) reciprocally as SP Z . And 

therefore -^ is as QT l xSP x > that is, the hrus 

reftum L is in the duplicate ratio of the area QTxST* 
Q. E. D. 

Cor. Hence the whole area of the ellipfis, and 
the rectangle under the axes, which is proportional to 
ir, is in the ratio compounded of the fubduplicate ra- 
tio of the latus reftum, and the ratio of the periodic 
time. For the whole area is as the area QTx ST\ 
defciibcd in a given time, multiplied by the periodic 
time, 

Pr 0- 
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Proposition XV. T h f o it e m VII. 

The fame things being fupfofed, 1 fay that 
the periodic times in eltipfes are in the 
fefjuiplicate ratio of their greater axes. 

For the lefler axe is a mean proportional between 
the greater axe and the latus re&um; and therefore the 
re&angle under the axes is in the ratio compounded 
of the fubduplicate ratio of the latus re&um and the 
fefquipliate ratio of the greater axe> But this red- 
angle (by cor f prop. 14J is in a ratio compounded of 
the fubduplicate ratio of the latus reftum and the ra- 
tio of the periodic time. Subdud from both fides 
the fubduplicate ratio of the latus re&um, and there 
will remain the fefquiplicate ratio of the greater axe, 
equal to the ratio of the periodic time. £K E. D n 

C o r. Therefore the periodic times inellipfesare 
the fame as in circles whofe diameters are equal to the 
greater axes of the ellipfts. 

Proposition XVI. Theorem VIII, 

The fame things leing fuppofed, and 
right lines being drawn to the bodies 
that Jball touch the orbits, and per- 
fendiculars being let fall on thofe tan- 
gents from the common focus : I fay that 
the velocities of the bodies are in a 
ratio compounded of the ratio of the per* 
pendiculars inverfely, and tbefubdupli- 
Q 4 cate 
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cate ratio of the principal later a rcftadi- 
rcBly. Pi. 6. Fig. 2. 

From the focus S y draw S ^perpendicular to the 
tangent PR* and the velocity ot the body P will be 
reciprocally in the fubduplicate ratio of the quantity 

-— • For that velocity is as the infinitely finall arc 

P^defcribed in a given moment of time, that is, (by 
lem. 7.) as the tangent P R; that is, (becaufe of the 

S Px QT 
proportionals PR to QTznA S P to ST) as ■ ^ > 

or as ^reciprocally and SPxQ? diredly ; but 
SP x QT is as the area defcribed in the given time, 
that is (Ey prop. 14.) in the fubduplicate ratio of the 
latus reftum. Q. E. D. 

Cor. i. Theprincpal latera refta are in a ratio 
compounded of the duplicate ratio of the perpendicu- 
lars and the duplicate ratio of the velocities. 

Cor. z. The velocities of bodies, in theirgreateft 
and leaft diftances from the common focus, are in then- 
tip compounded of thefatio of the diftances inverfdy, 
and the fubduplicate ratio of the principal latera re&* 
diredly.For tnofe perpendiculars are now the diftances. 

Cor. 5. And therefore the velocity in a conic 
fedion, at its greateft or leaft diftance from the focus, 
is to the velocity in a circle at the fame diftance 
from the centre, in the fubduplicate ratio of the prin- 
cipal latus re&um to the double of that diftance. 

C or. 4. The velocities of the bodies revolving in 
ellipfes, at their mean diftances from the common fo- 
cus, are the fame as thofe of bodies revolving in cir- 
cles, at the fame diftances ; that is (by cor. 6. prop. 4.} 
reciprocally in the fubduplicate ratio of the diftances* 

For 
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For the perpendiculars arc now the leflcr femi-axes, 
and thefe are as mean proportionals between the di- 
fiances and the latera re&a. Let this ratio inversely 
be compounded with the fubduplicate ratio of the la- 
tera reda direftly, and we (hall have the fubduplicate 
ratio of the diftances inverfely. 

Cor. 5. In the fame bgure, or even in differ 
rent figures, whofe principal latera reda are equal, 
the velocity of a body is reciprocally as the per- 
pendicular let fall from the focus on the tan- 
gent. 

C o r. 6. In a parabola, the velocity is reciprocally 
in the fubduplicate ratio of the diftance of the body 
fiom the focus of the figure; it is more variable in 
the ellipfis, and left in the hyperbola, than according 
to this ratio. For (by cor. 2. lem. 14.) the perpen- 
dicular let fall from the focus on the tangent of a para- 
bola is in the fubduplicate ratio of the diftance. In 
the hyperbola the perpendicular is Jefs variable, in the 
ellipfis more. 

Cor. 7. In a parabola, the velocity of a body 
at any diftance from the focus, is to the veloci- 
ty of a body revolving in a circle at the fame di- 
stance from the centre, in the fubduplicate ratio of 
the number 2 to 1 ; in the ellipfis it islefs, and in the 
hyperbola greater, than according to this ratio. For 
(by cor. 2. of this prop.) the velocity at the vertex of 
a parabola is in this ratio, and (by cor. 6 . of this prop, 
and prop. 4.) the fame proportion holds in all diftaqces. 
And hence alio in a parabola, the velocity is every 
where equal to the velocity of a body revolving in 
a circle at half the diftance; in the ellipfis it is left, 
find in the hyperbola greater* 

CORt 
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Cor. 8. The velocity of a body revolving in any 
conic fe&ion is to the velocity of a body revolving 
in a circle at the di (lance of half the principal latus 
re&um of the feftion, as that di fiance to the perpen- 
dicular let fall from the focus on the tangent of the 
fcdion. This appears from cor. j. 

Cor. 9. Wherefore fince (by cor. 6. prop. 4.) the 
velocity of a body revolving in this circle is to the 
velocity of another body revolving in any other 
circle, reciprocally in the f ubduplicate ratio of the di* 
(lances ; therefore ex tcpa the velocity of a body re- 
volving in a conic fe&ion will be to the velocity of 
a body revolving in a circle at the fame di fiance, as a 
mean proportional between that common diflancc and 
half the principal latus redum of the fe&ion, to th« 
perpendicular let fall from the common focus upon the 
tangent ofthefefiion. 

Propositi on XVII. ProblemIX. 

Stiff ofing the centripetal force toberecipro* 
cally frcfortional to the fjuares of the 
diftancts offhcesfrom the centre^ and 
that the alfolute quantity of that force is 
known ; it is required to determine the 
line^ which a body will dejcribe that is 
let go from a given flace with a given ve« 
hcity in the direBonof a given right line. 

Let the centripetal force tending to the point S 
(PL 6. Fig. 1 .) be f u( *> a $ W >11 make the body p revolve 
in any given orbit pq ; andfuppofe the velocity of this 
body in the place p is known. Then from the place 
P> fuppofe the body P to be let go with a given ve- 
locity 
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locity in the dire&ionofthelineP*; but by virtue 
of a centripetal force to be immediately turned afide 
from that right line into the conic fe&ion PQ. This 
the right line P R will therefore touch in P. Sup- 
pore like wife that the right line/r touches the orbit 
f q in p ; and if from S you fuppofe perpendiculars 
let fall on thofe tangents, the principal latus rc&um 
of the conic feftion (by cor. i.prop. }6.) will be 
to the principal latus redum of that orbit, in a ratio 
compounded of the duplicate ratio of the perpendicu- 
lars and the duplicate ratio of the velocities ; and is 
therefore given. Let this latus u #um be£. The focus 
Sof the conic feftion isalfo given. Let the angle RPH 
be the complement of the angle R P S to two right j 
and the line PH 9 in which the other focus H is 
placed, is given by pofition. Let fall S K perpendicular 
on P H, and ereft the conjugate femi-axe B C ; this 
doue,we (hall have S P *— 2 KPH-\-P H z =S H* 
= 4 CflI - 4 B H Z ~~ * B C% = S'P-\PH*^ 
£* SP-\ P H— S? % -\- iSPH-\- PH Z —U 
xSP-\-PH. AddoTibothfidcsiKPH—SP*— 
PH x -\ L xSP-\ PH, and we fhall have L * 
SP-\- P H =i SP H *\- z K P H,ox S P-\- P H 
toPH*siSP^\ iKP toL. Whence />//isgiven 
both in lengthand pofition. That is, if the velocity 
of the body in P is fuch that the latus reflum L is left 
than % S P -I 2 KP 9 PH will lie on the fame fide of 
the tangent P R with the line S P; and therefore the 
figure will be an ellipfis, which from the given foci 
«5,//,and the principal axe SP -\~ PH f is given alfo. 
But if the velocity of the body is fo great, that the 
latus re&um L becomes equal to % PS-\- iKP, the 
l«%th P H will be infinite; and therefore the figure 
Will be a parabola, which has its axe S H parallel to 

the 
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the line P & and is thence given. But if the body 
goes from its place P with a yet greater velocity, the 
length ?//is to be taken on the ojber fide the tan- 
gent ; and fo the tangent palling between the foci* the 
figure will be an hyperbola having its principal axe 
equal to the difference of the lines SP and* P //, aixj 
thence is given. For if the body, in thefe cafes, re- 
volves in a conic fedion fo found, it is demonstrated 
in prop, ii, 12, and 13. that the centripetal force 
will be reciprocally as the fquare of the diftance of the 
body from the centre of force S ; and therefore we 
have rightly determined the line PQ> which a body 
let go from a given place P with a given velocity, 
and in the diredion of the right line PR given by 
pofition, would defcribe with (uch a force. Q.E.F. 
Cor. 1. Hence in every conic fedion, from the 
principal vertex A the latus redum £, and the focus 
S given, the other focus H is given* by taking D H 
to DS as the latus redum to the difference between the 
Jams redum and 4 DS. For the proportion, SP-\- 
P H to P H as i P S-\- z KP to L, becomes, in 
the cafe of this corollary, DS-\- DH to DHas 4 DS 
to L y and by divifion DS to D If as 4 DS — L 
toL. 

Cor. 1. Whence if the velocity of a body in the 
principal vertex D is given, the orbit jpay be readily 
found ; to wir, by taking its latus redum to twice 
the diftance DS, in the duplicate ratio of this given 
velocity to the velocity of a body revolving in a 
circle at the diftance DS (by cor. 5. prop. 16.) and 
{hen taking DH to DS as the latus redum to the diffe- 
rence between the latus redum and ^DS. 

Cor. 3. Hence alfo if a body move in 

any conic fedion, and is forced out of its dibit 

by any impuMe,- you may difcover the orbit in 

* which 
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which it will afterwards purfue its courfe. For by 
compounding the proper motion of the body with 
that motion, which the impulfe alone would gene- 
rate, you'll have the motion with which the body 
will go off from a given place of impulfe, in the di- 
rection of a right line given in pofition. 

Cor. 4. And if that body is continually dis- 
turbed by the aftion of fame foreign force, we may 
nearly know its courfe, by colkding the changes 
whicn that force introduces in fome points, and efti- 
mating the continual changes it will undergo in the 
intermediate places, from the analogy that appears in 
the progrefsof theferies. 

Scholium. 

If a body P (PL 6. Fig. 4.) by means of a centri- 
petal force tending to any given point R move in the 
perimeter of any given conic ledion, whofe centre is 
C; and the law of the centripetal force is required: 
Draw C G parallel to the radius R P> and meeting the 
tangent PG of the orbit in G ; and the force required 
(by cor. 1. & fchol. prop* 10. &cor. 3* prop. 7.) 

•nu CG * 
win be as— •- 
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Section IV. 

Of the finding of elliptic, parabolic, 
and hyperbolic orbits, from the focus 
given. 



Lemma XV. 

If from the two foci S, H, (PI. 7. Fig. 1.) 
of any elliffis or hyferlola, we draw to 
any third -point V the right tines S V, 
H V, whereof one H V is equal to the 
principal axis of the figure, that is, to 
the axis in wbicfi the foci are fituated, 
the other SV is life&ed in T by the 
perpendicular T R let fall upon it ; that 
perpendicular T R will fomewhere touch 
the conic feftion ; and vice verfL if it 
does touch it, H V will be equal to the 
principal axis of the figure. 

For, let the perpendicular T R cut the right line 
HV> produced if need be, in R ; and join S R. Be- 

caufe 
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caufeT'«yi7> r are equal, therefore the right lines SR y 
VR* as well as the angles T R 5, T R r, will be 
alfo equal. Whence the point R will be in the conic 
fe&ian, and the perpendicular TR will touch the fame : 
and the contrary. Q. £. D. 

Proposition XVIII. Problem X. 

From a focus and the principal axes given, 
to defer He elliptic and hyferlolic trajec- 
tories, zvhichjbaA fafs through given 
■points, and touch right lines given hy 
fofitiox. PI. 7* Fig. 2. 

Let S be the common focus of the figures; Alt 
the length of the principal axis of any trajeftory ; P a 
point through which the trajectory ftiould pafs ; and 
TR aright line which it fhould touch. About the 
centre P, with the interval AB — SP, if the orbit 
is an ellipfis, or AB-\~SP if the orbit is an 
hyperbola, defcribe the circle H G. On the tan- 
gent TR let fall the perpendicular ST, and produce 
the fame to P, fo that 7V may be equal to S T; and 
about fas a centre with the interval AB defcribe 
the circle FH. In this manner whether two points 
Pip, are given, or two tangents TR, t r, or a point P 
and a tangent TR, we are to defcribe two circles* Let 
//be their common interferon, and from the foci 
S,H with the given axis defcribe the trajedory. Ifay the 
thing is done. For (becaufe PH-\ SP in the ellip- 
fis, and P H — SP in the hyperbola is equal to the 
axis) the defcribed trajectory will pafs through the 
point P, and (by the preceding lemma) will touch 
the right line TR. And by the fame argument it 

will 
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will cither pafs through the two points P, p, or touch 
the two right lines TR> 1 1. Q. E. F. 

Proposition XIX. Probl em XL 

cAlout a given focus , to defcribe a par ale- 
lie trajefiory, which Jhall pafs through 
given points, and touch right lines gi- 
ven ly pofition. PL 7. Fig. j. 

Let S be the focus, P a point, and TR a tangent 
of the traje&ory to be defcribed. About P as a cen- 
tre, with the interval P S> defcribe the circle FQ* 
From the focus let fall S*t perpendicular on the tan- 
gent, and produce the fame to V> fo as TV may be c- 
jualto-ST*. After the fame manner another circle 
g is to be defcribed, if another pointy is given ; or 
another point v is to be found, if another tangent tr 
is given j then draw the right line IF, which (hall 
touch the t#o circles FG, fg, if two points />, / 
are given, or pafs through the two points F, Vi 
if two tangents TR> t r are given, or touch the 
circle FG and pafs through the point V> if the point P 
and the tangent TR are given. On FI let fall the 
perpendicular SI> and bifed the fame in K ; and with 
the axis S JT,and principal vertex iCdefcribe a parabola. 
I fay the thing is done. For this parabola Cbecaufe 
SKis equal to IK, and SP to FP) will pafs through 
the point P; and (by cor. j.lem. 14.) becaufe^ris 
equal toTr, and STR a right angle, it witt touch tht 
right line TR. Q.E.F. 
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Propositi on XX. Problem XII; 

oAlout a given focus to describe any trajec- 
tory given infpecie, which Jl) all pafsthrc? 
fiven points and touch right lines given 
y portion. 

Cas6 i. About the focus S (Pi. 7. Ftg. 4.) it 
is required to defcribe a traje&ory ABC, pafiing thro 9 
two points B, C. Becaufe the trajectory is given in 
fpecie, the ratio of the principal axe to thediftanceof 
the foci will be given. In that ratio take KB to B S 
and L Cto CS. About the centres B, C> with the in- 
tervals BK>CL defcribe two circles, and on the right 
line KL> that touches the fame in Kznd L % let fall the 
perpendicular S G ; which cut in A and 4, fo that GA 
may be to AS, and Gaio*S y tsKB to BS; and 
with the axe Am, and vertices A, *, defcribe a trajectory. 
I fay the thing is done. For let Hbt the other focus 
of the defcribed figure, and feeing G A is to AS as 
G a to 4 Si then by divifion we (hall have Ga — GAoc 
Aa to aS — AS or SHin the fame ratio, and therefore 
in the ratio which the principal axe of the figure to be 
defcribed has to the diftance of its foci ; and therefore 
the defcribed figure is of the fame fpecies with the fi- 
gure which was to be defcribed. And fince KB to BS, 
and L Cto CS are in the fame ratio, this figure will 
pals thro' the points B> C, as is manifeft from the co- 
nic fe&ionsr 

Case 2. About the focus S (PL 7. Tig. j.) it is 

required to defcribe a trajectory, which (hall fome- 

where touch two right lines T R, tr. From the focus 

on thofe tangents let 611 the perpendiculars ST 9 St 3 

H which 
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which produce to Fiv, fo that TV*tv may be 
equal to TS, t S+ Bifeft Vv in O, and ered the in- 
definite perpendicular O £/, and cut the right Line 
V S infinitely produced in AT and k 9 fo that FKbt 
to KS, mdFk^tokSzs the principal axe of the 
traje&ory to be defcribed is to the diftance of it's 
foci. On the diameter Kk defcribe a circle cutting 
O Hin H; and with the foci & H, and principal 
axe equal to FH 9 defcribe a trajectory. I (ay the 
thing is done. For, bifediog Kk in X 9 aad Joining 
HX, HS, HF, Hvj becauft FK is to K S> as 
rk.xo kS; and by competition, as FK-\ Fkjo 
KS-\ *S;andbydivifion,asr* — F K to kS-KS, 
that i$, as 1 FXto 1 XX and zKXto iSXivni there- 
fore as FX to HX and HXio SX, the triangles rXH, 
HXS will be fimilar; Therefore FHmW beto SH, 
as FX to XH; and therefore as FK to KS. Where- 
fore FH the principal axe of the defcribed trajefio* 
ry has the fame ratio to SH the diftance of the focit 
as the principal axe of the traje&ory which was to be 
defcribed has to the diftance of its foci ; and is there* 
fore of the fame fpecies. And feeing FH, vM are 
equal to the principal axe, and FS% v S are perpendi- 
cularly bife&ed by the right lines T R> tr; 'tis evi- 
dent (1>y lem. 15.) that thofe right lines touch the 
defcribed traje&ory, Q. E. F. 

Case;. About the focus S (PL 7. F%. 6J) k 
is required to defcribe a trajeflory, which (hall touch 
a right line TR in a given point R. On the right line 
TR let fall the perpendicular S T, which produce to 
F> fothat TFmvj be equal to ST, join FR 9 and 
cut the right line VS indefinitely produced m A" and 
*> fo that FK may be to S K, and Vk. to S^* 
the principal axe of the dlipfis to be defcribed, to 
the diftance of its foci ; and on the diameter Kk: do- 

fcribing 
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fcribing a circle, cue the right line V R produced 
in H% then with the foci S, H, and principal axe 
equal to Tft defcribe a rrajedory. I fay the thing 
is done. For VH is to SH as VK to SK, and 
therefore as the principal axe of the rraje&ory which 
was to be defcribed to the diflance of its foci* ( as ap- 
peals from what we have demonftrated in Cafe 2.) 
and therefore the defcribed traje&ory is of the fame 
faciei with that which was to be defcribed ; but that 
the right line TR, by which the angle PR S is bi- 
fe£hd, touches the trajedory in the point R 9 is cer- 
tain from the properties of the conic fe&ions. Q. E. F. 
C a s e a. About the focus S ( Pi. 7. Ftg . 7.) 
it is required to defcribe a trajectory A P B that (hall 
touch a right line TR, and pafs thro' any given point 
P without the rangenr, and fhall be fimilar to the 
figure apb % defcribed with the principal axe *£* and 
foci 1, A. On the tarigent TR let fill the perpendi- 
cular S T; which produce to f, fo that TV may be 
equal to ST And making the angles hstj , sbq equal 
to the angles KSP, SPP ; about * as a centre»and with 
an interval which ftiall be to *i as S P to VS de- 
fcribe a circle cutting the figure apt in p: join sp, and 
draw SH y fuch that it may be to sb $ as S P is to 
spj and may make the angle P SH equal to the an- 
gle / % by and the angle PSH equal to the angle 
piq. Then with the foci &, H* and principal axe AB 
equal to the diftance f//, defcribe a conic fedioo. 
I (ay the thing is done. For if s v is drawn fo that it 
fhaU be to sp as s b is to / q , and (hall make the an- 
gle +sp equal to the angle btq^ and the angle v tb e- 
qual to the angle ^ 1 f 9 the triangles $vb% spq> will 
be fimilar, and therefore v h will be to p f , as s h is 
to if, that is, fbecaufe of the fimilar triangles f r SP 3 
h$ q) as V S is to SP or as 4 * to/ f* Wherefore 
Hi v* 
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v h and a y are equal. But becaufe of the fimilar tri* 
angles VSH* v s h, V H is to S H x> <u h tosh, 
that is, the axe of the conic fedHon now defcribed is 
to the diftance of its foci, as the axe a b to the di- 
ftance of the foci s> h ; and therefore the figure now 
defcribed is fimilar to the figure ap b. Bur, becaufe 
the mangle PSH'is fimilar to the triangle p s b> this 
figure pafles through the point P ; and becaufe F H is 
equal to its axis, and F S is perpendicularly bifeded 
by the right line TR y the faid figure touches the 
right line 7**. QE.F. 

Lemma XVI. 

From three given points to draw to afemrth 
foint that is not given three right lines 
whofe differences Jhall be either given or 
none at all. 

C as ei. Let the given points be A, B 9 G 
(PL 8. Fig. i.) and Z the fourth point which we are to 
find ; becaufe of the given difference of the lines AZ% 
B Z, the locus of the point Z will be an hyperbola, 
whofe foci are A and B, and whofe principal axe is 
the given difference. Let that axe be MN. Talcing 
PM to MA, as MN is to AB, erc& PR 
perpendicular to AB, and let fall ZR perpendicu- 
lar to PR; then, from the nature of the hyper- 
bola, ZR will be to AZ as MN is to AB. 
Arid by the like argument, the locus of the point Z 
will be another hyperbola, whofe foci are A, C, and 
whofe principal axe is the difference between AZvsA 
'CZiwadOSz perpendicular on A Cmay bedrawn, 
to which ( Q^S) if from any point Z of this hyper- 
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bob a perpendicular ZS is kt fall, this (ZS) fhall 
be to -^ Z as the difference between -^Z and CZ 
is to -^C. Wherefore the ratio's of Z^ and Z«S 
to ^Z are given, and consequently the ratio of Z R 
to Z S one to the other ; and therefore if the right 
fines R P 9 SQ meet in 7*, and TZ and T A are 
drawn, the figure TRZS will be given in fpecie, 
and the right line TZ* in which the pome Z is foroe* 
where placed, will be given in pofinon. There 
will be given alfo the right line TA* and the 
angle ^iTZ\ and becaufe the rario's of -^ Zand 
TZ to ZS are given, thtir ratio to each other is 
given alfo ; and thence will be given likewife the tri- 
angle j*TZ whofe vertex is the point Z. £>. £. /. 

Case 2. If two of the three lines, for exam- 
ple A Z and B Z, are equal, draw the right line 
TZ fo as to bifed the right line AB; then find 
the triangle ATZ as above, j£. E. /. 

C a s e 3. If all the three are equal, the point Z 
will be placed in the centre of a circle that pafles thro* 
the points A 9 S, C. Q. E. I. 

This problematic lemma is likewife folved in ApoL 
lomuss Book of Ta&ions reftored by Futa. 

Propositi on XXI. Problem XIII. 

Alout a given focus to defer tie a traje&o- 
ry, that Jhall tafs through given points 
and touch right lines given by pfition. 

Let the focus 5, (PL 8. F#. 2.) the point P, and 
the tangent TR be given, and fuppofe that the other 
focus His to be found. On the tangent let fall the per- 
pendicular ST, which produce to 2; fo that TT 

H } may 
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may be equal to ST 9 and TH will be equal to the 
principal axe. Join S P, HP, and S P will be the 
difference between HP and the principal axe. After 
this manner if more tangents TR are given, or more 
points P, we (hall always determine as many lines 
TH or PHj drawn from the laid points T or P $ to 
the focus H y which either lhall be equal to the axes* 
or differ from the axes by given lengths SP; and 
therefore which (hall ekher be equal among tkn- 
felves, or (hall have given differences ; from whence 
(by the preceding lemma) that other focus His given. 
But having the foci and tfce length of the axe (which 
is either TH; or, if the traje&ory be an ellipfis, P H 
~\-SP, or PH— SP if it be an hyperbola; the tra- 
jectory is given. Q. £. /. 

Scholium. 

When the trajectory is an hyperbola, I do not 
comprehend its conjugate hyperbola under the name 
of this trajc&ory. For a body going on with a con- 
tinued motion can never pafs out of one hyperbola in* 
to its conjugate hyperbola. 

The cafe when three points are given is more re*? 
dily folved thus. Let B, C, D (PL 8. Eg. $.) be 
the given points. Join B C, CD, and produce them 
to £, F; fo as E B may be to E C, as S B to SC; 
and EC to FD, as S C to SD. On E F drawn 
and produced let fall the perpendiculars SG, BH, 
and in G S produced indefinitely take GA to AS* 
and Gm to aS, as HB is toJS; then A will be 
the vertex, and A a the principal axe of the trajecto- 
ry: Which, according as G A is greater than, equal 
to, or lefs than AS, will be either an ellipfis, a para? 

bob 
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boh or an hyperbola ; the point a in the firft cafe fall* 
ing on the fame fide of the line G F as the point A\ 
in the fecond, going off to an infinite diftance ; in 
the third, falling on the other fide of the line G F. 
For if on G F, the perpendiculars C /, DK are let 
fall, / C will be to HB as £ C to EB ; chat is, as 
SC to SB; and by permutation IC to SC as HB 
to S By or as G A to S A* And, by the like argu- 
ment, we may prove that KD is to SD in the fame 
ratio. Wherefore the points £, C, D lie in a conic 
fe£tion defcribed about the focus S, in fuch manner 
that all the right lines drawn from the focus S to the 
feveral points of the feftion, and the perpendiculars 
let fall from the fame points on the right line GFixt 
in that given ratio. 

That excellent geometer M. Dc la Hire has folved 
this problem much after the bfOM way in his conies* 
prop, 2j. lib. 8t 
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Section V. 

How the orbits are to be found when 
neither focus is given. 



Lemma XVII. 

If from any point P of a given conic feffi- 
on, to the four produced fides AB, CD, 
AC, D B of any trapezium A B D C 
infcribed in that JeBion, as many right 
lines VQ, PR, PS, PT aredrawnin 
given angles, each line to each fide ; the 
re&angle P^pr f thofe on the op- 
pofite fides AB, CD, will he to the 
reftange PSxPT of thofe on the (h 
ther two oppofite fides AC, B D, in a 
given ratio. 

Case i f Let us fuppofe firft that the lines 
drawn to one pair of oppofite fides are parallel to ei* 
ther of the other fides ,• as P Q and P R (PL 8 . Fg.4) 
to the fide AC> and PS and PT to the fide A& 
And farther, that one pair of the oppofite fides, as 
AC and B D> are parallel betwixt themfelves; then 

thf 
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the right line which bife&s thofe parallel fides will be 
one qf the diameters of the conic fe&ion, and will 
like wife bifeft RQ. Let O be the point in which 
R O^ is bifefted, and P O will be an ordinate to that 
diameter. Produce PO toiC, fothat OK may be 
equal to P O, and OK will be an ordinate on the 
other fide of that diameter. Since therefore the 
points A* By P, and K are placed in the conic 
(edion, and P K cuts AB in a given angle, the red- 
angle P QK (1>y prop. 17. 19.' 21. & 23. book 3. 
of ApolUmus's conies) will be to there&angle AQJS 
in a given ratio. But QJC and P R are equal, as 
being the differences of the equal lines O K> OP 9 
and OQ^ OR; whence the reSangles P QK and 
PQxPR are equal > and therefore the reftangle 
PQxPR is to the redangle AQB, that is, to the 
redangle PS x P T in a given ratio. (J. E. D. 

Case 2. Let us next fuppofe that the oppofite 
fides AC and BD (PL 8. /#g. 5.) of the trapezium, 
are not parallel. Draw B d parallel to AC and meet- 
ing as well the right line ST in r, as the conic fe&i- 
on in d. Join C d cutting PQ\n r, and draw D M 
parallel to P Q, cutting Cd in M and ^B in M 
Then (becaufe of the fimilar triangles S Tu DB N,) 
B t or PQ^is to Tt as DN to WS. And fo Rr 
is to -rf^or PS as DM to AN. Wherefore, 
by multiplying the antecedents by the antecedents and 
the confequents by the confequents, as the re&angle 
P Q^x Rr is to the reSangle PSxTt, fo will the 
redangle NDM be to the re&angle ANB> and (by 
cafe 1. ) fo is the reftangle PQ x P r to the re&angle 
p Sx P u and by divifion, fo is the re&angle PQxPR 
tothe redangle PSxIT. Q.£.D. 

Case 5. Let us fuppofe laftly the four lines 
? & P & tS> PT (PL 8, Fig. 6.) not to be para!- 

lei 
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lei to the fides AC y 4B, but any way inclined to 
them. In their place draw Pq, P r parallel to^C; 
and Ps> Pt parallel to jiB ; and becaufe the angles 
of the triangles PQf* P Rr, PS i, PTt areghren, 
the ratio's o£ P Qto Pq> P R to Pr, PS to Ps>PT 
to P t will be alfo given , and therefore the compound- 
ed ratio's P Qx PR to PfxPr, and PSxPT 
to Ps x Pt are given. But from what we have 
demonftrated before, the ratio of PqxPr to fix 
?; is given; and therefore alfo the ratio of PQj* 
fRtoPSxPf. Q.E.D. 

Lemma XVIII. 

The fame things fufpofed, if the re El angle 
PQ^xP R of the lines drawn to the two 
opfofite fides of the trapezium is to th( 
re Bangle PS xPT of tbofe drawn to 
the other two fides, in a given ratio ; 
the point P, from whence thofe lines are 
drawn, will be placed in a conic feBion 
defcribed about the trapezium. (PL 8. 
Fig. 7J 

Conceive a conic feftion to be defcribed paffing 
through the points A> B, QD, and any one of the infi- 
nite number of points P, as for example/; I fay the 
point P will be always placed in this fe&ion. It you 
deny the thing, join AP cutting this conic fedioq 
fomewhere elfe if poffible than in P, as io b. There- 
fore if from thofe points p and b, in the given angles 
to the fides of the trapezium, we draw the right 
ifies pq,pr, ps,pt, and bkybn y bf, bd, we (hall have 

as 
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ts bbxbn tobfxbdj fo (byLem. t7<)pqxpr to 
ps xpt } and fo ( by fuppofition J PQ^x / R to P S x 
PT. And becaufe of the fimilar trapezia bl^Af, 
PQAS 3 as bk to bfi fo PQ to PS. Wherefore by 
dividing the terms of the preceding proportion by die 
correspondent terms of this, we {hall have bm to bd as 
P R to P Ti And therefore the equiangular trapezia 
Dm bd, D RPTm fimilar, and confequently their 
diagonals Db> DP do coincide. Wherefore £ falls 
in the interferon of the right lines AP, D P, and con* 
Jequently coincides with the point P. And therefore 
the point P where-ever it is taken, falls to be in the a£ 
figned conic fedion. Q. E* D. 

Cor. Hence if three right lines PQ 9 PR,PS>ir9 
drawn from a common point p to as many other right 
lines given in pofition AB> CD, AC, each to each, 
in as many angles refpeftively given, and the re&an- 
g\e P Qjc P R under any two of the lines drawn be to 
the fquare PS* o£ the third in a given ratio : The 
point P y from which the right lines are drawn, will be 
placed in a conic fedion that touches the lines AB 9 
CD in A and C; and the contrary. For the pofiti- 
on of the three right lines AB 9 CD, AC remaining 
thefime, let the line BD approach to and coincide 
with the line AC; then let the line PT come likewife 
to coincide with the line PS; and the redaogle PSx 
P Twill become P S*> and the right lines AB, CA 
which before did cut the curve in the points A and 
S,Gand Z), can no longer cut, but only touch, tbc 
f^tvt in thofe coinciding points. 
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I 
Scholium. 

In this lemma, the name of (Tonic fe&ion is to be 
underftood in a large fenfe, comprehending as well the 
reftilinear fe&ion thro* the vertex of the cone, as the 
circular one parallel to the bafe. For if the point/ 
happens to be in a right line, by which the points yf 
and D or C and B are joined, the conic feftion will be 
changed into two right lines,one of which is that right 
line upon which the point p falls, and the other is a 
right line that joins other two of the four points* If 
the two oppofite angles of the trapezium taken toge- 
ther are equal to two right angles* and if the four lines 
PQ> PR* PS, PTzxt drawn to the fides thereof at 
right angles, or any other equal angles, and the refi- 
angle PQxPR under two of the lines drawn PQ 
and PR, is equal to the redhngle PS x PT unda 
the other two PS and P% the conic fe&ion will be- 
come 3 circle. And the fame thing will happen, if the 
four lines are drawn in any angles, and the rcS- 
angle PQ^x PR under one pair of the lines drawn, 
is to the re&angle PSxPT under the other pair, 
as the reftangle under the fines of the angles 
S, T, in which the two laft lines P& PT m 
drawn, to the reftangle under the fines of the 
angles Q,R, in which the two firft PQ^PR are 
drawn. In all other cafes the locus of the point P 
will be one of the three figures, which pafs common- 
ly by the name of the conic fe&ions. But in room 
of the trapezium A BCD, we may fubflitute a qua- 
drilateral figure whofe two oppofite fides crofs one an- 
other like diagonals. And one or two of the four 
points AjByQD may be fuppofed to be removed 

to 
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to an infinite xliftance, by which means the fides of 
the figure which converge to thofe points, will be- 
come parallel : And in this cafe the conic fe&ion will 
pafs through the other points, and will go the fame 
way as the parallels in infinitum. 

Lemma XIX. 

To find a joint P (PI. 8. Fig. 8 J font which 
if four right lines P Q^ P R, P S, P T are 
drawn to as many other right lines AB, 
CD, AC, B D given by pofitijon, each 
to each, at given angles, the retfangle 
PQ*PR, under any two of the lines 
drawn, fhall be to the reft angle P S * P T, 
under the other two, in a given ratio. 

Suppofe the lines AB, CD, to which the two 
right lines P(J, PR, containing one of the re&angles, 
are drawn to meet two other lines, given by positi- 
on, in the points A>B,C,D. From one of thofe 
as A, draw any right line AH, in which you would 
find the point P. Let this cut the oppofite lines B D,CD 9 
in H, and /; and, becaufeall the angles of the figure 
are given, the ratio of PQ^ to P A> and PA to PS, 
and therefore of P Q^ to P S will be alfo given. Sub- 
duding this ratio from the given ratio of PQx PR 
to PSx PT, the ratio of PR to PT will be given ; 
and adding the given ratio's of P /to P R, and P7*to 
P H, the ratio of PI to PH, and therefore the point 
P will be given. Q. E. /. 

Cor. 1. Hence alfo a tangent may be drawn to 
any point D of the locus of all the points P. For 

the 
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thechord />/>, where the points P and Dmeer, th* 
is, where AH is drawn thro' the point Z>, becomes a 
tangent. In which cafe the ultimate ratio of the eva- 
fiefcent lines IP and P H wiH be found as above- 
Therefore draw CF parallel to <^D, meeting SD in 
F, and cut it in E in the fame ultimate ratio, then 
DE will be the tangent; becaufe CF, and the evane- 
scent IH are parallel, and fimilarly cut in E and P. 

Cor. 2 . Hence alfo the locus of all the points P 
may be determined. Through any of the points A* B f 
C, D, as A, ( V"/. p. #£. i.) draw ^ £ touching the 
locus, and through any other point B parallel to the 
tangent, draw BF meeting tne locus in F: And 
find the point F by this lemma. Bik&BF in G, 
and drawing the indefinite line AG, this wiH be the 
pofitionof the diameter to which BG $ and /*<? are 
ordinates. Let this AG meet the locus in H> mdAH 
wiH be its diameter or latus tranfverfum, to which the 
latus redum will beas BG 1 to AGxGH. If AQ 
no where meets the locus, the line AH bang infinite 
the locus will be a parabola ; and its latus reftum cor* 

BG* 

refponding to the diameter AG will be --rpr- But if 

it does meet it any where, the locus will be an hyper- 
bola, when the points^ and H are placed on the fame 
fide the point G; and an eHipfis, if the point G falls 
between the points AzndH; unlcfs perhaps the an- 
gle A G B is a right angle, and at the fame time BG % 
equal to the re&angle AGff, in which cafe die locos 
Will be a circle. 

And fo w^have given in this corollary a fohitioo of 
that famous problem of the ancients concerning four 
lines, begun by Euclid, and carried on by A^oUmmi 
and this not an analytical calculus, but a geometrical 
composition, fuch as the ajicients required. 

Lemma 



Digitized by 



Google 



PUaeVM..K£\.P. nc . 



up.i .p.xox. 



\ 




JP. I t<> 



Digitized by 



Google 



\ 

X 



Digitized by 



Google 



Sect, V. of Natural Thitofophy. in 

Lemma XX. 

If t be two cppofite angular pints A and P 
(PL 9. Fig. 2.) of 'any parallelogram ASPQ^ 
touch any conic J eft ion in the points A 
and P ; and the fides A Q, AS of one 
*f thofe angles, indefinitely produced, 
meet the fame conic feBion in B and C; 
and from the points of concourfe B and 
C to any fifth point D of the conic fetfi* 
on^ two right lines fiD, CD ^ drawn 
meeting the two other fides PS, PQ, 
of the parallelogram, indefiniteiy produ- 
ced, in T and R; the parts PR and 
P T, cut off from the fides, will always 
he one to the other in a given ratio. And 
vice verfa, if thofe parts cut off are one 
to the other in a given ratio, the locus 
of the point D will be a conic fe&ion, 
p effing through the four points A,B,C,P. 

C a s £ i. Join S P, CP$ and from the point 2) 
draw the two right lines DG, DE 9 of which the 
firft D G (hall be parallel to AB> and meet PB,PQ, 
CA in H,f,G; and the other DE lhallbeparat 
kitoAQ and meet PC, PS, AB,'mF,K,E; and 
(by Lem. 17.) the reftangte DE x D F will be to 
the re&angle DGxDHy in a given ratio. But 
?£>to DE (or IQJ as P* to HB, and con* 
fequendy as P Tto D H i and by permutation, P £ 

is 
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is %o TT y as t)E to t>H. Likcwife PR is to DF as RC 
to 2) C, and therefore as (IGox) PS to JDC?; and, 
by permutation* PR is to ?5 as 23 jF to DG; and, 
by compounding thofe ratio's, the redangle P £Sx 
P R will be to the re&angle PSxPT as the re&au- 
gle DE x 2) F is to the reflangle DG xDh^toA 
consequently in a given ratio. But PQmdPSm 
given, and therefore the ratio of P R to P T is gi- 
ven. Q.E.D. 

Case 2. But if P R and P Tare ftfppofed to 
be in a given ratio one to the other, then by going 
back again by a like reafoning, it will follow that the 
reftangle D E x D F is to the re&angle D GxDH in 
a given ratio; andfo the point D (bylem. 18.) 
will lie in a conic fe&ion palling thro" the points A, 
B, C, P y as its locus; Q. E. D. 

C o r. i. Hence if we draw B C cutting PQ^in 
r, and in PT take P t to Pr in the fame ratio which 
pr has to PR: Then Bt will touch the conic 
fe&ion in the point B. For fuppofe the point D 
to coalefce with the point 2?, fo that the chord BD 
vanishing, BT fhall become a tangent, and CD 
and B Twill coincide with CB and Bt. 

Cor. 2. And vice verfa, if Bt is a tangent, and 
the lines B 23, CD meet in any point D of a conic 
fe&ion ; P R will be to P Tas Pr to Pt. And on 
the contrary, if PR is to PTtsPr to Ft, then 
BD 9 and CD will meet in fome point D of a conic 
fe&ion. 

Cor. 5. One conic fe&ion cannot cut another co- 
nic fe&ion in rrore than four points. For, if it is pot. 
fible, let two conic fe&ions pafs thro 1 the five points 
A* B, C, P 9 O; and let the right line BD cut them 
in the points D>d, and the right line Cd cut the right 
line P Qjn q. Therefore PR is to P Tas P q to Pt : 

Whence 
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Whence PR and Pq are equal one to the other, a- 
gainft the fuppofition. 

Lemma XXI. 

If two moveable and indefinite right lines 

B M, C M drawn through given joints 

B, C, as poles, do by their point of con- 

courfe M defcribe a third right line 

MN given by £0 fit ion \ and other two 

indefinite right lines B D, C D are drawn^ 

making with the former two at thofe 

given points B,C, given angles, MBD, 

MCD: I fay that thofe tvoo right lines 

BD, CD will by their point ofconcourfe 

D defcribe a conic feti ion faljn? through 

the -points B, C. eAnd vice verfa, if the 

right lines BD, CD do by their point of 

concourfe D defcribe a conic fetiion 

faffing through the given points B, C, A, 

and the angle D B M is always equal to 

the given angle ABC, as well as the 

angle D C M always equal to the given 

angle ACB: the point M will lie in 

a right line given ly po/ition, as its 

locus. PI. 9. Fig. 3. 

For in the right line MN let a point N be 

given, and when the moveable point M falls on the 

immoveable point TV, let the moveable point D fall 

on an immoveable point. P. loin CN, BN, CP 9 

I BP> 
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BP> and from the point P draw the right lines J 
PT y PR meeting BD, CD in 7* and *, and making 
the angle B P T equal to the given angle llNM* j 
and the angle CPR equal to the given angle CNM 
Wherefore fince (by fuppofition) the angles MBD* 
NBP are equal, as alfo the angles MCD, NCPi 
take away the angles NB D and NCD that aie 
common, and there will remain the angles NBM 
and PBT, NCM and PCR equal; and therefore 
the triangles NBM* P BT are fimilar, as alfo the o> 
angles TVT-A/, PCR. Wherefore PT is to NM, 
as P5 to /V5; and PR to i\M/, as PC to NC 
But the points BX^Nj P are immoveable: Wherefore 
P7*and PR have a given ratio to NM* and coo* 
fequently a given ratio between themfelves; and 
therefore, (by km. 20.) the point D wherein the 
moveable right lines If 7* and CR perpetually coo* 
cur, will be placed in a conic feftion palling through 
the points B>C,P. ^. E. P. 

And vice verfiy if the moveable point D (PL $. fif* 
4.) lies in a conic feftion paffing through the given 
points By C, A; and the angle DBMis always equal 
to the given angle AB C, and the angle D CM always 
equal to the given angle ACB> and when the point 
V falls fucceiTively on any two immoveable points 
p 9 P, of the conic fefiion, the moveable point M 
falls fucceffively on two immoveable points $h M 
through thefe points if, <AT, draw the right line nN> 
this line nN will be the perpetual locus of that 
moveable point M. For if poffible, let the point 
M be placed in any curve line. Therefore the 
point D will be placed in a conic feftion paffing 
through the five points B, C, A, ^, P, when the 
point M is perpetually placed in a curve line. But 
from what was demonftratcd before, the point D 

will 
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will be alfo placed in a conic fedion, paffing 
through the lame five points 5, C, ^/, /, P, when 
the point M is perpetually placed in a right line. 
Wherefore the two conic fe&ions will both pafs 
through the fame five points, againft corol. 5. lenu 
to. It is therefore abfurd to fuppofe that the point 
M is placed in a curve line. Q. E. D. 

Proposition XXII. Problem XIV. 

To defcrile a trajectory that Jhatt pafs 
through five given points. PL 9 Fig. 5. 

Let the five given points be A* B, C, P, D. From 
» y one of them as A, to any other two as B 9 C$ 
which may be called the poles, draw the right lines 
AV> AG, and parallel to thofe rhe lines TPS, PRQ^ 
through the Fourth point P. Then from the two poles 
JJ,C, draw through the fifth point D two indefinite 
lines BDT $ CRI?> meeting with the laft drawn 
Hnes TPS, PRQ^ (the former with the former* and 
the latter with the latter) in Tand R> Then draw* 
fag the right line tr paullel to TR* cutting off from 
the right lines PT % PR, any fegments Ph Fr 9 
proportional to PT % PR; and if through their ex- 
tremities h r> and the poles B, C, the right lines 
Bt> Cr are dr?.wn, meeting in </, that point d will 
be placed in the traje&ory required. For (by leni* 
io.) that point d is placed in a conic fe&ion paffing 
through the four points A,B,C,P; and the lines 
Rr, Tt vanilhing, the point d comes to coincide 
w «h Ac point D. Wherefore the conic feftion paffes 
tkcAgjh the five points A, B, C, P, C Q. £• D* 

I % 7%t 
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The fame otherwife. PI. 9. Fig. 6. 

Of the given points join any three as AB 9 C; and 
about two of them B y C, as poles, making the angles 
ABC> ACB of a given magnitude to revolve, apply 
the legs BA>CA t firft to the point D, then to the 
point P, and mark the points M y N> in which the o- 
ther legs BL> CL interfeft each the other in both 
cafes. Draw the indefinite right line MN, and let 
thofe moveable angles revolve about their poks B, C, 
in fuch manner that the interferon, which is now 
fuppofed to be m, of the legs BL> cL> or BAf,CM 
may always fall in that indefinite right line M N; 
ana the interfe&ion which is now fuppofed to be 
d, of the legs BA>C A, or BD> CD, willdefcribe 
the trajectory required PAD dh. For, (by lem. 21.) 
the point d will be placed in a conic fe&ion paling 
through the points B, C ; and when the point m 
comes to coincide with the points L, M, N, the 
point dwill (by conftruftion) come to coincide with 
the points A, D, P. Wherefore a conic fe&ion will 
be aefcribed that (hall pafs through the five points 
A>B,C,P,D. Q. E. R 

Cor. 1. Hence a right line may be readily 
drawn which ihall be a tangent to the traje&ory in a- 
ny given point B. Let the point d come to coincide 
with the point B> and the right line Bd will become 
the tangent required. 

Cor. 2. Hence alfo may be found the cen- 
tres, diameters, and larera refta of the trajeftories, as 
in cor. 2. lem. 19. 
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SCHOLiyM. 

The former of thefe conftru&ions (fig. 5.) will be- 
come fomething more fimple by joining B P, and in 
that line, produced if need be, taking Bp to BP as 
PR is to PT; and through; drawing the indefi- 
nite right line;* parallel to SPT; and in that line 
ft taking always pe equal to Pr; and drawing the 
right lines Be, Cr to meet in d. For fincePr to 
Pt, PR to PT, pB to PB, pe to Pt, are all in 
the fame ratio, pe and Pr will be always equal. 
After this manner the points of the traje&ory are 
moft readily found, unlefs you would rather de- 
fcribe the curve mechanically as in the fecond con* 
ftru6tk>n. 

Proposition XXIII. Problem XV. 

To defcrile a traje&ory that Jball pafs 
through four given points, and touch a 
right line given by fofition. PL 10. Fig. 1. 

Case i. Suppofe that HB is the given tangent* 
B the point of contaft, and C, D, P, the three o* 
ther given points. Join BC, and drawing PS pa- 
rallel to BH, and PQ^ parallel to BC, compleatthe 
parallelogram BSPQ^ Draw BD cutting SP in 
T, and CD cutting PQ^in R. Laftly, drawing a- 
ny line tr parallel to TR, cutting off from PQ, PS, 
the fegments Pr, Pt proportional to PR, PT re- 
fpeftivelv; and drawing Cr, B t, their point of con- 
courfe /will (by lem. 20.) always fall op the trajec- 
tory to be defcribed. 

■ 1 5 #• 
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The fameoikerwlfe. Pi. 10. Fig. 2. 

Let the angle CBH of a given magnitude revolve 
about the pole 2?, as alfo the re&ilinear radius DC 
both ways produced, sboot the pole C. Mark the 
points Mj N> on which the leg BC of the angle cuts 
that radius when BH the other leg thereof meets the 
fame radius in the points P and D* Then drawing 
the indefinite line MN* let that radius CP or CD 
and the leg B C of the angle perpetually meet in this 
line; and the point of concourfe of the other leg 
BH with the radius will delineate the trajectory 
required. 

For if in the conftruftions of the preceding pro- 
blem the point A comes to a coincidence with the 
point B the lines CA and CB will coincide, and the 
line AB, in its laft fituation, will become the tain 
gent BH; and therefore the conftru&ions there fet 
down will become the fame with the conftru&ions 
here defcribed. Wherefore the concourfe of the kg 
B H with the radius will defcribc a conic fe&ion 
pa (ling through the points C, D, P, and touching 
the line B Hin the point B. Q. E. F. 

Case 2. Suppofe thefourpoints B,CJ) 9 P> (PL io» 
*&• 30 S* vcn > **ing firuated without the tangent Hh 
Join each two by the lines B D, CP, meeting in G, 
and cutting the tangent in H and /. Cut the tan- 
gent in A in fiich manner that HA may be to 
I Ay as the re<5tangle under a mean proportional be- 
tween CG andGP, and a mean proportional between 
BH and HD, is to a reftangle under a mean pro- 
portional between GD apd GB 9 and a mean pro- 
portiopal between PI and JC; and A will be the 
point of coRtjtfh For if HX y a parjllpl tp the right 

line 
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line ?/, cuts the trajectory in any points Xm&T % 
the point A (by the properties of the conic ft&ions) 
will come to be (o placed, that Hji x will become 
to Al x in a ratio that is compounded out of the 
ratio of the re&angle XHT to the re&angle BHD 9 
or of the re&angle CGP to the redangle DGB; 
and the ratio of the redangle BHD to the reftangle 
TIC. But after the point of contaft^ is found, 
the trajeftory will be defcribed os in the firft cafe, 
Q. E. F. But the point jj may be taken either 
between or without the points H and /; upon 
which account a twofold traje&ory may be de* 
fcribed. 

Proposition XXIV. Problem XVI, 

To defcribe a trajeHory that Jball pafi 
through three .given points, and touch two 
right lines given by pofition. Pi. 1 o. Fig. 4, 

Suppofe Hl> ICL to be the given tangents, and 
2i C, £>, the given point?, Through any two of 
thofe points as B> D, draw the indefinite right line 
BD meeting the tangents in the points H, K. Then 
Ukewife through any other two of thefe points as 
Ci D, draw the indefinite right line CD, meeting 
the tangents in the points /, L. Cut the lines drawn 
in R and S, (o that HR may be to KR, as the 
mean proportional between BH and HD is to the 
mean proportional between BK and KD; and IS 
to L S, as the mean proportional between CI and 
/£ is to the mean proportional between CL and 
$A But you may cut, at pleafure, either within 
1 4 or 



Digitized by 



Google 



120 Mathematical TrincipJes Book I 

or between the points K and H 9 /andL, or without 
them; then draw RS cutting the tangents in A and 
P, and A and P will be the points of contadt. For 
if A and P are fuppofed to be the points of contaft, 
fituated any where elfe in the tangents, and through 
any of the points h\ /, K* £, as /, fituated in eit&r 
tangent/^/, a right line IT is drawn, parallel to the 
other tangent KL, and meeting the curve in X and 
T> and in that right line there be taken IZ e- 
qual to a mean proportional between /Jf and IT; the 
re&angle XIT or /Z z , will (by the properties of 
the conic fe&ions) be to LP*, as the reftanglq 
CID is to the redlangle CLD, that is (by thecon- 
ftru&ion) as SI 1 is to SL % and therefore /Z is 
to i /V as 5/ to «? L. Wherefore the points & P, Z, 
are in one right line. Moreover, fince the tangents 
meet in G, the rectangle XIT or /Z 1 wiB 
(by the properties of the conic fe&ions) be to 
I A 2, as GP 1 is to GA % and confequently IZ 
will be to I A, as G P to C?^. Wherefore the 
points P, Z, -^, lie in one right line, and therefore 
the points S> P, ^nd A are in one right line. And 
the fame argument will prove that the points R, P, 
and A are in one right line. Wherefore the points of 
contaft A and P lie in the right line RS. But after 
thefe points are found the traje&ory may be de- 
scribed as in the firft cafe of the preceding problem. 
£K E. F. 

In this propofition, and cafe 2. of the foregoing, 
the conftru&ions are the fame, whether the right line 
XT" cut the trajectory in Jfand T y or not; neither do 
they depend upon that fcftion. But the conftrufti- 
ons being demonftrated where that right line dees cut 
the trajectory, the conftru&ions, where it does nor, 

are 
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are alio known ; and therefore, for brevity's fake, I 
omit any farther demonftration of them. 

Lemma XXII. 

To transform fibres into other figures of 
the fame \ind* PI. 10. Fig. 5. 

Suppofe that any figure HGI is to be transform- 
ed. Draw, at pleafure, two parallel lines A0 9 BL, 
cutting any third line AB given by pofition, in A 
and B> and from any point G of the figure, draw 
out any right line GD, parallel to OA> till it meet 
the right line AB. Then from any given point 
O in the line OA, draw to the point D the right 
line OD, meeting BL in d 9 and from the point 
of concourfe raife the right line dg containing any 
given angle with the right line BL, and having fuch 
ratio to Od, as DG has to OD; andjj will be the 
point in the new figure hg$ 3 correfponding to the 
point G. And in like manner the feveral points of 
the firft figure will give as many correfpondent 
points of the new figure. If we therefore conceive 
the point G to be carried along by a continual moti- 
on through all the points of the firft figure, the point 
g will be likewife carried along by a continual mo- 
tion through all the points of the new figure, and 
defcribe the fame. For diftin&ion's fake, let us call 
DG the firft ordinate, dg the new ordinate, AD 
the firft abfcifla, ad the new abfcifla; O the pole, 
OD the abfeinding radius, OA the firft ordi- 
nate radius, and On (by which the parallels 

grana 



Digitized by 



Google 



. 4 



122 Mathematical Principles Book L 

gram OAB* is compleatedj the new ordinate 
radius. 

I fay, then, that if the point G is placed in a right 
line given by pofition, the point g will be aUb 
placed in a right line given by pofition. If the 
point G is placed in a conic feftion, the point g 
will be likewife placed in a conic fe&ion. And 
here I underftand the circle as one of the conic fee- 
tions. But farther, if the point G is placed in a line 
of the third analytical order, the point g will alfo be 
placed in a line of the third order, and fo on in cur- 
ve lines of higher orders. The two lines in which 
the points G,g* are placed* will be always of the fame 
analytical oider. For as dd is to OA% (ozvtod to 
OD, dg to DG f and AB to AD; and therefore 

OAxAB 
AD is equal to ■ ■ ■ — * and DG equal to 

■ • Now if the point G is placed in a right . 

line, and therefore, in any equation by which the 
relation between the abfcifla AD and the ordinate ! 

DC? is expreffed, thofe indetermined lines AD and 
DG rife no higher than to one dimenfion, by wri- 

OAx AB 
ting this equation » ■ . ■ ■ » in place of AD> an4 

- — ^7-^ in P hcc of DG, a new equation will be 
ad 
. produced, in which the new abfcifla dd and new 
ordinate dg rife only to one dimenfion; and which * 

therefore muft denote a right line. But if AD and 
D G (or either of them,) had rifen to two dimenfions 1 

in the fir (I equation, dd and dg would likewife have I 

rifen to two dimenfions in the fecond equation. And | 

fo on in thr^e or more dimenfions. The indetcr- ( 

minedl { 
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mined lines dd, dg in the feoond equation* and 
4D 9 DG f in the firft will always rife to tip 
lame number of dimenfions; and therefore the lines 
in which the points <?>£t are placed are of the ianae 
analytical order* 

I lay farther, that if any right line touches the 
curve line in the firft figure, the fame right lino 
transferred the fame way with the curve into the 
new figure, will touch that curve line in the new 
figure* and vice ver/k, For if any two points of the 
curve in the firft figure are fuppofcd to approach one 
die other till they come to coincide; the fame points 
transferred will approach one the other till they come 
to coincide in the new figure; and therefore the right 
lines with which thole points are joined will be- 
come together tangents of the curves in both figures, 
I might have given demonftrations of thefe aflertions 
in a more geometrical form ; but I ftudy to be 
brief. 

Wherefore if one re&ilinear figure is to be 
transformed into another we need only transfer the 
interfeftions of the right lines of which the firft figure 
confifts, and through the transferred interfe&ions to 
draw right lines in the new figure. But if a curvili- 
near figure is to be transformed we muft transfer the 
points, the tangents, and other right lines, by means 
of which the curve line is defined. This lemma is 
of ufe in the folution of the more difficult problems. 
For thereby we may transform the propofed figures 
if they are intricate into others that are more Am- 
ple, Thus any right lines converging to a point 
are transformed into parallels; by taking for the firft 
ordinate radius any right line that pafles through 
the point of concourfe of the converging lines, and that, 
beaufe their point of concourfe is by this means made 

ta 
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through which the conic fe&ion ought to pais in this 
aew figure; and compleating the parallelogram bikjs 
let the right lines hi, tk> kj be fo cut in c, d, c, 
that be mav be to the fquare root of the re&angle 
*hb y ic to id, and kj to kjL as the fum of the 
right lines hi and kj is to the fum of the three 
lines, the firft whereof is the right line i^ and the 
other two are the fquare roots of the redangles abb 
and alb\ and c, 4>', will be the points of con- 
tad. For by the properties of the conic fefti- 
ons hc z to the reftangle abb, and ic % to id z 9 
and k e * to kd x > and el x to the re&angle alb, 
are all in the fame ratio; and therefore k to 
the fquare root of ahb, ic to id> ke to kj, 
and el to the fquare root of alb, are in the 
fubduplicate of that ratio; and by compofition 
in the given ratio of the fum of all the antece- 
dents hi-\ kjy to the fum of all the confequents 
V ahb-\ ikr\-*/*lb. Wherefore from that given ra- 
tio we have the points of contaft c, d, c> in the 
new figure. By the inverted operations of the laft 
lemma, let thofe points be transferred into the firft 
figure, and the traje&ory will be there defcribed by 
prob. 14. Q. E. F. But according as the points 
Ay by fall between the points h, /, or without them, 
the points c, d, e, muft be taken either between the 
points bihkth or without them. If one of the 
points a, b> falls between the points b, /, and the 
other without the points &,/, the problem is im- 
poffible. 
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* Proposition XXVI. Problem. XVHL 

To defcrile a trajectory that JBaU pafs 
through a given point, and touch four 
right lines given byfqfition. PI. 1 1 . Fig. i* 

From the common interfe&ions of any two of 
the tangents to the common interfe&ion of the o- 
ther two draw an indefinite right lioe; and taking 
this line for the firft ordinate radios transform the 
figure (by km. 22.) into a new figure, and the 
two pairs of tangents each of which before concur- 
red in the firft ordinate radius will now become 
parallel. Let Jriand kl> ik and bit be thofc pairs 
of parallels compleating the parallelogram b$kj. And 
let/ be the point in this new figure correfponding to 
the given point in the firft figure. Through O the 
centre of the figure draw/ft and Oq being equal to 
Op, (j will be the other point, through which the 
conk fe&ion muft pafs in this new figure. Let 
this point be transferred by the inverfe operation of 
km. 22. into the firft figure, and there we (hall 
have the two points, through which the traje&ory 
is to be defcribed. But through thofe points that 
trajectory may be defcribed by prob, 17. Q^E.F* 
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Sect. V. of Natural Thilofophy* 137 
Lemma XXIII. 

If two right lines as AC, BD given 
by fofition, and terminating in given 
faints A, B, are in a given ratio one 
to the other ^ and the right line CD, 
by which the indetermined foints C, D 
are joined, is cut in K in a given 
ration I fay that the point K will 
be f laced in a right line given by 
pfition. PJ. 11. Fig. 2. 



For let the right lines AC* B D meet in E,and 
in BE take BG to AE> as BD is to AC 9 and 
let FD be always equal to the given line EG; 
and by conftruftion, EC will be to GD, that is* 
to EF y as AC to BD> and therefore in a given 
ratio; and therefore the triangle EFC will be jji- 
ven in kind. Let CF be cut in L (o as CL n^ 
be to CF in the ratio of CK to CD; and be- 
caufe that is a given ratio, the triangle EFL will 
be given in kind, and therefore the point L will 
be placed in the right line EL given by pofitioru 
{bin £JT and the triangles CLK 9 CFD will be 
iimikr; and becaufe FD is a given line, and LK 
is to FZ) in a given ratio, LK will beaUb given. 
To this let EH be taken equal, and ELKHmU 
be always a parallelogram. And therefore the point 
K is always placed in the fide HK (given by po- 
fition) of that parallelogram. Q. E. D. 

Cor. 
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Cor. Becaufe the figure EFLC is given in kind, 
the three right lines EF> EL and £a that isGD $ 
HK and EC will have given ratio's to each 
other. 



Lemma XXIV* 

If three tight lines, two whereof are 
parallel, and given by pofition, touch 
any conic feBion; I fay, that the fc- 
midiameter of the fettion which is 
parallel to thofe two is a mean fro* 
fortional between the fegments of 
thofe two, that are intercepted be- 
tween the points of contaB and the 
third tangent. Pi. n. Fig. $. 

Let AF 9 G B be the two parallels touching the 
conic fedion ADB in A and B; EF the third 
light line touching the conic fcftion in /, and 
meeting the two former tangents in F and G, and 
let CD be the femi-diameter of the figure parallel 
to thofe tangents; I fay, that AF, CD, BG are 
continually proportional. 

For if the conjugate diameters AB> DM meet 
the tangent FG in E and //", and cut one the o- 
ther in C, and the parallelogram IKCL be com- 
pleated; from the nature of the conic feftions, 
EC will be to CA as CA to CU and fo by* di- 
vifion, EC—CA to CA—CL or EA to AL\ 
and by compofition, EA to EA \ AL or EL> as 
EC to EC-v-CA or EB\ and therefore (becaufe of 

the 
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the fimilitude of the triangles EAF, ELI, ECU, 
fBG) AF is to LI as CM to BG. Likewife 
from the nature of the conk; felons, L/(or CK) 
is to CD as CD to CH; and therefore (ex *tp» 
fcrtttrbatt) AF is to CD, as CD to BG. 
Q. E. D. 

Cor. i. Hence if two tangents FG, PQ meet 
two parallel tangents AF, B G in F and G, P and 
^» aod cut one the other in 0-, AF (ex tquo 
fmttrbat) will be to B Q, as AP to i?<7, and by 
divifion, as FP to (70, and therefore as FO to OG. 

Cor. 2. Whence alio the two right lines PG, 
F fL drawn through the points P and G, Faad P 
will meet in the right line ACB. paffing through 
the centre of the figure and the points of contaci A, B. 

Lemma XXV. 

If four fides of a. .parallelogram indefi- 
nitely produced touch any . conic fetii- 
on, and are cut by a fifth, tangent ; 
I fay, that taking ihofe figments of a- 
ny two conterminous fides that termi- 
nate inofpofite angles of the parallelo- 
gram, either fegment is to the fide 
from which it is cut off, as that part 
of the other conterminous fide which is 
intercepted between the point of con- 
tacJ and the third fide, ts to the other 
fegment. PI. 11. Fig. 4. 

let the four fides ML, tK, KL, MI of the 
parallelogram MLIK touch the conic fedion ib 
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A, B,C,D; and let the fifth tangent FQ cut thofe 
fides in F, P, H and £, and taking the fegments 
ME, KQ ot the fidjs MI, KI; or the fegments 
KH, MF of the fides KU ML\ I fay, that 
ME is to MI as 5 AT to AT£; and KH to JCZ,, 
as AM to iWF. For, by cor. i. of the pre- 
ceding lemma, ME is to EI, as {AM or) ^^ 
to BQj and, by compofition, ME is to .A//, as 

BK to #£. 4 £ - D - Alfo *# is t0 HL » 
(£JC or) ^i?/ to -^F, and *y divifion KH to 
ATL, as -rfiW to MF. Q. & D. 

Cor. i. Hence if a parallelogram IKLM de- 
fcribed about a given conic feftion is given, the 
reftangle KQx ME, as alfo the reftangle KHx MF 
equal thereto, will be given. For, by reafon of the 
fimilar triangles KQH, MFE, thofe reftangles are 
equal. 

Cor. 2. And if a fixth tangent eq is draVn 
meeting the tangents KI, MI in q and e; the 
reftangle. KQx ME will be equal to the reftangle 
KqxMe, an3 KQ^ will be to Me, as Kq to ME % 
and by divifion as Qq to Ec. 

Cor. 3. Hence alfo if Eq, eQ, are joined and 
bifefted, and a right line is drawn through the points 
of bifeftion, this right line will pals through the 
centre of the conic feftion. For fince Qjf is to 
Ec, as KQ^ to Me; the fame right line will pais 
through the middle of all the lines Eq, e(>, MK 
(by lem. 22.) and the middle point of the right line 
MK is the centre of the feftion. 
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Proposition XXVII. Problem XIX. 

To defer the a traje&ory that may touch 
five right Vines given by fojition. Pi. 
ii. Fig. $. 

Suppofing ABG 9 BCF, GCD, FDE> EA to 
be the tangents given by pofition. Bifed in M 
and JV, AF, BE the diagonals of the quadrilateral 
figure ABFE contained under any four of them; 
and fby cor. 3. lem. 25) the right line MN drawn 
through the points of bife&ion will pafs through 
the centre of the traje&ory. Again, bifed in P and 
P the diagonals (if I may fo call them) BD 9 OF 
ot the quadrilateral figure B GDF contained un- 
der any other four tangents, and the right line 
PQ^ drawn through the points of bife&ion will 
pafs through the centre of the traje&ory. And 
therefore the centre will be given in the concourfe 
of the bife&ing lines. Suppofe it to be O. Parallel 
to any tangent BC draw KL> at fuch diftance that 
the centre O may be placed in the ffaiddle be- 
tween the parallels; this KL will touch the tra- 
je&ory to be defcribed. Let this cut any other 
two tangents GC D, FDE, in L and& Through 
the points C and K> F and L> where the tangents 
not parallel CL y FK meet the parallel tangents 
CF> KL, draw CK, FL meeting in R; and the 
right line OR drawn and produced, will cut the 
parallel tangents CF $ Kin in the points of con- 
tad. This appears from cor. 3. lem. 24. And 
by the fame method the other points of contadfc 
nfey be found* and then the traje&ory may be de- 
fcribed by prob* 14. Q. E. F. 

K x Scho- 
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and perpendicular on the leffer ; and the contrary 
will happen if thofe legs meet in the remoteft 
point JL Whence if the centre of the traje&ory 
is given, the axes will be given ; and thofe being 
given* the foci will be readily found. 

But the fquares of the axes are one to the other 
as KH p LHj and thence it is eafy to defcribe 
a traje&ory given in kind through four given points. 
For if two of the given points are made the poles 
C, By the third will give the moveable angles PCK % 
PBK; but thofe being given, the circle BGKC 
may be defcribed. Then, becaufe the trajedoryis 
given in kind, the ratio of OH to OK, .and there- 
fore OH it felf, will be given. About the % centre 
O, with the interval OH f defcribe *nojher circle* 
and the right line that touches this circle and 
pafles through the concourfe of the legs CK> BK, 
when the farft legs CP, BP, meet in the fourth 
given point, will be the ruler MN> by means of 
which the trajedory may be defcribed. Whence 
alfo on the other hand a trapezium given in kind 
(excepting a few cafes that are impoflible) may be 
inferibed in a given conic fedion. 

There are alfo other lemma's by the help of 
which trajedories given in kind may be defcribed 
through given points, and touching given lines. 
Of fuch a fort is this, that if a right line is drawn 
through any point given by pofition, that may cut 
a given conic fedion in two points, and the dif- 
tance of the interferons is bifeded, tlie point of 
bifedion will touch another conic fedion of the 
fame kind with the former, and having its axes 
parallel to the axes of the former. But I batten 
to things of greater ufe. 

K 5 I-* M - 
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Lemma XXVI. 

to face the three angles of a triai 
given loth in kind and magnit 
in reffecl of as many right i 
given by portion, provided they 
not all parallel among thetnfelves, 
fuch manner that the feveral an 
may touch the feveral lines. PI." 
Fig. 2w 

Three indefinite right lines AB, AC, BQ 

given by pofirion, and it is required fo to i 

the triangle DEF that its angle D may touch 

line AB, its angle E the line AC, and its ane 

the line BC. Upon DE, DF and EF, dele 

three fegments of circles DRE, DGF, EMP, 

pable of angles equal to the angles BAC, A 

ACB rcfpedively. But thofe fegments are to 

defenbed towards fuch fides of the lines DE, 1 

EF, that the letters DRED may turn round 

bout in the fame order with the letters BAC 

the letters DGFD in the fame order with the 

ters ABC A-, and the letters E At FE in the d 

«rder with the letters ACBA; then compleat 

thofe fegments into entire circles, let the two i 

met circles cut one the other in <?, and fupt 

T and P to be their centres. Then joining C 

PQ, take Ga to AB, as GP is to Pp; and 

bout the centre G, with the interval Ga defer 

a circle that may cut the firft circle DGE in 

Join *D cutting the fecond circfc BFG in b, 
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wdl as *E cutting the third circle EMF in c T 
Compleat the figure ABCdef fimilar and equal 
to the figure abc DEF. I fay the thing is done. 

For drawing Fc meeting aD in n 9 and joining 
* G, bG y QG, QD, PD\ by conftru&ion the an- 
glc Ea D is equal to the angle CAB, and theanf 
gle ac F equal to the angle ACB\ and therefore ^r v 
the triangle anc equiangular to the triangle ABC* j/P 
Wherefore the angle anc or FnD is equal to the 
angle ~ABC, and confequently to the angle FbD; 
and therefore the point n falls on the point b. 
Moreover the angle GPQ which is half the an- 
gle G PD at the centre is equal to the angle 
GaD at the circumference; and the angle G QJ> 9 
which is half the angle GQJ) at the centre, is e- 
qual to the complement to two right angles of 
the angle GbD at the circumference, and therefore 
equal to the angle Gab. Upon which account 
the triangles GPQ, Gab, aie fimilar, and Ga is 
to *b, as GP to PQ; that is (by conftru&ion) as 
Ga to AB. Wherefore ab and AB are equal; 
and confequently the triangles abc, ABC, whicti 
we have now proved to be fimilar, are alfo equal. 
And therefore fince the angles D, E, F, of the 
triangle DEF do refpeftively touch the fides ab, 
*f, be of the triangle abc, the figure ABCdef 
may be compleated fimilar and equal to the figure 
abc DEF, and by compleating it the problem will 
be folved. Q. E. F. 

Cor. Hence a right line may be drawn whoft 
parts given in length may be intercepted between 
three right lines given by pofition. Suppofe the 
triangle DEF, by the accefs of its point D to 
the tide EF, and by having the fides DE, DF 
placed in diretttm to be changed into a right line 
K 4 whofe 
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Sect. V. of Natural T>hihJof>hy. j j 7 
Lemma XXVII. 

'X'o defcribe a trapezium given in kind, 
the angles whereof may he fo f laced 
in reffeB of four right lines given by 
fofition^ that are neither all farafal 
among themfelves nor converge to one 
common pointy that the feveral an- 
gles may touch the feveral lines. PL 
1 1. Fig. 1. 

Let the four right lines ABC, AD, BD,CE t 
be given by pofition; the firft cutting the fecond 
in A y the third in B, and the fourth in C; and 
fuppofe a trapezium fg hi is to be defcribed, that 
xnay be fimilar to the trapezium FGHI; and 
•whofc angle/* equal to the given angle F, may 
touch the right Imp ABC; and the other angles 
\ £> k *> *RP& t0 r ^ e ot ^ T fi iven angles G, H, /, may 
I touch the other lines A D, BD, CE, refpe&ively. 
\ Join FH> and upon FG, FH, FI defcribe as 
many fegments of circles FSG, FTH, FFI\ the 
£rft of which FSG may be capable of an angle 
equal to the angle BAD} the fecond FTH capa- 
ble of an apgle equal to the angle CBD; and the 
third FVl of an angle equal to the angle ACE. 
But the fegments are to be defcribed towards thofe 
fides of the lines F G, FH, FI, that the circular 
order of the fetters FSGF, may be the fame as 
pf the letters BADB, and that the letters FTHF 
{nay turn about in the lame order as the letters 
fBDC, and the letters FVIt in the fame or- 
> % ;v '■ ~ r — • > •.-,■-.-• fa 
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der as the letters ACE A. Compleat t 
jnents into entire circles, and let P be the 
of the firft circle FSG, Q^the centre of the 
FTH. Join and produce both ways tl 
PQ, and in it take QR in the fame ratio i 
«s BC has to AB. But QJL is to be tal 
wards that fide of the point Q* that the o 
the letters P>(J,R may be the fame, as of t 
ters A 9 B,C; and aboux the centre R with i 
terval RF defcribe a fourth circle FNc cum 
third circle FVI in e. Join Fc cutting tl 
circle in 4, and the fecond in b. Draw a G> b 
and let the figure A^BCfghi be made fimilar 
figure dbcFGHI; and the trapezium fghi < 
fhat which was required to be defcribed. 
" For let the two firft circles FSG> FT* 
one the other in Ki jjoin P K, QK, RK, ml 
cKy and produce QP to L. The angles 
*FbK> FcK at the circumferences are the ha] 
the angles'FPX, FQK* FKK, at the centrt 
therefore equal to LPK, LQK, LRK the 
ofthofe apgles. Wherefore the figure PQi 
equiangular and fimilar to the figure abcK 
confequently *b is to be as PQ^ to QjR 9 t 
as AB to BC. But by conftru&ion the 
fAg> fBhj fCi are equal to the angles F*G>. 
FcL And therefore the figure AQCfgbi 
be compleated fimilar to the figure' abcFi 
Which done a trapezium fg b i will be conftr 
fimilar to the trapezium FG HI y and which 
angles f>g>h,i will touch the right fines - 
ADy BD 9 CE. Q. E. F. 

Cor. Hence a right line may be drawn \ 
parts intercepted in a given order, between 
right lines given by pofition, fhall have a { 
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proportion among themfelves. J.et the angles 
TGHy GHI> be fo fir incr&fed' that the right 
lines FG $ GU* HI* may He in dtreStm, and by 
tonftru&ing the problem in this cafe, a right line 
fghi will be drawn, whofe parts fg y gb y hi, in* 
tercepted between the four right lines given by 
pofition, AB and AD, AD and BD, BD and 
CE, will be one to another as the lines FG+GH* 
HI, and will obferve the fame order among them- 
felvcs. But the fame thing may be more readily 
done in this manner. 

Producers to K {PL i*. Eg. 2.) and BD to 
L, fo as BK may be to AB, as HI to GH} 
and DL to BD as GI to FG; and join KL 
meeting the right line CE in u Produce iL to 
M, fo as LM may be to i L as G/f to HI; 
then draw -A/j^ parallel to LB and meeting the 
right line AD in g, apd join^i cutting AB,BD 
in f, b. 1 (ay the thing is done. 

For let -Afg cut the right line AB in Q, and 
w4Z> the right line KL in £, and draw AP paral- 
lel to BD, and meeting #L in P, znd gM to Lb 
(gi to H Mi to £#, (J/ to HI, ^iC to BX*> 
ami AP to BL will be in the fame ratio. Cut 
DL in P, fo as JD£ to RL may be in that 
lame ratio; and becaufe g S to gM, AS to AP, 
md DS to DL are proportional; therefore (ex 
tqno) as £$ to Lb, fo will ^«J be to BL, 
and I? S to jffZ,; and mixtly BL — RL to 
Lb— BL, as AS—DS to gS—AS. That is, 
i£ is to 2JA, as -^D is to ^, and therefore as 
BD to gQ. And alternately B£ is to B D, as 
26 to gQ, or 25 fb to fg. But by conftru&i- 
on the line BL was cut in D and F, in the fame 
ratio as the line FI in G and #$ and therefore 
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BR is to BD as FH to FG. Wheref 
to fg, as FH to Ftf. Since therefore 
likewife is as Mi to Li, that is, as GI 
it is manifeft that the lines F/, /^ are fim 
in G and //, £ and h. Q. E. F. 

In the conftru&ion ot this corollary, ; 
line ££ is drawn cutting CE in #, we 1 
fiuce #£ to r, fo as JET may be to Eh 
jo #/> and then draw Vf parallel to I 
yill come to the fame, if about the centre 
an interval IH> we defcribe a circle cuttii 
in X, and produce iX to 7J fo as $T maj 
qual to /F, ancj then draw Tf parallel to 

Sir drtftopber Wren* and Dr. #ftffij ha 
ago given other folupions of this problem. 

Proposition 3£XIX. Problem : 

To defcribe a trajeflory given in 
that may be cut by four right 
given by pofition, into parts < 
in order , kind, and proportion. 

Suppofe a trajeSojy is to be defcribed thai 
be fimilar to the curve line FGfff, (P 
Fig. 50 and whofe parts, fimilar and pi 
tional to the parts F(?, <?//, HI of the < 
may be intercepted between the right lines A 
jiD> AD and BD> BD and CE given b) 
fition, viz,, the firft between the firft pair of 
lines, the fecond between the fecond, and the 
between the third, praw the right lines F(7, 
ffl, Fly and (by km. 27.) defcribe a trape 
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fg hi that may be fimilar to the trapezium FGHL 
and whofe angles f>gjh,i, may touch the right 
lines given by pofition, AB 9 AD, BD, CE, fe- 
verally according to their ordg*. And then about 
this trapezium defcribe a traje&ory, that trajedory 
tfill be (imilar to the curve line FGHL 

Scholium. 

This problem may be likewife conftru&ed in the 
following manner. Joining FG, GH, HI, FI, 
{PL 1 j. Fig. 4.). produce fff to T, and join 
FH, IG, and make the angles CAK, DAL equal 
to the angles FGH, FFH. Let AK, AL meet 
the right line BD in K and L, and thence draw 
KM, LN, of which let KM make the angle 
A KM equal to the angle G HI, and be it felf to 
AK, as HI is to GH; and let LTV make the 
angle ALN equal to the angle FHI, and be it 
felf to AL, as HI to FH. But AK, KM,AL, 
LN are to be drawn towards thofe fides of the 
lines AD, AK, AL, that the letters CAKMC, 
ALKA, DALND may be carried round in 
the fame order as the letters FGHIF; and draw 
MN meeting the right line CE in u Make the 
angle $EP equal to the angle IGF, and let PE 
be to Ei, as FG to Gl; and through P draw 
PQf that may with the right line ADE contain 
an angle PQjL equal to the angle FIG, and may 
meet the right line AB in /, and join fu But PE 
and PO are to be drawn towards thofe fides of 
the Mhos CE, PE, that the circular order of the 
letters PEiP and PEQP may be the fame, as of 
the letters FGHIF, and if upon the line fh in 

the 
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the fame order of letters, and fimilar to the trape- 
iium FGHIy a trapezium fghi is conftrufiedi 
k and a trajeftory given in kind is circumfaibed about 
it, the problem will be folved. 

So far concerning the finding of the orbits. It 
remains that we determine the motions of bodies 
ih the orbits fo found. 
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Section VI. 

H&w the motions are to be found in 
given orbits. 

Proposition XXX. Problem XXIL 

To find at any afjigned time the place 
of a body moving in a given para- 
bolic trajectory. 

Let S {PL 14. Fig. 1.) be the focus* and A 
the principal vertex of the parabola; and fuppofe 
j^AS xt/l equal to the parabolic area to be cut off 
APS, which either was defcribed by the radius 
SP> fince the bodies departure from the vertex* or 
is to be defcribed thereby before its arrival there* 
Now the quantity of that area to be cut off is 
known from the time which is proportional to it* 
Bifed AS in G, and eredt the perpendicular C H 
equal to }M, and a circle defcribed about the 
centre H> with the interval ffS, will cut the para- 
bola in the place P required. For letting fall P O 

perpea- 
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by equations of four dimenfions, and fo on in 
infinitum. Wherefore the innumerable interferons 
of a right line with a fpiral, fince this is but one 
fimple curve, and not reducible to more curves* 
require equations infinite in number of dimenfions 
and roots, by which they may be all exhibited to- 
gether. For the law and calculus of all is the 
lame. For if a perpendicular is let fall from the 
pole upon that interfering right line, and that 
perpendicular together with the interfering line 
revolves about the pole, the interfe&ions of the 
fpiral will mutually pafs the one into the other; 
and that which was firft or neareft, after one re* 
volution, will be the fecond, after two, the third, 
and fo on ; nor will the equation in the mean time 
be changed, but as the magnitudes of thofe quan- 
tities are changed, by which the portion of the 
interfering line is determined. Wherefore fince 
thofe quantities after every revolution return to 
their firft magnitudes, the equation will return to 
its firft form, and confequently one and the fame 
equation will exhibit all the interfe&ions, and will 
therefore have an infinite number of roots, by which 
they may be all exhibited. And therefore the in- 
terferon of a right line with a fpiral cannot be 
iiniverfally found by any finite equation; and of 
cdnfequerice there is no oval figure whofe area, cut off 
by right lines at pleafure, can be univerfally exhibited 
by any fuch equation. 

By the fame argument, if the interval of the 
pdk and point by which the fpiral is defcribed, is 
taken proportional to that part of the perimeter of 
the oval which is cut off; it may be proved that 
the length of the perimeter cannot be univerfally 
exhibited by any finite equation. But here I fpeak 
Li of 
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of ovals that are not touched by conjugate figures 
running out in infinitum. 

Cor. Hence the area of an ellipfis, defcribed 
by a radius drawn from the focus to the 
moving body, is not to be found from the time 
given, by a finite equation; and therefore cannot 
be determined by the defcription of curves geome- 
trically rational. Thofe curves I call geometrically 
rational, all the points whereof may be determined 
by lengths that are defineable by equations, that is* 
by the complicated ratio's of lengths. Other cur- 
ves (fuch as fpirals, quadratrixes, and cycloids) I 
call geometrically irrational, tor the lengths which 
are or are not as number to number (according to 
the tenth book of elements) are arithmetically ra- 
tional or irrational. And therefore I cut off an 
area of an ellipfis proportional to the time in which 
it is defcribed by a curve geometrically irrational, 
in the following manner. 

Proposition XXXI. Problem XXIII. 

To find the place of a body moving in a 
given elliptic trajetiory at any af- 
figned time. 

Suppofe A (PL 14. Fig. 2.) to be 'the prin- 
cipal vertex, S the focus, and O the centre of the 
ellipfis A P B ; and let P be the place of the body to bo 
found. Produce OA to £7, fo as O G may be to 
OA as OA to OS. Ere& the perpendicular G H; 
and about the centre O, with the interval Otf, 
defcribc the circle GEF; and 00 the ruler GH, 

as 
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afe, fuppofc the whe< 

revolving about irs 
y its point A defcrifc 
i done, take G K to 

wheel, in the ratio 
dy, proceeding from </. 
\ time of a whole rei 
the perpendicular Kl 

then LP drawn par 
lipfis in P the require* 
• about the centre O 
>e the femicircle AO, 

if need be, meet th 
?{£, 0£. Let 0£ i 
d upon OQ^ let fall 
area APS is as the \ 
lifFerence between the 
le OQS, or as the d 
\OQxAQj and \OQ 
J^ is given, as the diff 
^and the right line S 
of the equality of th 
ne of the arc AQ, O, 
to GF y and by divifioi 
of the arc AQJ as ( 
1 the arc GF and the 

SCHOL 3 

it fince the defcriptior 
afolutionby approxim 
then let there be fe 
h may be to an angle 
L 3 
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which an arc equal to the radius fubtends, as SH 
(f/. 14. Fig, 3O the diftance of the foci, to AB 
the diameter of the ellipfis. Secondly, a certain 
length L, which may be to the radius in the fame 
ratio inverfely. And thefe being found, the pro- 
blem may be folved by the following analy fis. 
By any conftruftion (or 'even by conjefture) fup- 
pofe we know P the place of the body near its 
true place p. Then letting fall on the axis of the 
ellipfis the ordinate P F, from the proportion of the 
diameters of the ellipfis, the ordinate R ^ of the 
circumfcribed circle AQB will be given; which 
ordinate is the fine ofttfie angle AOO fuppofing 
AO to be the radius, and alfo cuts the ellipfis in P. 
It will be fufficient if that angle is found by a 
rude calculus in numbers near the truth. Suppofe 
we alfo know the angle proportional to the time, 
that is, which is to four right angles, as the time 
in which the body defcribed the arc Ap> to the 
time of one revolution in the ellipfis Let this 
angle be N. Then take an angle* D, which may 
be to the angle B as the fine of the angle AO(^ 
to the radius J and an angle E which may be to 
the angle N — AQQj-\ D, as the length L to the 
fame length L diminiftied by the co-fine of the 
angle AOQ^ when that angle is lefs- than a right 
angle, or increafed thereby when greater* In the 
next place take an angle F that may be to the an- 
gle B, as the fine of the angle AOQ-] E to 
the radius, and an angle G, that may be to the 
angle N — AOQ— E-i F, as the length L to the 
fame length L dirainiftud by the co-fine of the 
angle AOQj-\-E, when that, angle is lefs than a 
right angle, or increafed thereby when greater. For 
jhp third time tike an angle H/that may be to 

the 
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fhe angle B as the fine of the angle^Oj^l E j-G 
to the radius; and an angle I to the angle 
N— AOQ^E— G-j \i, as the length L is to the 
fame length L diminifhed by the co-fine of the 
angle AOQ-\ -E-| G when that angle is lefs than 
a right angle, or increafed thereby when greater. 
And fo we may proceed in infinitum. Laftly, take 
the angle A Oq equal to the angle AOQ^\ E |- 
G-| I-|- &c. and from its co-fine Or and the or- 
dinate pr> which is to its fine qr as the leflfer axis 
of the ellipfis to the greater, we (hay have p the 
correft place of the body. When the angle 
N — AOQ-\ D happens to be negative, the fign 
-|- of the angle E muft be every where changed 
into — , apd the fign — • into | . And the fame 
tfiing is to be underftood of the figns of the an- 
gles G and I, when the angles N— AOQ z - E | F, 
and N — AQQ^—E — G-|-H come out negative. 
put the infinite feries AOQ s \ E-| G-| In &c. 
converges fo very faft, that it will be fcarcely ever 
needful to proceed beyond the fecond term E. 
And the calculus is founded upon this theorem, 
that the area APS is as the difference between 
the arc AQ and the right line let fall from the 
focus S perpendicularly upon the radius OQ. 

And by a calculus not unlike, the problem is 
folved in the hyperbola. Let its centre be O, 
(FL 14. Fig. 4.) its vertex A> its focus S, and 
afymptote O K. And fuppofe the quantity of the 
area to be cut off is known, as being proportional 
to the time. Let that be A, and by conjefiure 
fuppofe we know the pofition of a right line 
SP y that cuts off an area APS near the truth. 
Join OP, and from A and P to the afymptote 
draw Aly PK parallel to the other afymptote: 
^ L 4 and 
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by the table of logarithms the area A 
be given, and equal thereto the area ( 
ch fubdufted from the triangle OPS 9 
e the area cut off APS. And by app 
PS — 2 A, or 2 A — zAP S % the double 
:e of the area A that was to be cut off", 
area APS that is cut off, to the line ^^ 
et fall from the focus & perpendicular upc 
;ent TP> we ftiall have the length of the < 
K Which chord P^ is to be infcribed bt\ 
and P, if the area APS that is cut o 
iter than the area A that was to be cut 
towards the contrary fide of the point i 
erwife: and the point j^will be the place o 
ly more accurately. And by repeating the 
ition the place may be found perpetual! 
iter and greater accuracy. 
\nd by fuch computations we have a gi 
lyrical refolution of the problem. But the 
ir calculus that follows, is better fitted 
onomical purpofes. Suppofing AO, 0B> 
. 14. Fig. 5.) to be the femi-axes of tl 
is, and L its latus refium, and D the difft 
mxt the lefler femi-axis OD> and ^L th< 
the latus reftum: let an angle Y be f< 
ofe fine may be to the radius, as the refi 
ler that difference D and AO \ OD the 
\ of the axes, to the fquare of the greatc 
7. Find alfo an angle Z whofe fine mi 
the radius, as the double reftangle unde 
ance of the foci SH and that difference 1 
le the fquare of half the greater femi-axis 
ofe angles being once found, the place 
ly may be thus determined. Take the 
proportional to the time in which the an 
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was defcribed, or equal to what is called the mean 
motion; and an angle V, the firft equation of the 
mean motion to the angle Y, the greateft firft e- 
quation, as the fine of double the angle T is to 
the radius; and an angle X, the fecond equation, to 
the angle Z, the fecond greateft equation, as the 
cube of the fine of the angle T is to the cube 
of the radius. Then take the angle BHfP the 
mean motion equated equal to T~| X-l-V the fum 
of the angles T, V, X, if the angle T is lefs than 
a right angle; or equal to T-| X — V the diffe- 
rence of the fame, if that angle T is greater than 
one and lefs than two right angles; and if HP 
meets the ellipfis in P> draw SF, and it will cut 
off the area BSP nearly proportional to the time. 

This pra&ice feems to be expeditious enough, 
becaufe the angles V and X, taken in fecond 
minutes if you pleafe, being very fmall, it 
will be fufficient to find two or three of their 
firft figures.. But it is likewife fufficiently accurate 
to anfwer to the theory of the planets motionr. 
For even in the orbic of Mars, where the greateft 
equation of the centre amounts to ten degrees, 
the error will fcarcely exceed one fecond. But 
when the angle of the mean motion equated 
BHP is found, the angle of the true motion 
BSP t and the diftance SP are readily had by 
the known methods. 

And fo far concerning the motion of bodies in 
curve lines. But it may alio come to pafs that a 
moving body (hall afcend or defcend in a right 
line; and I (hall now go on to explain what belongs 
to fuch kind of motions. 

Se ctiom 
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Section VII. 

Concerning the reBilinear accent and de- 
scent of bodies. 



Proposition XXXII. Problem XXIV. 

fuppofing that the centripetal force is 
reciprocally proportional to the fquare 
of the di/lance of the places front 
the centre; it is required to define 

' the [faces which a body, falling di- 
retfty, defcriles in given times. 

Case i. If « he ^y doc? ° ot faU P cr P €ndicu - 
hrly it will (by cor. t. prop. 13.) defcnbe fome 
ionic fcaion whofe focus is placed in the centre 
of force. Suppofe that conic fe&ion to be ARFlf 
(?/. 15. Fig. 1.) and its focus S. And firft, if 
the figure be an ellipfis; upon the greater ajp 
thereof AB defcribe the femi-cirde A DB» and let 
d»e right line DPC pafs through the falliog body, 
^ making. 
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iking right angles with the axis; and c 
Sj PS 9 the area ASD will be proporti 
e area ASP, and therefore alfo to th< 
he axis AB ftill remaining the fame, 
eadth of the ellipfis be perpetually dimi 
id the area ASD will always remain prop 
> the time. Suppofe that breadth to be din: 
1 infinitum; and the 01 bit APB in that ca 
iding with the axis A B> and the focus S \ 
Ktreme point of the axis B> the body \ 
rend in the right line AC, and the area 
/ill become proportional to the time. Wl 
he fpace AC will be given which the bo 
cribes in a given time by its pcrpendici 
rona the place A, if the area ABD is taki 
>ortional to -the time, and from the point 
ight line DC is let fall perpendicularly 
right line AB. Q. E. I. 

Case 2. If the figure R PB is an hyperbo 
Z. ) on the fame principal diameter A B defc 
redangular hyperbola BED; and becaufe t 
CSP, CBfP, SPfBj are feverally to the 
areas CSD> CBED y SDEB in the give 
of the heights CP, CD; and the area S< 
proportional to the time in which the body 
move through the arc PfB> the area SDL 
be alfo proportional to that time. Let t 
reftum of the hyperbola RPB be dimini 
infinitum, the latus tranfverfum remaining t\ 
and the arc PB will come to coincide v 
right line CB, and the focus S with the vi 
and the right line SD with the right lii 
And therefore the area BDEB will be p 
onal to the time in which the body G 
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perpendicular defcenr, defcriBes the Ih 

Case 5. And by the like argument if th 
RPB is a parabola, {Fig. 3.) andtothefamet 
vertex B another parabola BED is defcribe 
may always remain given while the former 
la in whole perimeter the body P moves, by 
its latus redum diminished and reduced to a 
comes to coincide with the line CB; the n 
iegment BDEB will be proportional to tC 
in which that body P or C will defcend 1 
centre S or B. Q. E. /, 

Proposition XXXIII. Theo 



REM 



The things above found being; fm 
I fay that the velocity of a fa 
body in any place C, is to the \ 
city of a body, defcrilim a circh 
lout the centre B at the^diftance 
in the ful duplicate ratio of AC 
diflance of the body from the 
motet vertex A of the circle ot reb\ 
gular hyperbola, to * AB the princi 

femi-diametet of the figure. PI. 



F'g- -i- 



Let AB the common diameter of both fi» 

right line PTthit may touch the figure RPB 
P, and hkew.fe cut that common diameter . 
(produced if need be) in T; and let ST be 1 
pendicular to this line, and BQ^ to this diame 
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bd fuppofe the latus re&um of the figure RPB 

be L. From cor. 9. prop. 16. it is manifeft 
hat the velocity of a body, moving in the line 

1 P B about the centre S> in any place P, is to 
he velocity of a body defcribing a circle about the 
ime centre, at the diftance SP, in the fubduplicate 
atio of the re&angle ±LxSP to ST*. For by 
he properties of the conic fe&ions ACB is to 

?P X as lAO to L, and therefore is 

ACB 

jqual to L. Therefore thofe velocities are to each 

l • l ruj r • c CP*xAOxSP 

>ther in the lubduplicate ratio of ■ to 

ACB 

SIT-. Moreover by the properties of the conic 

fe&ions, CO is to BO as BO to TO, and (by 

compofition or divifion) as CB to BT. Whence 

(by divifion or compofition) BO — or A- CO 

will be to BO, as CT to BT, that is, AC will 

<r. s* n »^ jl r CP z xAOxSP 
be to y/ O as C P to 5 0j and therefore — — 

, BQ^xACxSP VT r r „ n , 
is equal to ^ — — - • Now fuppofe CF the 

AUX B C 
breadth of the figured PS to be diminiflied in in- 
finitum, fo as the point P may come to coincide 
with the point C, and the point S with the point 
By and the line SP with the line BC, and the 
fine ST with the line BQj and the velocity of 
the body now defcending perpendicularly in the 
line CB will be to the velocity of a body de- 
fcribing a circle about the centre B at the diftance 

„~ • l ru r • rlQ**ACxSP 

BC, in the fubduplicate ratio of =^-77; p - ■ to 

AUxdC 

Sr 1 , that is (negle&ing the ratio's of equality of 

SP 
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SP to BCy and B Q* to ST 1 ) in the fubduplicace 
ratio of AC to AO or £^B. j^: Em D * 

Cor. i. When the points 5 and £ come to 
coincide, TC will become to TS, as AC to 
AO. . , 

Cor. 2. A body revolving in any circle at a 
given diftance from the centre, by its motion con- 
verted upwards will afcend to double its diftance 
from the centre. 

Proposition XXXIV. Theorem X. 

tf the figure BED is a parabola, 1 fay 
that the velocity of a falling body in 
any place C is equal to the velocity 
by which a body may uniformly de- 
fcribe a circle about the centre B at 
half the interval BC. PI. i <J. Fig. <j. 

For (by cor. 7. prop. i<?.) the velocity of a body 
defcriblng a parabola RPB about the centre £>in any 
place P, is equal to the velocity of a body uniformly 
defcribing a circle about the fame centre S at half the 
interval SP. Let the breadth CP of the parabola be 
diminished in infinitum, fo as the parabolic zxcPfB 
may come to coincide with the right line CB, the 
centre S with the vertex B> and the interval SP with 
the interval BC, and the proportion will be mani* 
feft* £. E. D. 



\ r 
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Proposition XXXV. Theorem XI. 

The fame things fuftofed, I fay that 
the area of the figure DES, dt fai- 
led by the indefinite radius SD, is e- 
qual to the area which a body with 
a radius equal to half the latus rw- 
turn of the figure DES, by uniformly 
revolving about the centre S, may de+ 
fori be in the fame time. PI. 16. Fig. 1. 

For fuppofe a body C in the fmalleft moment of 
time defcribes in falling the infinitely little line Cc, 
while another body K uniformly revolving about 
the centre S in the circle OKI^j defcribes the arc 
Kks Ered the perpehdiculars C D, cdy meeting the 
figure D£ Sin £>,*• Join SD, Sd> SK, S^ and 
draw Dd meeting the axis A Sin T, and thereon 
let fall the perpendicular ST. 

Case i. If the figure DES is a circle or a rcGt* 
angular hyperbola, bifed its tranfverfe diameter AS 
in O, and SO will be half the latus reftum. And 
becaufe Tc is to TD as Cc to Dd, and TD to 
TS as CD to STi ex tquo TC will be to TS, 
as CDxCc to STxDd. But (by cor. 1. prop. 
33) Tc is to TS as AC to AO, to wit, if in 
the coalefcence of the points D, d, the ultimate 
ratio's of the lines arc taken. Wherefore AG 
h to AO or SKzs CDxCc to STxDd. Far- 
ther, the velocity of the defcending body in C 
n to the velocity of a body dcfcribing a circle about 

tht 
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the centre S, at the interval SC, in the fubdupli* 
cate ratio of AC to AO or SK (by prop, jj.) 
and this velocity is to the velocity of a body 
defcribing the circle OKk^in the fubduplicate ra- 
tio of S K to SC (by cor. 6. prop. 4.) and ex 
*quo, the firft velocity to the laft, that is the 
little line Cc to the arc Kk$ in the fubduplicate 
ratio of AC to SC> that is in the ratio of AC 
to CD. Wherefore CD xCc is equal to ACxfCk* 
and confequently AC to SK as ACxKk to 
STxDd, and thence SKxKk. equal to STxDd, 
and £SATxA^ equal to i STxDd, that is, the 
area KSl^ equal to the area SDd. therefore in 
every moment of time two equal particles, KSk and 
SDd, of areas are generated which, if their mag- 
nitude is diminished and their number increafed in 
infinitum, obtain the ratio of equality, and confe- 
quently (by cor. lem. 4.) the whole areas toge* 
ther generated are always equal. (?. E. £>. 

Case 2.Butifthe figure DES(Fig. 1.) isaparabo- 
b, we (hall find as above CDxCc to ST<Dd as 
TC to TS, that is, as z to 1 ; and that therefore 
fCDxCc is equal to £ STxDd. But the velo- 
city of the falling body in C is equal to the ve- 
locity with which a circle may be uniformly de- 
fcribed at the interval $SC, (by prop. 54.) And 
this velocity to the velocity with which a circle 
may be defcribed with the radius SK, that is, the 
little line Cc to the arc Kk* is (by cor. 5* prop. 4.) 
in the fubduplicate ratio of SK to \SC-> that is, 
in the ratio of SK to \ CD. Wherefore \ SKx Kk 
is equal to \CDxCc, and therefore equal to 
i STxDd; that is, the area KSk is equal to the 
area SDd as above* Q* £« D. 

P RO- 



Digitized by 



Google 



Sect. VII. of Natural Tbilofophy. 161 



Proposition XXXVI. Problem XXV. 

To determine the times of the de- 
ft ent of a body falling from a given 
place A. PI. 1 6. Fig. 3. 

Upon the diameter AS, the diftance of the 
body from the centre at the beginning, defcribc 
the femi-circle A DS> as likewife the femi-circle 
OKH equal thereto, about the centre S. From 
any place C of the body, ered the ordinate CD. 
Join SD> and make the fe&or OS K equal to the 
area ASD. It is evident by prop. 55. that the 
body in falling will defcribe the fpace AC in the 
lame time in which another body, uniformly re- 
volving about the centre S, may defcribe the arc 
OK. £h E. F. 



Proposition XXXVII. Problem XXVI. 

To define the times of the afcent or defcent 
of a body frojefied upwards or down- 
wards from a given place. PI. 16. Fig. 4. 

Suppofe the body to go otf from the given 
place (7, in the dire&ion of the line GS 9 with a- 
ny velocity. In the duplicate ratio of this velo- 
city to the uniform velocity in a circle, with 
which the body may revolve about the cen- 

M m 
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tre S at the given interval SG 9 take GA to \A\ 
If that ratio is the fame as of the number 1 1 
i the point A is infinitely remote; to which ca 
a parabola is to be defcribed with any latus reftuf 
to the vertex S, and axis S G ; as appears by pre* 
54. But if that ratio is lefs or greater than tfi 
ratio of 2 to i, in the former cafe a circle, intP 
latter a reftangular hyperbola, is to be defcribed 
the diameter SAi as appears by prop. 33. Thci 
about the centre S, with an interval equal to half d 
latus redum, defcribe the circle hiK f and at tl 
place G of the afcending or descending body, and) 
at any other place C, ereft the perpendiculars GI, 1 
CD; meeting the conic fe&ion or circle in /and D. 
Then joining SI, SD, let the fedors HSK, #«SV 
be made equal to the fegments SE/Sj S EDS, ml 
by prop. 3 5. the body G will defcribe the fpaceGCin 
the fame time in which the body K may defcribe 
the arc Kk. Q^ E. F. 

Proposition XXXVIII. Theorem XII. 

Suppofmg that the centri fetal force is 
proportional to the altitude or difiance 
of places from the centre, 1 fay, that 
the times and vt loci ties of falling bo* 
dies y and the [paces which tlej it- 
fcribe, are refpehirely proportional to 
the arcs, and the right and verjedftnesof 
the arcs. PL 17. Fig. 1. 

Suppofe the body to fall from any pVe A w 
the right line A S 5 and about the centre of force S 
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With the interval AS, defcribe the quadrant of a cir- 
cle AE; and let CD be the right fine of any arc 
AD; and the body A will in the time AD in fal- 
ling defcribe the fpace A n * and in the place C 
will acquire the velocity CD. 

This is demonftrated the fame way from prop, 
10. as prop. 32. was demonftrated from prop. 
ii. 

Cor. i. Hence the times are equal in which 
one body falling from the place A arrives at the 
centre S, and another body revolving defcribes the 
quadrantal arc ADE. 

Cor. 2. Wherefore all the times are equal in 
which bodies falling from whatfoever places arrive 
at the centre. For all the periodic times of re^ 
volving bodies are equal* by cor. 5- prop. 4. 

Proposition XXXIX.Problem XXVIt, 

Svfpojing a centripetal force of any kind, 
and granting the quadratures of cur- 
vilinear figures ; it is required to find 
the velocity of a body., afcending or 
defcending in a right line, in the fe+ 
Veral places through which it fajjes ; 
as alfo the time in which it will 
arrive at any place; And vice ver* 
A 

Suppofe the body E ( PL 17. Fig. 1. ) ttf 

fill from any place A in the right line A DEC; 

and from us place £ imagine a perpendicular EG 

S Mi always 
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always ere&ed, proportional to the centripetal force 
in tnat place tending to the centre C; and let 
M FG he a curve line, the locus of x\it point G. 
And in the beginning of the motion fuppofc£G 
to coincide with the perpendicular AB; and die 
velocity of the body in any place E will be as a 
right line whofe power is the curvilinear area AB G£. 
£.£./. 

In EG take EM reciprocally proportional to a 
right line whofe power is the area ABGE 9 and 
let VLM be a curve line wherein the poiftt M 
is always placed, and to wjiich the right line AB 
produced is an afymptote, and the time in which 
the body in falling defcribes the line AE> will 
be as the curvilinear area ABTVME. Q. E. I. 

For in the right fine AE let there be taken 
the very fmall line DE of a given length, and 
let DL F be the place of the line EMG* when 
the body was in D; and if the centripetal force 
be fuch, that a right line whofe power is the area 
ABGE, is as the velocity of the defending bo- 
dy, the area it felf will be as the fquare of that 
velocity; that is, if for the velocities in D and E 
we write V and V-| I, the area ABFD will 
beasVV,andthearea^5G£asVV-| iVI-1 II; 
and by divifion the area DFGE as 2VI-I II> 

ju r DFGZ « - iVI-.II , 

and therefore ■ — will be as — — ; that 

DE DE 

is, if we take the firft ratio's of thofe quantities 

when juft nafcent, the length D F is as the quan- 

2VI 
tity -~i and therefore alfo as half that quantity 

IxV 

• — • But the time, in which the body in 

falling 
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falling defcribes the very final! line DE is 25 that 
line dire&ly and the velocity V inverfely, and the 
force -will be as the increment I of the velocity 
diredlv and the time inverfely, and therefore if we 
take the firft ratio's when thofe quantities are iuft 

IxV 
nafccnras ~- — • that is as the length DF. There- 
fore a force proportional to DF or EG will 
caufe the body to defcend with a velocity that 
is as the rignt line whofe power is the area 
u*BGE. £. E. D. 

Moreover fince the time, in which a very (mall 
line Dp of a given length may be defcribed, i$ 
as the velocity inverfely, and therefore alfo inverfe- 
ly as a right line whofe fquare is equal to the 
area ABFD; and fince the line DL> and by con- 
fluence the nafcent area DLME> will be as the 
fame right line inverfely: the time will be as the 
area DLME, and the fum of all the times will 
be as the fum of all the area's; that is (by cor, 
km. 4.) the whole time in which the line AE 
is defcribed will be as the whole area ATPME* 
Q. E. D, 

Cqr. 1. Let P be the place from whence a 
body ought to fall, fo as that when urged by 
any known uniform centripetal force (fuch as 
gravity is vulgarly fuppofed to be) it may acquire 
in the place D a velocity, equal to the velocity 
which another body, falling by any force what- 
ever, hath acquired in that place D. In the per- 
pendicular DF let there be taken DR, which 
may be to DF as that uniform force to the o- 
ther force in the place D. Compleat the reftan- 
gk PDRQj and cut off the area ABED equal 
M 5 to 
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to that re&angle. Then A will be the place from 
whence the other body fell. For compleating the 
re&angle DRSE, fince the area AhFD is to the 
ar^a DFGE as VV to iVI, and therefore as 
jV to I, that is, as half the whole velocity 
to the increment of the velocity of the body 
falling by the unequable force; and in like man- 
ner the area Pi^RD to the area DRSE, as half 
the whole velocity to the increment of the velo- 
city of the body falling by the uniform force; 
and fince rhofe increments (by reafon of the e- 
qualiry of the nafcent times) are as the genera- 
ting forces, that is, as the ordinates DF, DR> and 
confequently as the nafcent area's D EG F, DRSE; 
therefore ex quo the whole areas ABFD y PORD 
will be to one another as the halves of the whole 
velocities, and therefore, becaufe the velocities are 
equal, they become equal alfo. 

Cor. 2. Whence if any body be proje&ed ei- 
ther upwards or downwards witn a given velocity 
from any place P, and there be given the law of 
centripetal force afting on it, its velocity will be 
found in any other place as e, by ere&ing the or- 
dinate eg, and taking that velocity to the velocity 
in the place D, as a right line whofe power is the 
re&angle PQRD, either increafed by the curvw 
linear area DFge> if the place e is below the place 
JD, or diminiihed by the fame area DFge if it be 
higher* is to the right line whofe power is the re&an- 
%\c PQRD alone. 

Cor. 3. The time is alfo known by ere&ing 
the ordinate em reciprocally proportional to the fquare 
root of P CRD 1 or — DFge, and taking the 
time in which the body has defcribed the line Dr,to 
the time in which another body has fallen with an 

uni- 
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uniform force from P, and in falling arrived at D 9 
in the proportion of the curvilinear area DLme 
to the re&angle zPDxDL. For the time in 
which a body falling with an uniform force hath 
defcribed the line PD, is to the time in which . 

the fame body has defcribed the line PE, in the # 

fubdu plicate ratio of PC to PE; that is (the ve- 
ry fmall line DE being juft nafcent) in the ratio of + 
PD to FD-\ \DE> or iPD to %PD-\DE, 
and by divifion to the time in which the body hath 
defcribed the fmall line £>£, as 2 / D to D£, and 
therefore as the re&angle zi DxDL to the are* 
DLtAtE\ and the time in which both the bodies 
defcribed the very fmall line DE is to the time 
in which the body moving unequably hath de- 
fcribed the line De, as the area DLME to the area 
DLme 1 and ex *qw> the firft mentioned of thefe 
tiroes is to the laft as the reftanjjle 1 P DxDL to the 
2TQ2L Z> Lme. 



M 4 Section 
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Section VIII. 

Of the invention of orbits wherein bodies 
will revolve, being ailed upon by 
any fort of centripetal force. 



Proposition XL. Theorem XIII. 

If a body, aBed ufon by any centripe- 
tal force, is any how moved, and 
another body afcends or dtfcends in a 
right line; and their velocities be e- 
qual in any one cnfe of equal alti- 
tudes, their velocities will he alfo equal 
at all ejual altitudes. 

Let a body defcend from A (PL 17. Fig. 3.) 
through JD and £, to the centre C; and let ano- 
ther body move from V in the purve line VIKk» 
From the centre G with any diftances, defcribe the 
concentric circles JD/, EK, meeting the right line 
AC in D and E> and the curve VIK in / and K. 
r> * 7 " Draw 
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Draw IC meeting KE in N> and on IK let fall 
the perpendicular NT; and let the inrerval DE or 
IN* between the circumferences of the circles 
be very (mall; and imagine the bodies in D 
and / to have equal velocities* Then becaufe the 
diftances CD and CI are equal, the centripetal 
forces in D and / will be alfo equal. Let tnofe 
forces be exprefs'd by the equal lineote DE and 
IN; and let the force IN (by cor 2. of the laws 
of motion) be refolved into two others, NT and 
IT. Then the force NT afting in the dircftion 
of the line NT perpendicular to the path ITK 
of the body, will not at all aflfeft or change the 
velocity of the body in that path, but only draw 
it afide from a reftilinear courfe, and make it de- 
fled perpetually from the tangent of the orbit, 
and proceed in the curvilinear path / I Kk. That 
whole force therefore will be fpent in producing 
this effeft; but the other force IT afting in the 
direftion of the courfe of the body, will be all 
employed in accelerating it; and in the lead given 
time will produce an acceleration proportional to it 
felf. Therefore the accelerations of the bodies in 
D and / produced in equal times, are as the lines 
D£, IT; (if we take the firft ratio s of the nafcent 
lines DEj IN, IK* IT NT;) and in unequal 
times as thofe lines and the times conjunctly. But 
the times in which DE and IK are defcribed, are, 
by reafon of the equal velocities (in D and I) as 
the fpaces defcribed DE and IK, and therefore 
the accelerations in the courfe of the bodies through 
the lines DE and IK, are as DE and IT, and 
DE and IK conjunctly; that is, as the fquare of 
DE to the re&angle IT into IK. But the red- 
angle ITxIK'h fqual to the fquare of IN, that 

is 
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is equal to the fquare of DE 9 and therefore the 
accelerations generated in the paflageofthe bodies 
from D and / to F and K are equal. Therefore 
the velocities of the bodies in E and K are alfo e- 
qual : and by the fame reafoning they will always 
be found equal in any fuhfequent equal diftances, 
Q. E. D. 

By the fame reafoning, bodies of equal velocities 
and equal diftances from the centre wi|] be equally re- 
tarded in their afcenr to equal diftances. Q, E. D. 

Cor. 1. Therefore if a body either ofcillates by 
hanging to a firing, or by any polifhed and per- 
fectly fmooth impediment is forced to move in a 
curve line; and another body afcends or d.fcends in 
a right line, and their velocities be equal at any 
one equal altitude; their velocities will be alfo equal 
at all other equal altitudes. For, by the ftring of 
the pendulous body, or by the impediment of a 
veflel perfectly fmooth, the fame thing will be ef- 
fected, as by the tranfverfe force NT. The body 
is neither accelerated nor retarded by it, but only is 
obliged to quit its redilinear courfe. 

Cor. z. Suppofe the quantity P to be the 
greateft diftance from the centre to which a body 
can afcend, whether it be ofcilWting, or revolving 
in a trajectory, and fo the fame projected upwards 
from any point of a trajectory with the velocity 
it has in that point. Let the quantity A be the 
diftance of the body from the centre in any other 
point of the orbit; and let the centripetal force be 
always as the power A"- 1 of the quantity A, the 
index of which power n — 1, is any number * di- 
jniniftied by unity. Then the velocity in every 
altitude A will be as y>'* — A«, and therefore 
^ill be given. For by prop. jp. the velocity of 

a bo* 
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a body afcendmg and defcending in a right lint 
%s in chat very ratio. 

Proposition XLI. Problem XXVIIL 

Suppofing a centripetal force of any kind, 
and granting the quadratures of cur- 
vilinear figures, it is required to find, as 
ivell the trajectories in which bodies 
will move, as the times of their motions 
in the trajetiories found. 

Let any centripetal force tend to the centre €^ 
(PL 17. Fig. 4 ) and let it be required to find the 
tiaje&ory VIKk* Let there be given the circle 
VRy described from the centre C with any interval 
Cf; and from the fame centre defcribe any other 
circles ID% KE cutting the traje&ory in / and K^ 
and the right line CV in D and E. Then draw 
the right line CNJX cutting the circles KE, r& 
in N and JT, and the right line CKT meeting the 
circle VR in T. Let the points / and K be in- 
definitely near; and let the body go on from V 
through / and K to k; and let the point A be 
the place from whence another body is to fall, fo 
as in the place B to acquire a velocity equal to the 
velocity of the firft body in /. And things re* 
maining as in prop. 59. the lineola IK, deicribed 
in the lead given time will be as the velocity, and 
therefore as tne right line whofe power is the are* 
ABFDy and the triangle «ICk proportional to the 
time will be given, and therefore If N will be re- 
ciprocally 
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ciprocally as the altitude IC; that is (if there be given 
any quantity Q and the altitude IC be called A) 

as -^ • This quantity — all Z, and fuppofe the 
A A 

magnitude of Q^ to be (uch that in fome cafe 
</ABFD may be to Z as IK to jKTV, and then 
in all cafes <JABFD will be to Z as IK to JTiV, 
and -rf£FZ> to ZZ as IJC to *7\TS and by 
divifion ABFD—ZZ to ZZ as IN 1 to 1OTS 

. Q 

and therefore JAB FD— ZZ to Z or j-*^ 

to JTM and therefore AxJTiV will be equal to 
Qx/V 

* Therefore fince TXxXC is to 

JABFD— ZZ 

AxKN as CJT* to A A the reftangle XTxXC 
QxINxCX* 

will be equal to — - =* • Therefore 

n AAy/ABFD—ZZ 

in the perpendicular DF let there be taken cop- 

Q 
tinually Db, 3c equal to - __ ■ » 

ZyJABFD — ZZ 

QxTJT 
- refpe&ively, and let the 

zAA^ABFD—ZZ ^ 

curve lines *£, 4C, the toci of the points b and 

c, be defcribed: and from the point F\ let the 

perpendicular V* be ereftedto the line AG cutting 

off the curvilinear area's Vl)ba> PDc*, and let the 

prdinates E *, E x, be erefted alfo. Then becaufe the 

rc#angle VbxIN or X>k*E is equal to half the 

reftangle AxKN ox to the triangle ICK; and the 

re#angle DcxINor Dcx£ is equal to half the 

refitincle TXxXC or to the triangle XCT; that is, 

fcecaufe thq nafcent particles T>b*>E> IC# of the 

area's 
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area's VDtd, ?IC are always equal; and the 
Stat parties D«£. XCTcf the area's rDrj 
rcJTare always equal; therefore the generated 
area rDb* will be equal to the generated area 
VIC and therefore proportional to the time; and 
the generated area PDca is equal to the generated 
fedor VCX. If therefore any time be given du- 
ring which the body has been moving from T, 
there will be alfo given the area proportional to it 
VT)ba\ and thence will be given the altitude ot 
the body CD or C/; and the area FDc 4, and 
the fetor VCX equal thereto, together with its 
ancle VCI. But the angle VCI, and the altitude 
CI being given, there is alfo given the place t /, m 
which the body will be found at the end of that 

tm CoR^i £ Hence the greateft and I leaft altitudes of 
the bodies, that is the apfides of the trajectories. 
M be found very readily. For the apfidei i are 
Sofe points in which a right line IC drawn ithro 
,he centre Wis perpendicularly upon J* "J*g 
VIK\ which comes to pafs when the right lines 
IK and NK become equal; that is, when the area, 

AB ll i'XUo ,"' angle KIN in which A. 
trajectory at any place cuts the line IC, may be 
readily found by the given altitude IC of the 
£dy: to wit, by making the fine of that angl. 
tTradius as KN to /*; Aat is as Z to the fquare 
root of the area AB FD. 

Cor. v If to the centre C (Pi. «7-/«- 5-> 
and the principal vertex f there be defenbed a 
Tonic feaionV*/; and from any pomt thereof 
as R, there be drawn the tangent RT mecung 
the axe Cf indefinitely produced, in the point 
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fl and theft, joining CR, there be drawn the 
right line CP 9 equal to the abfcifla C% making 
an angle VCP proportional to the fedor VCR ; 
and if a centripetal force, reciprocally proporti- 
onal to the cubes of the diftances of the places 
from the centre, tends to the centre C; and from 
the place V there fets out a body with a juft ve^ 
Jocity in the diredion of a line perpendicular to 
the right line CV: that body will proceed in * 
trj jedory VP Q> which the point P will always touch ; 
and therefore if the conic fedion r^-S be an 
hyperbola, the body will defcend to the centre j 
but if it be an ellipfis it will afcend perpetually, 
and go farther and farther off in infinitum. And 
on the contrary, if a body endued with any velo- 
city goes off from the place V* and according as 
it begins either to defcend obliquely to the centre 
or afcends obliquely from it, the figure FRS be 
either an hyperbola or an ellipfis, the trajedory 
may be found by increafing or dimtnifhbg the 
angle VCP in a given ratio. And the centripetal 
force becoming centrifugal, the body will afcend 
obliquely in the trajedory VPQ? which is found 
by taking the angle fCP proportional to the el- 
liptic fedor VRC, and the length CP equal to 
the length cT y as before. All thefe things follow 
from the foregoing proportion, by the quadrature 
of a certain curve, the invention of which, as 
being eafy enough, for brevity's ftjte I omit* 



Pro* 
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* *^sition XLII. Problem XXIX. 

1 " . >4xio of centripetal force heing given, 
rt ij required to find the motion of a 
wdy fetting out from a given place x 
with a given velocity % in the dire 8 ion 
of a given right line. 



Suppofe the fame things as in the three preceding 

proportions ; and let the body go off from the 

place /, (PI. 17. Fig. 6.) in the dire&ion of the 

little line /AT, with the fame velocity as another 

body, by falling with an uniform centripetal force 

from the place P, may acquire in D; and let this 

uniform force be to the force with which the bo* 

dy is at firft urged in /, as DR to DF. Let the 

body go on towards kl and about the centre C 

with the interval Ck> defcribe the circle £*, meeting 

the right line P D in #, and Jet there be cre&ed 

the lines tg % ev, eu> % ordinately applied to the 

curves BFg, alrv, acw. From the given reftan- 

gle PDRy and the given I*w of centripetal force* 

by which the firft body is a&ed on, the curve line 

BFg is alfo given, by the conftru&ion of prob* 

27. and its cor. 1. Then from the given angle 
CIK is given the proportion of the nafcent lines 
IKy KN', and thence by the conftruftion of prob* 

28. there is given the quantity Q? with the curve 
lines *bv, acw; and therefore, at the end of any 
time Dbve-i there is given both the altitude of rhe 
body d or Ck> and the area Dew f, with the fedor 

equal 
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equal to it XCy, the angle ICkj and the place *> 
in which the body will then be found. ^. E. L 

We fuppofe in thele propofirions the centripetal 
force to vary in its recefs from the centre accor- 
ding to fome law, which any one may imagine at 
pleafure; but at equal diftances from the centre to 
be every where the fame. 

I have hitherto confidered the motions of bodies 
in immoveable orbits. It remains now to add fome- 
thing concerning their morions in orbits whkh t+> 
volve round the centres of force* 



Sect- 
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Section IX. 

Of the motion of hodies in moveable 
orbits $ and of the motion of the 
affides. 



Proposition XLIII. Problem XXX. 

It is required to maize a body move, in 
a trajeflory that revolves about the cen- 
tre of force, in the fame manner 
as another body in the fame trajctfory 
at reft. 

In the orbit VPK (PL 18. Fig. 1.) given by 
pofition, let the body P revolve, proceeding from 
V towards K. From the centre C let there be 
continually drawn Cp$ equal to CP> making the 
angle VCf proportional to the angle VCP; and 
the area which the line Cp defcribes, will be to 
the area VCP which the line CP defcribes at the 
fame time, as the velocity of the defcribing line Cp 9 
N to 
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to the velocity of the defcribing line CP; that 
is, as the angle VCp to the angle VCP> there- 
fore in a given ratio, and therefore proportional 
to the time. Since then the area defcribed by 
the line Cp in an immoveable plane is proporti- 
onal to the time, it is manifeft that a body, be- 
ing a&ed upon by a juft quantity of centripe- 
tal force, may revolve with the point p in the 
curve line which the fame point p, by the me* 
thod juft now explained, may be made to de- 
scribe in an immoveable plane. Make the angle 
VCu equal to the angle P Cp, and the line Cm 
equal 10 CK and the figure uCp equal to the 
figure PCP, and the body being always in the 
point pj will move in the perimeter of the re- 
volving figure uCpy and will defcribe its (re- 
volving) arc up in the fame time that the other 
body P defcribes the fimilar and equal arc VP 
in the quiefcent figure VPK. Find then by cor. 
5. prop. 6. the centripetal force by which a body 
may be made to revolve in the curve line 
which the point p defcribes in an immoveable 
plane, and the problem will be folved. 0. £. F. 

Proposition XLIV. Theorem XIV. 

The difference of the forces, by which 
two bodies may be made to move equal- 
ly, one in a quiefcent,, the other in the 
fame orbit revolving, is in a tri* 
plicate ratio of their common altitudes 
inverfely. 

Let the parts of the quiefcent orbit KP, fK 9 
(PL 18. Fig. a.) be fimiJar and equal to the 

parts 
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parts of the revolving orbit up, pkj and let the 
difhnce of the points P and K be fuppofed of the 
utmoft fmallnefs. Let fall a perpendicular ^r from 
the point ^ to the right line p C, and produce ic 
to m, (o tha mr may be to kj as the angle k Cp 
to the angle VCP. Becaufe the altitudes of the 
bodies, PC and pC> KC and kQ are always equal, 
it is manifeft that the increments or decrements of 
the lines PC and pC are always equal; and there- 
fore if each of the feveral motions of the bodies 
in the places P and p be refolved into two, (by 
cor. 2. of the laws of motion) one of which is 
dire&ed towards the center, or according to the 
lines PCt pd and the other, tranfverfe to the for- 
mer, hath a direftion perpendicular to the lines 
P C and p C; the motions towards the centre will 
be equal, and the tranfverfe motion of the body 
p will be to the tranfverfe motion of the body P 9 
as the angular motion of the line pC to the angu- 
lar motion of the line P C; that is, as the angle 
yep to the angle VCP. Therefore at the fame 
time that the body P, by both its motions, comes 
to the point AT, the body p, having an equal mo* 
tion towards the centre, will be equally moved 
from p towards C, and therefore that time being 
.expired, it will be found fomewhere in the lina 
*»kr 9 which, paffing through the point k> is per- 
pendicular to the line pC; and by its tranfverfe 
motion, will acquire a difhnce from the line pC* 
that will be to the difhnce which the other body 
P acquires from the line PC, as the tranfverft 
motion of the body p, to the tranfverfe motion 
of the other body P. Therefore fince kr is e- 
qual to the difhnce which the body P acquires 
from the line PC,, and mr is to kr as the an- 

N 1 gle 
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gle VCp to the angle VCP, that is as the tranf- 
verfe morion of the body p y to the tranfverfe mo- 
tion of the body P : it is mariifeft that the body p $ 
at the expiration of that time, *ill be found in the 
place m. Thefe things wiH be fo, if the bodies p 
and P are equally moved in the dire&ions of the 
lines pC and PC> and are therefore urged with 
equal forces in thofe direftiohs. But it we take 
an angle pCn that is to the angle pCk^zs the an- 
gle VCp to the anile VCP, and nC be equal 
to k£> in that cafe the body p at the expiration 
of the rime will really be in n; and is therefore 
urged with a greater force than the body P 3 if 
the angle nCp is greater than the angle kJPf* that 
is, if the orbit up k^movt either in tonfequentU> or 
in antecedent!* with a celerity greater than the 
double of that with which the line CP moves in 
confiquentia i and with a lefs force if the orbit moves 
flower in antecedents And the difference of the 
forces will be as the interval mn of the places 
through which the body would be carried by the 
adion of that difference in that given fpace of time. 
About the centre C whh the interval Cn or Ck 
fuppofe a circle defcribed cutting the lines mr,mn 
produced in s and r, and the reftangle mnxmt 
will be equal to the rc&angle m^xms, and there- 
fore mn will be equal to ■ • But fince th« 

triangles pek, pCn, in a given time, are of a 
given magnitude, £r and wr, and their difference 
mk> and their fum ms> are reciprocally as the alti- 
tude pC, and therefore the redhngle mkxms is 
reciprocally as the fquare of the altitude pC. But 
moreover m't is dire&ly as \mt> that \s 9 as the al- 
titude 
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titude pC. Thefe arc the firft ratio's of che nafcent 

linesj. and hence - , that is, the nafcent line^ 
mt 

ob mn, and the difference of the forces propor- 
tional thereto, are reciprocally as the cube of the 
altitude pC. £. £. D. 

Cor. i. Hence the difference of the forces in 
the places P and p> or K and k, is to the force 
with which a body may revolve with a circular 
motion from R to & in the fame time that the 
body P in an immoveable orb describes the arc 
/% as the nafcent line mn to the verfed fine of 

the nafcent arc JRK, that is as to 

mt 

rk z 

——, or as mkxms to the fquare of rk> that is, 
ikC 

if we take given quantities F and G in the fame 
ratio to one another as the angle VCP bears to 
the angle FCp, as GG — FF to FF. And there- 
fore it from the centre C with any diftance CP 
or Cp, there be defcribed a circular fe&or equal 
to the whole area VPC % which the body revol- 
ving in an immoveable orbit, has by a radius 
drawn to the centre defcribed in any oertain time; 
the difference of the forces, with which the body 
P revolves in an immoveable orbit and the body 
p in a moveable orbit, will be to the centripetal 
force, with which another body by a radius drawn to 
the centre can uniformly defcribe that fector in 
the fame time as the area VPC is defcribed, as 
GG — FF to FF. For that fe&or and the area 
/C^are to one another as the times in which they 
jire defcribed. 

N 5 Cor. 
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Cor. 2. If the orbit VPK be an ellipfis having 

its focus C, and its higheftapfis^, and we fuppofe 

the ellipfis */>^fimilar and equal to it, fo that pC 

may be always equal to P C, and the angle VCp be 

to the angle VCP in the given ratio of G to F ; 

and for the altitude PC or pC we put A, and z R. 

for the latus reftum of the ellipfis; the force with 

which a body may be made to revolve in a move- 

, . ... r ... , FF RGG — RFF 

able ellipfis will be as -7— -4 — ■ — and 

r AA ' A J 

vice verfa. Let the force with which a body may 

revolve in an immoveable ellipfis, be expreffed by 

FF 

the quantity — , and the force in V will be 
A A 

FF 

« — - • But the force with which a body may 

revolve in a circle at the diftance CV> with the 
fame velocity as a body revolving in an ellipfis has 
in V 9 is to the force with which a body revol- 
ving in an ellipfis is aftcd upon in the apfis P\ 
as half the latus re&um of the ellipfis, to the 
femi-diametcr CV of the circle, and therefore is as 

RFF 

— — ; and the force which is to this as G G — F F 

__, . RGG — RFF ■ 1 . /« . 

to FF, is as -— : and this force (by 

cor. 1. of this prop.) is the difference of the 
forces in V<> with which the body P revolves in 
the immoveable ellipfis VJK, and the body p in 
the moveable ellipfis *pk. Therefore fince by this 
prop, that difference at any other altitude A is to 

it felf at the altitude CV as — r to — —, the 

A 3 CV* 

fame 
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fame difference in every altitude A will be as 

ROG— RFF FF 

— • Therefore to the force — 9 

A* AA 

by which the body may revolve in an immove- 
able cllipfis VPK> add the excefs -r-p . 

FF 

and the fum will be the whole force -r— 

\ RGG — RFF ...... . 

"I 3 by which a body may revolve 

in the fame time in the moveable ellipfis upi. 

Cor. 5. In the fame manner it will be found 
that if the immoveable oibit VPK be an ellipfis 
having its centre in the centre of the forces C; 
and there be fuppofed a moveable ellipfis upk* fimi- 
lar, equal, and concentrical to it; and zR be the 
principal latus re&um of that ellipfis, and 2T th$ 
latus tranfverfum or greater axis ; and the angle VCp 
be continually to the angle VCP as G to F; the 
forces with which bodies may revolve in the im- 
moveable and moveable ellipfis in equal times, will 

, FFA . FFA . RGG— RFF r 
be as — and — -| ^ refpe- 

dtively. 

Cor. 4. And univerfally, if the greateft altitude 

CV of the body be called T, and the radius of the 

curvature which the orbit VPK has in V> that is, 

the radius of a circle equally curve, be called R f 

and the centripetal force with which a body may 

revolve in any immoveable traje&bry VPK at the 

VFF 
place V* be called -~r=r> and in other places P be 

indefinitely ftiled X ; and the altitude CP be called 
N 4 A, 
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A> and G be taken to F in the given ratio of the 
angle VCp to the angle rcP: the centripetal 
iotcc with which the fame body will perform the 
fame motions in the fame time in the fame traje- 
ftory upk. revolving with a circular motion, will 

be as the fum of the forces X-| ^ . 

Cor. j. Therefore the motion of a body in an 
immoveable orbit being given, its angular motion 
round the centre of the forces may be increaled 
or diminished in a given ratio, and thence new 
immoveable orbits may be found in which bodies 
may revolve with new centripetal forces. 

Cor. 6. Therefore if there be ereded (Pi. 1 8. Jg. 
3.) the line VP of an indeterminate length, per- 
pendicular to the line CV given by pofition, and 
CP be drawn, and Cp equal to it, making the an- 
gle VCp having a given ratio to the angle VCP* 
the force with which a body may revolve in the 
curve line Vpk> which the point p is continually 
describing, will be reciprocally as the cube of the 
altitude Cp* For the body ?, by its vis inertias 
alone, no other force impelling it, will proceed 
uniformly in the right line VP. Add then a force 
tending to the centre C reciprocally as the cube of 
the altitude CP or Cp, and (by what was juftde- 
iponftrated) the body will defied from the redilinear 
motion into the curve line Vpk^ But this curve 
Vpkjs the fame with the curve VPQ^ found in cor. 
$. prop. 41. in which, I faid, bodies attraded with 
fucn forces would afcend obliquely. 
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Proposition XLV. Problem XXXI. 

To find the motion of the affides in 
orbits approaching very near to cir- 
cles. 



This problem is folved arithmetically by redu- 
cing die orbit, which a body revolving in a move- 
able ellipfis (as in cor. z and 5 of the above prop.) 
defcribes in an immoveable plane, to the figure of 
the orbit whofe apfides are required; and then 
feeking the apfides of the orbit which that body 
defcribes in an immoveable plane. But orbits ac- 
quire the fame figure, if the centripetal forces with 
which they are defcribed, compared between them- 
felves, are made proportional at equal altitudes. Let 
the point V be the higheft apfis, and write T for 
the greateft altitude CK, A for any other altitude 
CP or Cp, and X for the difference of the altitudes 
CV — CP ; and the force with which a body moves 
in an ellipfis revolving about its focus C(as in cor. 2.) 

, .... FF RGG — RFF 
and which in cor. z. was as — - -\- — - A i , 

. . FFA4-RGG — RFF , f un . . 
jhat is, as ■ ! 3 •> by fubltitutmg 

_ „ .„, RGG--RFF+TFF-FFX 
T—X for A will becomeas ■ ' . 

In like manner any other centripetal force is to be 
reduced to a fra&ion whofe denominator is A 3 
and the numerators are to be made analogous by 
; col- 
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collating together the homologous terms. This 
will be made plainer by examples. 
Exam. i. Let us fuppofe the centripetal force 

A* 

to be uniform, and therefore as — , or, writing T — X 

-p— 2TTX-UTXX— X* 

for A in the numerator, as =- 

T 3„STTX ^TXX -X* . 

- -— • Then collating 

together the correfpondent terms of the nu- 
merators, that is, thofe that confift of given quan- 
tities, with thofe of given quantities, and thofe of 
quantities not given, with thofe of quantities not 
given, it will become RGG — RFFh-TFF 
toT 3 as — FFXto— 3TTX-I 3TXX— X' 
or as — FF to }TT-| 3TX-XX. Now 
fince the orbit is fuppofed extreamly near to a cir- 
cle, let it coincide with a circle, and becaufe in 
that cafe R and T become equal, and X is in- 
finitely diminiftied, the laft ratio's will be, as RGG 
to T 3 to — FF to — 3TT, or as GG toTT 
fo FF to 3TT, and again as GG to FF fo 
T T to 3 T T, that is, as 1 to 3 ; and therefore 
G is to F, that is, the angle FCp to the angle 
VCP as 1 to y/ 5. Therefore fince the body, in 
an immoveable ellipfis, in defcending from the up- 
per to the lower apfis, defcribes an angle, if I may 
fo fpeak,of 180 deg. the other body in a move- 
able ellipfis, and therefore in the immoveable orbit 
we are treating of, will, in its defcent from the 
upper to the lower apfis, defcribe an angle FCp of 

— deg. And this comes to pafs by reafon of 

the 
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the likenefs of this orbit which a body a&ed up* 
on by an uniform centripetal force defcribes* an4 
of that obit which a body performing its circuit* 
in a revolving ellipfis will defcribe in a quiefcent 
plane. By this collation of the terms, thefe orbits 
are made fimilar ; not univerfally indeed, but then 
only when they approach very near to a circular 
figure. A body therefore revolving with an uni- 
form centripetal force in an orbit nearly circular, 

will always defcribe an angle of deg. or 103 deg. 

55 m. 23 fee. at the centre; moving from the 
upper apfis to the lower apfis when it has once 
ddcribed that angle, and thence returning to the 
upper apfis when it has defcribtd that angle again; 
ann fo on in infinitum. 

Exam. 2. Suppofe the centripetal force to be 
as any power of the altitude A> as for example 

A a 

A*~ 3 or—; where n — 3 and n fignify any 
A 

indices of powers whatever, whether integers o$ 
fractions, rational or furd, affirmative or negative* 
That numerator A n or T — X\" being reduced to 
an indeterminate feries by my method of conver- 
ging feries, will become T n — nXT n ~ l ~|- 

- XXT a ~ z &c. And conferring thefe 

terms with the terms of the otfter numerator 
RGG— RFF-| TFF— FFX, it becomes as 
RGG — RFF-iTFFto T» ft — FF to 

— »T»~ f -|- 21^? XT*- 1 drc. And ta- 

2 

king the laft ratio's where the orbits approach to 
'• circles, 
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circles, it becomes as RGG to T» fo — FF to 
— *T U ~ S or as GG to T*- 1 fo FF to 
nT*~ l and again GG to FF fo T«— f to 
*T •""*', that is, as i to n; and therefore G is 
to F, that is the angle VCf to the angle VCP is 
i to <Jn* Therefore fince the angle PCP, de- 
fcribed in the defcent of the body from the up- 
per apfis to the lower apfis in an ellipfis, is of 
j 80 deg. the angle FCp f defcribed in the defcent 
of the body from the upper apfis to the lower 
apfis in an orbit nearly circular which a body de~ 
fcribes with a centripetal force proportional to the 
power A* — % will be equal to an angle of 

—— deg. and this angle being repeated the body 

will return from the lower to the upper apfis, and 

fo on in infinitum. As if the centripetal force be 

9s the diftance of the body from the centre, that 

A 4 
is, as A, or — , n will be equal to 4, and <J* 

equal to 2; and therefore the angle between the 

upper and the lower apfis will be equal to -*— 

deg, or 90 deg. Therefore the body having per- 
formed a fourth part of one revolution will arrive 
at the lower apfis, and having performed another 
fourth part, will arrive at the upper apfis, and fo 
on by turns in infinitum. This appears alfo from 
prop. 10. For a body afted on by this centripe- 
tal force will revolve in an immoveable ellipfis, whofe 
centre is the centre of force. If the centripe- 
tal force is reciprocally as the diftance, that is> 

1 A* 
|Ure6My as — or — , n will be equal to 2, and 

there- 
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therefore the angle between the upper and lower 
apfis will be — cleg, or 117 deg. 16 min. 45 

fee. and therefore a body revolving with fuch a 
force, will, by a perpetual repetition of this angle, 
move alternately from the upper to the lower, and 
from the lower to the upper apfis for ever. So 
alfo if the centripetal force be reciprocally as the 
biquadrate root of the eleventh power of the al- 
titude, that is reciprocally as A — and therefore 

1 A x 

dircfily as -— or as — ~, n will be equal to 4, 

and — deg. will be equal to jtfo deg. and there- 
fore the body parting from the upper apfis, and 
from thence perpetually defcending will arrive at 
the lower apfis when it has compleated one en* 
tire revolution; and thence afcending perpetually, 
when it has compleated another entire revolution 
it will arrive again at the upper apfis; and fo alter- 
nately for ever. 

Exam. 3. Taking m and n for any indices of 
the powers of the altitude, and b and c for any 
given numbers, fuppofe the r^nrripetal force to be a s 

——that*,* L_ 

or (by the method of converging feriesabove-mention- 
ed)as ^T"» ■ tT»-^XT»-' »tXT«-' 

4- ^^XXT» - M *JL=? t X X T — » 

Z Z 

&c, and comparing the terms of the numerators, 

thcr* 
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there will arife RGG-RFF-I-TFF ro 
bT*» l cT n as— FFto -mbT m ~ l — ncT ** ' 

1im w — — Tn , _ _ ___ . _ fin— -~h __ ___ 
« WT*- 1 - cXT»^ 1 &c. 
z z 

And taking the laft ratio's that arife when the or- 
bits come to a circular form, there will come 
forth GG to ^T* 1 - l -\ cT n - 1 as FF to 
mbT m ~ l -\ ncT n ~ ', and again GG to FF 
as*T m ^ 1 -| -rT»- f tombT*—'^ »cT*-'. 
This proportion, by expreffing the greateft altitude 
CV or T arithmetically by unity, becomes, G G 
to FF as b | c to mb-\ nc> and therefore as i 

to — r-j • Whence G becomes to F, that is 

b-\-c 

the angle VCf to the angle Vc? as i to 

' And therefore fince the angle VC? 

b~\ c ° 

between the upper and the lower apfis, in an im- 
moveable ellipfis, is of 180 deg. the angle VCp 
between the fame apfides in an orbit which a bo- 
dy defcribes with a centripetal force, that is as 
bA*»-\~cA» .„ , 

— will be equal to an angle of 




180 ^ l deg. And by the fame reafbning 

if the centripetal force be as — the angle 

between the apfides will be found equal to 
y — q 

i8<V — deg. After the fame manner the 

mb — nc 

problem is folved in more difficult cafes. The 
quantity to which the centripetal force is propor- 
tional mud always be refolved into a converging 

ktks 
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feies whofe denominator is A 3 . Then the gi- 
ven part of the numerator arifing from that ope- 
ration is to be fuppofed in the fame ratio to that 
part of it which is not given, as the given part 
of this numerator RGG — RFF | TFF— FFX 
is to that part of the fame numerator which is 
not given. And taking away the fuperfluous quan- 
tities and writing unity for T, the proportion of 
G to F is obtainecL 

Cor. i. Hence uthe centripetal force be as any 
power of the altitude, that power may be found 
from the motion of the apfides; and fo contrary- 
wife. That is, if the whole angular motion, with 
which the body returns to the fame apfis, be to 
the angular motion of one revolution, or ;tfo deg. 
as any number as m to another as 0, and the altitude 
called A ; the force will be as the power 



ft n 



A 5 of the altitude A; the index of which 



m m 



nn 



power is 3. This appears by the fecond ex- 

ffffn 

imples. Hence 'tis plain that the force in its recefir 
from the centre cannot decreafe in a greater than a 
triplicate ratio of the altitude. A body revolving 
with fuch a force and parting from the apfis, if ic 
once begins to defcend can never arrive at the 
lower apfis or leaft altitude, bur will defcend to the 
centre, defcribing the curve line treated of in cor. 
}. prop. 414 But if it fhould, at its parting from 
the lower apfis begin to afcend never fo little, it 
will afcend in infinitum and never come to the up- 
per apfis; but will dtferibe the curve line fpoken 
of in the fame con and cor. 6. prop. 44. So that 
where the force in its recefs from the centre de- 

creafes 
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creates in a greater than a triplicate ratio of the 
altitude, the body at its parting from the apfis, will 
either defcend to the centre or afcend in infinitum, 
according as it defcends or afcends at the begin- 
ning of its motion* But if the force in its receft 
from the centre either decreafes in a left than a tri- 
plicate ratio of the altitude, or increafes in any ra- 
tio of the altitude whatfoever; the body will 
never defcend to the centre, but will at fome time 
arrive at the lower apfis; and on the contrary, if 
the body alternately afcending tfnd defcending from 
one apfis to another never comes to the Cehtre, 
then either the force increafes in the reeds from 
the centre, or it decreafes in a lefs than a tripli- 
cate ratio of the altitude; and the fooner the body 
returns from one apfis to another, the farther is 
the ratio of the forces from the triplicate ratio. 
As if the body fliould return to and from the 
upper apfis by an alternate defcent and afcent in 8 
revolutions, or in 4* or 2, or 1 \ ; that is if m fhould 
be to n as 8 or 4 or 2 or ij to 1, and there- 

fore ^ — 5 •* A — h or i\— 3> ot 4 — i><* 

fnfn 

f — j; then the force will be as A 6 X 4 — 5, or 
A t \ — 3 , or A I — 3 , or Af — *; that is, it will 
be reciprocally as A* — / 4 , or A 3 — t \ 9 or A 3 — £, 
or A 3 — f! If the body after each revolution «• 
turns to the fame apfis, and the apfis remains un- 
moved, then m will be to n as 1 to 1, and there- 
fore A — 3 will be equal to A"" 1 or — -; 

Mm A A 

and therefore the decreafe of the forces will be in 
a duplicate ratio of the altitude; as was demtm- 
ftrated above. If the body in three fourth parts, 

or 
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^ or two thirds, or one third, or one fourth part 
V oF an entire revolution* return to the fame apfis : 
1 9* ^Krill be to « as i or j or f or ± to 1, and 

therefore AST£"~ 5 is equal to A 9 or A 4 * 

or A 9 ~ J , or A 1 *-* 3 ; and therefore the force is 

either reciprocally as A 9 or A 4 or dire&ly, as 
A tf or A l K Laftly, if the body iq its progrefs 
from the upper apfis to the fame upper apfis again* 
feoes over one entire revolution and three deg. more, 
and therefore that apfis in each revolution of the 
body moves three deg. in confequentia; then m 
will be to h as jtfj deg. to 360 deg. or as tit 

** 
to no, and therefore A*&^~""3 will be equal to 

taiAj. 

A 14 « + J arid therefore the centripetal force will 

be reciprocally as^A 14641 or reciprocally as 

A 2 "* 3 very nearly. Therefore the centripetal 
force decreafes in a ratio fomething greater than the 
duplicate; but approaching 59 £ times nearer to 
the duplicate than the triplicate. 

Cor. 2. Hence alfo if a body, urged by a ceo* 
tripetal force which is reciprocally as the fquare of 
the altitude, revolves in an ellipsis whofe focus is 
in the centre of the forces; and a new and 
foreign force (hould be added to or fubdu&ed 
from this centripetal force; the motion of the ap- 
fides arifing from that foreign force may (by 
the third examples) be known; and fo on the con- 
trary. As if the force with which the body re- 

tolves in the ellipfis be as -—- ; and the foreign 

A A. 

O force 
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for* fuhdufted as cA, and therefore the remaining 
force as — ; then (by the third exam.) * 

will be equal to i, w equal to i, and n equal to 
4; and therefore the angle of revolution between the 

apfides is equal to \%OyJ deg. Suppofe that 

1 — 4^ 

foreign force to be j 57. 45 parts lefs than the other 

force with which the body revolves in the eUipfis; 

that is c to be 3 Jf^u A or T being equal to 1; 

and then 180/-^- will be i8o^iffJf or 
1 — 4c n,4) 

180,7523, that is, 180 deg. 45 min. 44 fee. 
Therefore the body parting from the upper apfis, 
will arrive at the lower apns with an angular mo- 
tion of 180 deg. 45 min. 44 (ec. and this an- 
gular motion being repeated will return to the up- 
per apfis; and therefore the upper apfis in each re- 
volution will go forward 1 deg. } 1 m. 28 fee. The 
aptfs of the Moon is about twice as fwift. 

So much for the motion of bodies in orbits 
whofe planes pafs through the centre of force. 
It now remains to determine thofe motions in ec- 
centrical planes. For thofe authors who treat of the 
motion of heavy bodies ufe to confider the afcent 
and defcent of fuch bodies, not only in a perpen- 
dicular direflion, but at all degrees ot obliquity upon 
any given planes; and for the fame reafon we are 
to confider in this place the motions of bodies 
tending to centres by means of any forces what- 
foever, when thofe bodies move in eccentrical planes. 
Thefe planes are fuppofed to be perfeftly fmooth 
and polifhed fo as not to retard the motion of the 
bodies in the leaft. Moreover in thefe demonftra- 

tions 
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tions inftead of the planes upon which thofc bodies 
roll or Aide, and which are therefore tangent planes 
to the bodies, I {hall ufe planes parallel to them, 
in which the centres of the bodies move, and by 
that motion defcribe orbits. And by the fame 
method I afterwards determine the motions of bodies 
performed in curve fuperficies* 



O 1 SiotioH 
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Section X. 

Of the motion of bodies in given fuper- 
ficiesy and of the reciprocal motion of 
funependulous bodies. 



Proposition XLVL Problem XXXII. 

eAny kind of centripetal force being fuf~ 
poftd, a?;d the centre of force, and a- 
ny plane whatsoever in which the bo- 
dy revolves, being given, and the qua- 
dratures of curvilinear figures leing al- 
lowed', it is required to determine the 
motion of a body going off from a 
given place, with a given velocity, in 
the dire B ion of a given right line in 
that plane. 

Let S (/>/. 18. Fig. 4.) be the cefttre of force, 
SC the leaft diftance of that centre from the given 

plane* 
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plane, P a body ifluing from the place P in the 
dire&ion of the right line />Z, £Mhe fame body 
revolving in its traje&ory, and PQR the traje&o- 
ry it fcn which is required to be found, defcribed 
in that given plane. Join <7£, QS, and if in QS 
we take SF proportional to the centripetal force 
with which the body is attra&ed towards the cen- 
tre Sj and dqw fT parallel to CQ> an4 meeting 
SC in Tx then will the force SV be refolved 
into two, (by cor. z. of the laws of motion) the 
force ST, and the force Tf*; of which £7* at- 
tracting the body in the diredion of a line per- 
pendicular to that plane, does not at all change its 
motion in that plane. But the aftion of the o- 
ther force 7TJ coinciding with the pofition of 
the plane it felf, atdafts the body dire&ly towards 
the given point C in that plane; and therefore 
caufes the bodv to move in this plane in the fame 
manner as if the force ST were taken away* and 
the body were to revolve in free fpace about the 
centre C by means of the force TV alone. But 
there being given the centripetal force TV with 
which the body Q^ revolves in free fpace about 
the given centre C, there is given (by prop. 4**) 
the traje&ory PQR which the body defcribes ; 
the place Q% in which the body will be found 
at any given time ; and laftly, the velocity of the 
(>ody in that place Q And fo i contr*. Q. E. /. 



P&Qt 
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.Proposition XLVII. Theorem XV. 

Sufflofing the centripetal force to be pro- 
portional to the diftance of the body 

- from the centre ; all bodies revolving 
in any planes whatfoever will de- 
fcribe elliffes, and compleat their re- 
volutions in equal times; and thofe 
which move in right lines, running 
backwards and forwards alternately, 
will compleat their feveral periods of 
going and returning, in the fame 
times. 



For letting all things ftand as in the foregoing 
propofition, the force SF\ with which the body 
Q^ revolving in any plane PQR is attracted to- 
wards the centre S, is as the diftance SQ; and 
therefore becaufe SV and SQ± IV and CQ^ are 
proportional, the force TV with which the body 
is attrafted towards the given point C in the 
plane of the orbit is as the diftance CQ^ There- 
fore the forces with which bodies found in .the 
plane PQR are attrafted towards the point C, are 
in proportion to the diftances equal to the forces 
with which the fame bodies are attra&ed every 
way towards the centre S; and therefore the bodies 
'will move in the &me times, and in the (ame 
figures in any plane PQJR about the point C, as 
they would do in free fpaces about the centre S; 
aqd therefore (by cor. z. prop* io. and cor. 2. 

prop. 
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prop. 58) they will in equal times either defcribe 
ellipfes in that plane about the centre C\ or move 
to and fro in right lines parting through the cen- 
tre C in that plane ; compleating the fame periods 
of time in all cafes. Q. £. D. 

Scholium. 

The afcent and defcent of bodies in curve fu- 
perficies h;s a near relation to thefe motions we 
have been fpcaking of. Imagine curve lines to 
be defcribed on any plane, and to revolve about 
any given axes palling through the centre of 
force, and by that revolution to defcribe curve fu- 
pcrficies; and that the bodies move in fuch 
fort that their centres may be always found in 
thofe fuperficies. If thofe bodies reciprocate to 
and fro with an oblique afcent and defcent; their 
motions will be performed in phnes paffing 
through the axis and therefore in the curve lines 
by whofe revolution thofe curve fuperficies were 
generated. In thofe cafes therefore it will be 
fufficient to confider the motioq iq thofe curve 
lines. 

Proposition XLVIII. Theorem XVL 

If a wheel (lands upon the out-fide of 
a globe at right angles thereto, and 
revolving alout its own axis goes for- 
ward in a great circle ; the length of 
the curvilinear fath which any pointy 
given in the perimeter of the wheel, 
O 4 hath 
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hath defcrihed fince the time that it 
touched the globe, (which curvilinear 
fath we may call the cycloid or epi- 
cycloid) will be to dcuble the verjed 
fine of half the arc which fince that 
time has touched the globe in faffing 
over it, as the fum of the diameters 
of the globe and the wheel, to the femi- 
diameter of the globe. 

Proposition XLIX. Theorem XVIL 

If a wheel (land upon the infide of a 
concave globe at right angles thereto, 
and revolving about its own axis go 
forward in one of the great circles of 
the globe, the length of the curvili- 
near path which any point, given in 
the perimeter of the wheel, hath de- 
fcribed fince it touched the gfobe, wiU 

' be to the doulle of the verftd fine of 
half the arc which in all that time 
has touched the globe in pajjing over 
it, as the difference of the diameters 
of the globe and the wheel, to the fe- 
midiameter of the globe. 

Let jiBL (PL 19. Bg. 1. 2.)betheglohjc C 
its centre, BPV the wheel infifHng thereon, E 
the centre of the wheel, B the point of contaS, 
and P the given point in the perimeter of tb£ 

wheeff 
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wheel Imagine this wheel to proceed in thf 
great circle ABL from A through B towards 
L, and in its progrefs to revolve in fuch a manner 
that the arcs AB> PB may be always equal the 
one to the other, and the given point P in the 
perimeter of the wheel may defcribe in the mean 
rime the curvilinear path A P. Let AP be the 
whole curvilinear path defcribed fince the wheel 
touched the globe in A, and the length of this 
path AP will be to twice the verfed fine of the 
arc jPB, as zCE to CB. For let the right line 
CE (produced if need be) meet the wheel in f, 
and join CP, BP, EP> FP; produce CP, and let 
fall thereon the perpendicular VF. Let PH,FH f 
meeting in //, touch the circle in P and K and 
let PH cut FF in G, and to FP let fall the per- 
pendiculars GL HK* From the centre C with any 
interval let there be defcribed the circle nom y cut- 
ting the right line CP in n, the perimeter of the 
wheel BP in 0, and the curvilinear path AP in 
m; and from the centre V with the interval Fo 
let there be defcribed a circle cutting FP produ- 
ced in a. 

' Became the wheel in its progrefs always revolves 
about thfe point of contact F, it is manifeft that 
the right line B P is perpendicular to that curve 
line^4P which the point P of the wheel defcribes, 
and therefore that the right line VP will touch 
this curve in the point P. Let the radius of the 
circle nom be gradually increafed or diminifhed fo 
that at laft it become equal to the diftance CP; 
and by reafon of the fimilitude of the evanefcent 
figure Pnamq* and' the figure PFGFh the ulti- 
mate ratio of the evanefcept lineolx Po?> Pn, Po% 
Pq, that is, the ratio of the momentary mutations 
« , • • 0$ 
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of the curve AP, the right line CP, the circular 
arc B P, and the right line AT, will be the fame as 
of the lines PV, PF, PG> PI, refpeftively. But 
fince VF is perpendicular to CF, and VHto CP\ 
and therefore the angles HVG, VCF equal; and 
the angle FHG (becaufe the angles of the quadri- 
lateral figure HVEP are right in fand F) is e- 
qnal to the angle CEP, the triangles FHG, CEP 
will be (imilaij; and thence it will come to pafs that 
as EP is to CE fo is HG to HV or HP, and 
fo JCI to KP, and by composition or divifion as 
CB to CE to is P I to PfC, and doubling the con- 
sequents as CB to 2 CE fo PI to PV, and fo is 
Pq to Pm. Therefore the decrement of the line 
VP, that is the increment of the line BV — VP 
to the increment of the curve line AP is in a 

!»iven ratio of CB to zCE, and therefore (by cor. 
em. 4.) the lengths BV—VP and AP generated 
J>y thofe increments^ are in the fame ratio. But if 
BVht radius VP is the cofine of the angle B VP 
or \BET, and therefore BV—VP is the verfed 
fine of the fame angle; and therefore in this wheel 
yrhofe radius is \ BV, BV— VP will be double 
the verfed fine of the arc \BP. Therefore AP 
is to double the verfed fine of the arc \ BP as zCE 
to CB. Q. E. D. 

The line AP in the former of thefe proportions 
\ve (hall name the cycloid without the globe, the o- 
ther in the latter propofition the cycloid within the 
globe, for diftindion fake. 

Cor. i. Hence if there be defcribed the entire 
cycloid ASL and the fame be bifedfced in S, the 
length of the part PS will be to the length PV 
(which is the double of the fine of the angle 

VBP 
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VBT* when EB is radius) as iCE to CB 9 and 
therefore in a given ratio. 

Cor. i. And the length of the femi-perimeter 
of the cycloid AS will be equal to a right line 
which is to the diameter of the wheel EPzs 
Z CE to CB. 

Proposition L. Problem XXXIIJ, 

To caufe a pendulous lody to cfiillate in 
a given cycloid. 

Let there be given within the globe QFSf 
(PL 19. Fig. $,) defcribed with the centre Q 
the cycloid QRS, bife&ed in R> and meeting the 
fuperncies of the globe with its* extreme points (J_ 
and S on either hand. Let there be drawn 
CR bifefting the arc QS in O, and let it be produ- 
ced to A in fuch fort that CA may be to CO 
as CO to CR. About the centre C, with the in- 
terval CA, let there be defcribed an exterior globe 
DAFj and within this globe; by a wheel whofc 
diameter is AO, let there be defcribed two femi-cy- 
doids AQ, AS, touching the interior globe in Q^ 
and S, and meeting the exterior globe in A. From 
that point A, with a thread APT in length equal 
to the line AR, let the body T depend, and ofcil- 
late in fuch manner between the two femi-cycloids 
AQ> AS that as often as the pendulum parts frotp 
the perpendicular A R* the upper part of the thread 
AP may be applied tq that femi-cycloid APS 
towards which the motion tends, and fold it felf 
round that curve line, as if it were fome folid ob- 

ftacle, 
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ftaclc; the remaining part of the fame thread PT 
which has not yet touched the femi-cycloid con- 
tinuing ftraight. Then will the weight T ofcil- 
late in the given cycloid QRS. Q> E. F. 

For let! the thread PT meet the cycloid ORS 
in T, and the circle QOS in F , and let CK be 
drawn; and to the redilinear part of the thread PT 
from the extreme points P and T let there be e- 
refled the perpendiculars BP, TfK meeting the 
right line CV'va B and W. It is evident from 
the conflru&ion and generation of the fimilar fi- 
gures AS, SR, that thofe perpendiculan PB>TW % 
cut off from C^the lengths VB, VW equal to the 
diameters of the wheels OA, OR. Therefore TP 
is to FP (which is double the fine of the angle FB P 
when ^^Tis radius) as BWxoBV. or AQ^-OR 
ioAO, that is (fince CA and CO, CO and CR* 
and by divifion 1^0 and OR are proportional) as 
CA+CO to CA, or, if RDx bifeded in E, as 
zCE to CB. Therefore (by cor. i. prop. 49) 
the length of the re&ilinear part of the thread PT 
is always equal to the arc or the cycloid PS, and 
the wnole thread APT is always equal to the 
half of the cycloid APS, that is (by cor. 2. prop. 
49.) to the length AR. And therefore contrary- 
wife, if the firing remain always equal to toe 
length AR the point Twill always move in the 
given cyeloid QRS. Q. E. D. 

Ccr. The ftring AR is equal to the femi-cy- 
cloid AS, and therefore has the fame ratio to AC 
the femi- diameter of the exterior globe as the like 
ftmi-cycloid SR has to CO the femi-diameter of 
the interior globe. 

P,KQ- 
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Proposition LI. Theorem XVIII. 

If a centripetal force tending on all fides 
to the centre C of a globe (PL 19. 
Fig. 4.) be in all places as the dis- 
tance of the place from the centre, 
and by this force alone afiing upon it, 
the body T ofcillate {in the manner 
alove defcriled) in the perimeter of 
the cycloid QRS; I fay, that all the 
of dilations how unequal foever in them- 
felves will be performed in equal 
times. 



For upon the tangent TW infinitely produced 
let fall the perpendicular CX and join CT. Becaufe 
the centripetal force with which the body 7* is im- 
pelled towards C is as the diftance CT, let this 
(by cor. x. of the laws) be refolved into the parts 
CX, TX of which CX impelling the body dircd- 
ly from P ftrctches the thread PT, and by the 
refiftance the thread makes to it is totally employ- 
ed* producing no other efFed; but the other part 
TX, impelling the body tranfverfely or towards X, di- 
redly accelerates the motion in the cycloid. 
Then it is plain that the acceleration of the body, 
proportional to this accelerating force, will be every 
moment as the length TX, that is, (becaufe CV\ 
Wf, and TX, TW proportional to them are given) 
as the length TW, that i$ (by cor. 1. prop. 49.) 
as the length of the arc of the cycloid TR. If 

there- 
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therefore two pendulums AVT % Apt be unequal- 
ly drawn afide from the perpendicular AR, and 
let fall together, their accelerations will be always 
as the arcs to be defcribed TR, tR. But the parts 
defcribed at the beginning of the motion are as the 
accelerations, that is, as the wholes that are to be i 
defcribed at the beginning, and therefore the parts ^ 
which remain to be defcribed and the fubfequenc » 
accelerations proportional to thofc parts, are alfo as 
die wholes, and fo on. Therefore the accelerations, 
and confequently the velocities generated, and the 
parts defcribed with thofe velocities, and the parts 
to be defcribed, are always as the wholes; and 
therefore the parts to be defcribed preferving a gi- 
ven ratio to each other will vanifli together, that 
is, the two bodies ofcillating will arrive together 
at the perpendicular AR. And fince on the other 
hand the afcent of the pendulums from the low- 
eft place R through the fame cydoidal arcs with 
a retrograde motion, is retarded in the feveral places 
they pafs through by the fame forces by which 
their defcent was accelerated, 'tis plain that the ve- 
locities of their afcent and defcent through the fame 
arcs are equal, and confequently performed in equal 
times; and therefore fince the two parts of the cy- 
cloid R S and R flying on either fide of the per- 
pendicular are fimilar and equal, the two pendulums 
will perform as we}l the wholes as the halves of their 
ofcillations in the fame times. £. E. D. 

Cor. The force with which the body T is ac- 
celerated or retarded in any place 7*of the cycloid, 
is to the whole weight of the, fame body in the 
hjgheft place S or Q, as the arc of the cycloid TR 

isyto the arc J£ otQR. 

Pro- 
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Proposition LII. Problem XXXIV. 

To define the velocities of the pendu- 
lums in the feveral places^ and the 
times in which loth the entire ofcil- 
lations, and the feveral farts of them 
are performed. 



About any centre G (PL 20. Fig. 1.) with the 
interval GH equal to the arc of the cycloid RS, 
defcribc a femi-circle HKM bife&ed by the fcmi- 
diameter GK. And if a centripetal force proporti- 
onal to the diftance of the places from the centre 
tend to the centre G> and it be in the perimeter 
HIK equal to the centripetal force in the perimeter 
of the globe QOS tending towards- its centre, and 
at the fame time that the pendulum T is let fall 
from the higheft place S 9 a body as £ is let fall 
from H to G; then becaufe the forces which aft 
upon the bodies are equal at the beginning, and al- 
ways proportional to the fpaces to be defcribed TR, 
LG, and therefore if TR and LG are equal, are 
alfo equal in the places T and L, it is plain that 
thofe bodies defcribe at the beginning equal fpaces 
ST y HLy and therefore are ftill afied upon 
equally, and continue to defcribe equal fpaces. 
Therefore by prop. 58. the time in which the bo- 
dy defcribes the arc ST is to the time of one 
ofcillation, as the arc HI the time in which the 

body 
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body //arrives ar L, to the femi-periphery HKM, 
the time in which the body H will come to M. 
And the velocity of the pendulous body in the 
place T is to its velocity in the loweft place R 9 
that is, the velocity of the body H in the place 
L to its velocity in the place G, or the momen- 
tary increment of the line HL to the momenta- 
ry increment of the line HG, (the arcs HI y HK 
increasing with an equable flux ) as the o rdinate 
LI to the radius GK, or as ^/SK*— TR l to SR. 
Hence fince in unequal ofcillations there are defcribed 
in equal times arcs proportional to the entire arcs of 
the ofcillations; there are obtained from the times 
given, both the velocities and the arcs . defcribecj 
in all the ofcillations univerfally. Which was firft 
required. 

Let now any pendulous bodies ofcitlate in dif- 
ferent cycloids defcribed within different globes, 
whofe abfolqte forces are alfo different; and if the 
abfolute force of any globe QOS be called V, 
the accelerative force with which the pendulum is 
a&ed on in the circumference of this globe, when 
it begins to move dire&ly towards its centre, will 
be as the diftance of the pendulous body from 
that centre and the abfolute force of the globe 
conjun&ly, that is, as COxV. Therefore the 
Kneola H T which is as this accelerative force COxV 
will be defcribed in a given time; and if there 
be ere&ed the perpendicular TZ meeting the cir- 
cumference in Z, the nafcent arc HZ will denote 
that given time. But that nafcent arc HZ is m 
the fubduplic atc ratio of t he redangle GHT, and 
therefore as </GHxCQx\. Whence the time of 
an entire ofcillation in the cycloid QJLS (it being 
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as the femi-periphery HKM which denotes that 
entire ofcillation, dire&ly ; and as the arc HZ which 
in like manner denotes a giv en time inve rfely) will 
be as CH diredly and JGHkCOkV inverfely, 

SR 
that is, becaufe GH and SR are equal, as V ^ n rt% 

or (by cor. prop. 50.) as v *- » Therefore 

theofcillationsinall globes and cycloids, performed 
with what abfoluce forces foever, are in a ratio 
compounded of the fubduplicate ratio of the length 
of tne firing dire&ly, and the fubduplicate ratio 
of the difhnce between the point of fufpenfion and 
the centre of the globe inverfely, and the fubduplicate 
ratio of the abfolute force of the globe inverfely alfo. 
Q. E. I. 

Cor. 1. Hence alfo the times of ofcillating, fal- 
ling, and revolving bodies may be compared among 
themfelves. For if the diameter of the wheel with 
which the cycloid is defcribed within the globe is 
fuppofed equal to the femi-diameter of the globe, the 
cycloid will become a right line palling through the 
centre of the globe, and the ofcillation will be changed 
into a defcent and (ubfequent afcent in that right 
line. Whence there is given both the time of the 
defcent from any place to the centre, and the time 
equal to it in which the body revolving uniform- 
ly about the centre of the globe at any difhnce 
defcribes an arc of a quadrant. For this time (by 
cafe 2.) is to the time of half the ofcillation in any 

AR 
cycloid QJRS as 1 to </ — - • 

Cor. 2. Hence alfo follow what Sir Chri/itpber 
Whn and M. Htjgern have difcovered concerning 

P -the 
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the vulgar c> cloid. For if the diameter of the globe 
be infinitely increafed, its fphaerical fuperficies will 
be changed into a plane, and the centripetal 
force will a& uniformly in the diredioo of lines 
perpendicular to that plane, and this cycloid of oars 
wiH become the fame with the common cycloid. 
But in that cafe the length of the arc of the cy- 
cloid between that plane and the defcribing poiot, 
will become equal to four times the verfed fine of 
half the arc of the wheel between the lame plane 
and the defcribing point as was difcovered by Sir 
Chrijtopher Wren. And a pendulum between two 
fuch cycloids will ofcillate in a fimilar and equal 
cycloid in equal times as M. Httjgens demonftra- 
ted. The defcent of heavy bodies alio in the time 
of one ofcillation will be the feme as M. H*jgcm 
exhibited. 

The propofitions here demonftrated are adapted to 
the true conftitution of the Earth, in fo far as wheels 
moving in any of its great circles will defcribe by 
the motions ot nails fixed in their perimeters, cycloids 
without the globe; and pendulums in mines and 
deep caverns of the Earth muft ofcillate in cycloids 
within the globe, that thofe ofcilhtions may be per- 
formed in equal times. For gravity (as will be (hewtt 
in the third book) decreafes in its progrefi from the 
fuperficies of the Earth ; upwards in a duplicate ratio 
ot the diftances from the centre of the earth; down- 
wards in a fimplc ratio of the fame. 
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Proposition LIII. Problem XXXV. 

Granting the quadratures of curvili- 
near figure s^ it is required to find 
the forces with which bodies moving 
in given curve, lines may always f>cr* 
form their of dilations in equal times. 

Let the body T {PL id. Tig. i.) ofeffltte in 
any curve line STR Q> whofe axis is A R pafling 
through the centre of force C. Draw TX touch- 
ing that curve in any place of the body T y and 
in that tangent TX take 7T equal to the arc TR. 
The length of that arc is known from the com* 
mon methods ufed for the quadratures of figures. 
From the point T draw the right line TZ perpen- 
dicular to the tangent. Draw CT meeting that 
perpendicular in 2T, and the centripetal force 
will be proportional to the right line TZ. 
£. E. /. 

For if the force with which the body is it- 
traced from T towards C be exprefled by the right 
line TZ taken proportional to it, that force will be 
tefolved into two forces TT, TZ 9 of which TZ 
drawing the body in the dire&ion of the length of 
the thread PT, does not at all change its motion; 
whereas the other force TT direftly accelerates or 
retards its motion in the curve STR(K Where- 
fore fince that force is as the fpace to be defcribed 
TR f the accelerations or retardations of the body in 
defcribin* two proportional parts (a greater and a 
P x lefi) 
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lefs) of two ofcillations, will be always as thofe parrs, 
and therefore will caufe thofe parrs to be defcribed 
together. But bodies which continually defcribe to- 
gether parts proportional to the wholes, will defcribe 
the wholes together alfo. £?. £. D. 

Cor. i. Hence if the body T(Pl. 20. Fig. 3O 
hanging by a redilinear thread A T from the cen- 
tre A, defcribe the circular arc STRQ, and in the 
mean time be adedon by any force tending down- 
wards with parallel dire&ions, which is to the uni- 
form force of gravity as the arc TR to its fine TN» 
the times of the feveral ofcillations will be equal. 
For becaufe TZ> AR are parallel the triangles 
ATN, ZTT are fimilar; and therefore TZ will 
be to AT as 7T to TN\ that is, if the uniform 
force of gravity be expreflgd by the given length 
AT the force TZ by which the ofcillations be- 
come ifochronpus, will be to the force of gravity 
AT> as the arc TR equal to TT is to TN the fine of 
that arc. 

Cor. 2. And therefore in clocks, if forces were 
imprefled by fome machine upon the pendulum 
which preferves the motion, and fo compounded 
with the force of gravity, that the whole force 
tending downwards fhould be always as a line pro- 
duced by applying the redangle under the arc TR 
and the radius AR to the fine TN> all the ofcillati- 
ons will become ifochronous. 



Pro- 
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Proposition LJV. Problem XXXVI. 

Granting the quadratures of curvilinear 
figures, it is required to find the times, 
iar which 1 dies by means of any 
centripetal force will defcend or aj- 
cend in any curve lines defcriled in 
a plane pajjing through the centre of 
force. 



Let the body defcend from any place S (PL 
to. Fig. 4.) and move in any curve STtR given in 
a plane paffing through the centre of force C. 
Join CS, and let it be divided into innumerable 
equal parts, and let Dd be one of thofe parts. 
"From the centre C% with the intervals CD, Cd y 
let the circles DT> dt be defcribed, meeting the 
curve line STtR in T and t. And becaufe the law 
of centripetal force is given, and alfo the altitude CS 
fiom wnich the body at firft fell ; there will be 
given the velocity of the body in any other alti- 
tude CT (by prop. 39.) But the time in which 
the body defcribes the lineola Tt is as the length 
of that lineola, that is, as the fecant of the angle 
tTC direftly, and the velocity inverfely. Let tne 
ordinate DN> proportional to this time, be made 
perpendicular to the right line CS at the point D, 
and becaufe Dd is given, the reftangle DdxDN 
that is, the area DNnd, will be proportional to the 
fane time. Therefore if PNn be a curve line in 
which the point N is perpetually foypd, *nd its 
P 3 afymptote 
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afymptote be the right line SQ^ (landing upon the 
line CS at right angles, the area SQPJV'D will be 
proportional to the time in which the body in its 
defcent hath defcribed the line ST; and there- 
fore that area being found the time is alfo given. 
Q. E. I. 

Proposition LV. Theorem XIX. 

If a body move in any curve fuperficies 
whofe axis pajjes through the centre 
of force y and from the lody a per- 
pendicular be let fall upon the axis ; 
and a line parallel and equal there- 
to be drawn from any given point of 
the axis ; / fay, that this parallel line 
will defcribe an area proportional to 
the time. 

Let BKL (PI. to. Fig. 5.) be a curve fa- 
perficies, T a body revolving in it, StR a tra- 
jectory which the body defcribes in the fame, S 
the beginning of the traje&ory, OMK the axis 
of the curve fuperficies, TN a right line let fall 
perpendicularly firom the body to the axis; OP 
a line parallel and equal thereto drawn from the 
given point O in the axis; AP the orthographic 
projection of the trajectory defcribed by the point 
P in the plane AOP in which the revolving 
line OP is found; A the beginning of that pro- 
jection anfwering to the point S; TC a right line 
drawn from the body to the centre; TG a part 

thereof 
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thereof proportional to the centripetal force with 
which the body tends towards the centre C; TM 
a right line perpendicular to the curve fuperficies; 
77 a pan thereof proportional to the force of 
preflure with which the body urges the fuperficies, 
and therefore with which it is again repelled by 
the fuperficies towards M; TTF a right line 
parallel to the axis and pafling through the body, 
and GF, Iff right lines let fall perpendicularly 
from the points G and / upon that parallel 
PHTF. I fay now that the area AOP f de- 
scribed by the radius OP from the beginning of 
the motion* is proportional to the time. For the 
force TG (by cor. 2. of the laws of motion) is 
rcfolved into the forces 7T, FG ; and the force 
77 into the forces TH> HI; but the forces TF, 
Til, afting in the direction of the line PF per- 
pendicular to the plane AOP, introduce no change 
in the motion of the body but in a direftion 
perpendicular to that plane. Therefore its motion 
fo far as it has the fame direction with the po- 
sition of the plane, that is, the motion of the 
point P f by which the proje&ion AP of the 
trajedorv is defcribed in that plane, is the fame as 
if the forces TF 9 TH were taken away, and the 
body were afted on by the forces FG, HI a- 
lone; that is, the fame as if the body were to 
defcribe in the plane AOP the curve AP by 
means of a centripetal force tending to the centre 
0, and equal to the fum of the forces FG and 
HI. But with fuch a force as that (by prop. 1.) 
the area AOP will be defcribed proportional to the 
time. Q. E. D. 

Cor. By the fame reafoning if a body, afted 
on by forces tending to two or more centres in 

P 4 any 
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any the fame right line CO, fhould defcribe in * 
free foace any curve line ST; the area AOP 
would be always proportional to the time. 

Proposition LVI. Problem XXXVIL 

Granting the quadratures of curvilinear 
figures and fuffofing that there are 
given loth the law of centripetal force 
tending to a given centre, and the 
curve fuperficies whofe axis faffes 
through that centre; it is required to 
find the trajectory which a body will 
defcribe in that fuperficies , when going 
off from a given flace with a given 
velocity, and in a given direction in 
that fuperficies. 

The laft conftru&ion remaining, let the body 
T go from the given place S (PL 20. Eg. 6.) in 
the dirc&ioji of a line given by pofition, and turn 
into the traje&ory fought STR whofe orthographic 
proje&ion in the plane BLO is A P. And from 
the given velocity of the body in the altitude 
SC, its velocity in any other altitude TC will be alfo 
given. . With that velocity in a given moment 
of time let the body defcribe the particle 77 of 
its trajectory, and let Pp be the proje&ion of that 
particle defcribed in the plane A OP. Join O/, 
and a little circle being defcribed uoon the curve 
fuperficies about the centre T with the interval 77, 
let the proje&ion of that little circle in the plane 

AOP 
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jiOP be the ellipfis pQ. And becaufe the magni- 
tude of that little circle 77, and TN oxPO its di- 
ftance from the axis CO is alfo given, the ellipfis /> j£ 
will be given both in kind and magnitude, as alfo 
its pofition to the right line PO. And fincethe 
area P Op is proportional to the time, and therefore 
given becaufe the time is given the angle POp will, 
be given. And thence will be given P the common 
interfedion of the ellipfis and tne right line Op> to- 
gether with the angle OPp in which the proje&on 
APp of the traje&ory cuts the line OP. But from 
thence (by conferring prop. 41. with its 2d cor.) 
the manner of determining the curve APp eafily 
appears. Then from the feveral points P of that pro- 
je&ion ere&ing to the plane AOP the perpendiculars 
?T meeting the curve fuperficics in 7*, there will be 
given the feveral points 7*of the trajectory. Q. £. /. 
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Section XL 

Of the mot ions of Iodic s tending to 
each other with centripetal forces. 

I have hitherto been treating of the attractions 
pf bodies toward? ap immoveable centre; tho' yery 
probably there is po fuch thing exiftent in pature. 
For attractions are made towards bodies ; and the acti- 
ons of the bodies attracted and attracting, are al- 
ways reciprocal and equal by law 3. fo thy if there 
are two bodies, neither the attracted nor the at- 
tracting body is truly at rfft, but both (by cor. 
4. of the laws of motion) being as it were mutu- 
ally attracted, revolve about a common centre of 
gravity. And if there be more bodies, which are 
cither attracted by one (ingle one which is attra- 
cted by them again, or which, all of them, attraCfc 
each other mutually; thefe bodies will be fo moved 
among themfelves, as that their common centre of 
gravity will either be at reft, or move uniformly 
forward in a right line. I (hall therefore at pre- 
(ent go on to treat of the motion of bodies mu- 
tually attracting each 'other; confidering the cen- 
tripetal forces as attractions ; though perhaps in a 
phyfical ftri&nefi they may more truly be oiled 
• impulfes. 
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iinpulfes. But thcfc proportions are to be con* 
fidercd as purely mathematical; and therefore laying 
afide all phyfical confiderations, I make ufe of a 
familiar way of fpeafcing, to make my felf the 
more eafily underftood by a mathematical reader.' 

Proposition LVII. Theorem XX. 

Two ladies attraBing each other mu- 
tually^ defcribe fimilar figures about 
their common centre of gravity, and 
about each other mutually. 

For the diftances of the bodies from their com- 
jnon centre of gravity are reciprocally as the bo^ 
dies; and therefore in a given ratio to each other; 
and thence by corapofition of ratio's, in a given 
ratio to the whole diftance between the bodies. 
Now thefe diftances revolve about their common 
term with an equable angular motion, becaufe ly- 
ing in the feme right line they never change their 
inclination to each other mutually. But right lines 
that are in a given ratio to each other, and revolve 
about their terms with an equal angular motion, de- 
fcribe upon planes, which either reft with thofe 
terms, or move with any motion not angular, fi* 
gures entirely fimilar round thofe terms. Therefore the 
figures defcribed by the revolution of thefe diftances 
are fimilar. Q. £• D. 
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Proposition LVIII. Theorem XXI. 

If two hodies attraB each other mutu- 
ally with forces of any kind, and in 
the mean time revolve alout the com- 
mon centre of gravity ; J fay that by 
the fame forces there may he de- 
fcribed round either body unmoved^ a 
figure ftmilar and equal to the figures 
which the kodies fo moving defcribe 
round each other mutually. 

Let the bodies S and P (PL 20. Kg. 7.) re- 
volve about their common centre of gravity C 
proceeding from S to T, and from P to Q* 
From the given point ;, let tkere be continually- 
drawn sp 9 sq % equal and parallel to $P, TQ* and 
the curve pqv> which the point p defcribes in its 
revolution round the immoveable point s f will be 
fimilar and equal to the curves, which the bodies 
S and P defcribe about each other mutually; and 
therefore by theor. 20. fimilar to the curves ST 
and PQV which the fame bodies defcribe about 
their common centre of gravity C; and that be- 
caufe the proportions of the lines SC* CP 9 and SP 
or spy to each other, are given. 

Case i. The common centre of gravity C (by 
cor. 4. of the laws of motion) is either' at reft, or 
moves uniformly in a right line. Let us firft 
fuppofe it at reft, and in 1 and p let there be 
placed two bodies, one immoveable in 1, the other 

move* 
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moveable in p, fimilar and equal to the bodies S 
and P. Then let the right lines PR and /r touch 
the curves PQ and pq in P and />, and produce 
C£? and sq xo R and r. And becaufe the figures 
CPRQy sprq are fimilar, RQ will be to rq as 
CP to sp, and therefore in a given ratio. Hence 
if the force with which the body P is attraded to- 
wards the body S, and by confequence towards 
the intermediate point the centre C, were to the 
force with which the body p is attrafied towards 
the centre h in the fame given ratio; thefe forces 
would in equal times attraft the bodies from the 
tangents PR, pr to the arcs P££» pq y through 
the intervals proportional to them RQj rq; and 
therefore this laft force (tending to s) would make 
the body p revolve in the curve pqv, which would 
become fimilar to the curve Pi^T, in which the 
fir ft force obliges the body P to revolve; and 
their revolutions would be compleated in the famer 
times. But becaufe thofe forces are not to each 
other in the ratio of CP to sp> but (by reafon of 
the fimilarity and equality of the bodies S and /, 
P and pi and the equality of the diftances SP, sp) 
mutually equal; the bodies in equal times will be 
equally drawn from the tangents; and therefore 
that the body p may be attracted through the 
greater interval rq, there is required a greater time, 
which will be in the fubduplicate ratio of the in- 
tervals; becaufe by lemma 10. the fpaces defcribed 
at the very beginning of the motion are in a du- 
plicate ratio of the times. Suppofe then the velo- 
city of the body p to be to the velocity of the 
body P in a fubduplicate ratio of the diftance sp 
to the diftance CP, (o that the arcs pq, PQ 
which are in a fimple proportion to each other, 

may 
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toay be defcribed in times that are in a fiibdupli- 
cate ratio of the diftances; and the bodies P % p, 
always attrafied by equal forces will defcribe round 
the quiefcent centres C and * fimilar figures PQf^ 
pqv, the latter of which pqv is fimilar and equal 
to the figure which the body P defcribes round 
the moveable body A, Q. E* D. 

Case t. Suppofe now that the common cefctre 
of gravity together with the fpace in which the 
bodies are moved among themfelves, proceeds uni- 
formly in a right line; and (by cor. 6. of the laws 
of motion) all the motions in this fpace will be 
performed in the fame manner as before; and there- 
fore the bodies will defcribe mutually about each 
other the feme figures as before, which will be there- 
fore fimilar and equal to the figure pq v. Q. E. D. 

Cor. i. Hence two bodies attracting each other 
with forces proportional to their diftance, defcribe 
(by prop. io.JI both round their common centre 
of gravity 9 and round each other mutually, con- 
centrical elltpfes; and vice versa if fuch figures are 
defcribed, the forces are proportional to the di- 
ftances. 

Cor. 1. And two bodies, whofe forces are re- 
ciprocally proportional to the fquare of their di- 
ftance* defcribe, (by prop, ii, it, i j.Jf both round 
their common centre of gravity and roufid each o- 
ther mutually, conic fedions having their focus in 
the centre about which the figures are defenbed.- 
And Qke versa, if fuch figures are defcribed, the 
centripetal forces are reciprocally proportional to the 
fquares of the diftance. * 

Cor. }♦ Any two bodies revolving round their cocn- 
f&on centre of gravity, defcribe areas proportional to 

the 
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the time, by ttdij drawn both to that centre and to 
other mutually* 

Proposition LIX. Theorem XXII* 

The fer iodic time of two bodies S and 
P revolving round their common cen+ 
tre of gravity C, is to the periodic 
time of one of the bodies P revolving 
round the other S remaining unmoved, 
and defcribing a figure fimilar and 
equal to thofe which the bodies de- 
fcribe about each other mutually, in 
a fubduplicate ratio of the other bddy 
S to the fum of the bodies S+R 

for by the demonftration of the laft propo* 
fition, the tiroes in which any fimilar arcs P^ 
and vq are defcribed, are in a fubduplicate ratio 
of the diftances CP and SP or sf> that is in a 
fubduplicate ratio of the body S to the fum of 
the bodies S *\-P. And by compofition of ratio's, 
the fums of the times in which all the fimihr 
trcs PQ^ and pq are dcfcribed, that is, the whole 
rimes in which the whole fimihr figures are de- 
fcribed, are in the fchc fubdupMate ratio. Qz&Dt 
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Proposition LX. Theorem XXIII. 

If tzvo bodies S and P, attracting each 
other with forces reciprocally propor- 
tional to the fquares of their di fiance, 
revolve about their common centre of 
gravity ; / fay that the principal axis 
of the ellipfis which either of the 
bodies as P defcribes by this mo- 
tion about the other S, will be to 
the principal axis of the ellipfis, which 
the fame body P may defcrile in the 
fame periodical time about the other 
body S quiefcent, as the fum of the 
two bodies S+P to the frft of two 
mean proportionals between that fum 
and the other body S. 

For if the ellipfes defcribed were equal to each 
other, their periodic times by the latft theorem 
•would be in a fubduplicate ratio of the body S 
to the fum of the bodies S-\-P. Let the periodic 
time in the latter ellipfis be dimini(hed in that 
ratio, and the periodic times will become equal; 
but by prop. 15. the principal axis of the ellipfis, 
will be diminiihed in a ratio felquiplicate to the 
former ratio; that is in a ratio, to which the ratio 
of S to S-\-P is triplicate; and therefore that axis 
will be to the principal axis of the other ellipfis, 
as the firft of two mean proportionals between 
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S-\~P and S to S-±*P. And invcrfdy the prin- 
cipal axis of the ellipus dcfcribed about the move* 
able body, will be to the principal axis of that de- 
fcribed round the immoveable* as S-\- P to the firfl 
of two mean proportionals between S-\-P and S. 
<£. E. D. 

Proposition LXI. Theorem XXIV* 

If two bodies attracting each othet 
with any kind of forces, and not 0- 
therwife agitated or olfiruHed, are 
moved in any manner whatfoever\ 
thofe motions will be the fame, as 
if they did not at all attract each 
other mutually , but were loth at- 
tracted with the fame forces by a 
third body placed in their common 
centre of gravity ; and the law of 
the attracting forces will be the 
fame in refpeti of the diftanct of 
the bodies from the common centre^ as 
in refpeft of the di/tance between the 
fMo todies* 



For thofe forces with which the bodies attra* 
each other mutually, by tending to the bodies tend 
al/b to the common centre of gravity lying di- 
re&ly between them; and therefore are the fame 
as if they proceeded from an intermediate body* 
£. E.D. 

Q. And 
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And becaufe there is given the ratio of the dl* 
ftance of either body from that common centre to 
the diftance between the two bodies, there is gi- 
ven of courfe the ratio of any power of one oi* 
ftance to the fame power of the other diftance* 
and alfo the ratio ot any quantity derived in any 
manner from one of the di fiances compounded any 
how with given quantities, to another quantity, de- 
rived in like manner from the other diftance, and 
as many given quantities having that given ratio 
of the diftances to the firft. Therefore if the 
force with which one body is attraded by ano- 
ther be dire&ly or inverfely as the diftance of the 
bodies from each other, or as any power of that 
diftance; or laftjy as any quantity derived after a- 
ny manner from that diftance compounded with 
given quantities; then will the fame force with 
which the fame body is attraded to the common 
centre of gravity, be in like manner diredly or 
inverfely as the diftance of the attraded body from 
the common centre, or as any power of that di- 
ftance, or laftly as a quantity derived in like fort 
from that diftance compounded with analogous 
given quantities. That is, the law of atrra&ing 
force will be the fame with refped to both di- 
ftances. £• E. D* 
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Proposition LXII. Problem XXXVIII. 

To determine tht motions of two 1 dies 
which attraH each other with forces 
fecifrocaUy proportional to the Jquares 
of the di fiance between them y and are 
let fill from given places. 

The bodies, by xht laft theorem, will be moved 
in the fame maimer as if they were attracted by 
a third placed in the common centre of their 
gravity; and by the hypothefis that centre will 
be quiefcent at the beginning of their motion, 
and therefore (by cor. 4. of the laws of motion) 
will be always quiefcent. The taotions of the 
bodies are therefore to be determined (by prob* 
25.) in the fame rtwrther as if they were im- 
pelled by forces tending to that centre; and then 
toe (hall have the motions of the bodies attra&ing 
each other mutually. Q. E. I. 

Proposition LXIII. Problem XXXIX. 

To determine the motions of two bodies 
attracting each other with forces recu 
frocally proportional to the fjuares of 
their difiance i and going off from given 
f laces in given direBitins^ with given 
velocities. 

The motions of the bodies at the beginning be- 

itg given, there is given alfo the uniform motion 

Q ar of 
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of the common centre of gravity, and the moti- 
on of the fpace which moves along with this 
centre uniformly in a right line, and alfo the very 
firft, or beginning motions of the bodies in re- 
fpeft of this fpace. Then (by cor. 5. of the 
laws, and the laft theorem) the fubfequent motions 
will be performed in the fame manner in that fpoce, 
as if that fpace together with the common centre 
of gravity were at reft, and as if the bodies did 
not attrad each other* but were attraded by 1 
xhird body placed in that centre. The motion 
therefore in this moveable fpace of each body go- 
ing off from a given place, in a given diredioo, 
with a given velocity, and a&ed upon by a cen- 
tripetal force tending to that centre, is to be de- 
termined by prob. 9. and itf. and at the lame 
time will be obtained the motion of the other 
round the fame centre. With this motion com- 
pound the uniform progreffive motion of the en- 
tire fyftem of the fpace and the bodies revolving 
in it, and there will be obtained the abfolute 
motion of the bodies in immoveable (pace. Q. £. •/. 

Proposition LXIV. Problem XL. 

Suffofing forces with which lodies mu- 
tually attratt each other to increafe in 
a fimple ratio of their diflances from 
the centres ; it is required to find the 
motions of fever al bodies among them- 
felves. 

Suppofe the two firft bodies T and L (PL xu 
££. x.) to have their common centre of gravity 

in 
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in J5. Thefe by cor, ?. thcor. at. will defcribe 
ellipfes having their centres in D> the magnitudes 
of which ellipfes are known by prob. j. 

Let now a third body S attraft thp two for* 
nier T and L with the accclerative forces ST, SL» 
and Ice it be attraded again by them. The force 
ST (by cor. a. of the laws of motion) is refolved 
into the forces SDj DT; and the force SL into 
the forces SD and D L. Now the forces D T, DL% 
which are as their Aim TL, and therefore as the 
accekrative forces With which the bodies T and 
L attraft each other mutually, added to the forces 
of the bodies T and Z* the firft to the firft, and 
the bft to the laft, compofe forces proportional to 
the diflanccs DT and DL as before, but only 
greater than thofe former forces ; and therefore (by 
cor. i. prop. io. and cor. 1. and 8. prop. 4.) 
they will caufe thofe bodies to defcribe ellipfes as 
before, but with a fwifter motion. The remaining 
accclerative forces SD and SD, by the motive 
forces, SDxf znd SDxL which are as the^bo- 
dies, attracting thofe bodies equally, and in the 
dire$ion of the lines 77, LK parallel to DS, do 
not at all change their fituations with refpeft to 
one another, but caufe them equally to approach to 
the line IK; •which muft be imagined drawn 
through the middle of the body 5, and perpendi- 
cular to the line DS. But that approach to the 
line IK will be hindered by caufing the fyftem 
of the bodies T and L on one fide, and the body 
S on the other with proper velocities to revolve 
round the common centre of gravity C. With 
fuch a motion the body S y becaufe the fum of 
Ae ' jnotive forces SD x T and SD x L is proporti- 
onal to the diftance CS, tends to the centre C* 
* Q,j "' wijl 
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will defcribe an ellipfis round the fame centre C; 
and the point D, becaufe the lines CS and CD arc 
proportional, will defcribe a like ellipfis over-againft 
it. But the bodies T and L, attra&ed by the 
motive forces SDxT and SDxL* thcfirft by the 
firft, and the laft by the laft, equally and in the di- 
rection of the parallel lines TI and LK as was 
(aid before, will (by cor. 5. and 6. of the laws 
of motion) continue to defcribe their ellipfes round 
the moveable centre D as before. Q. E. /. 

Let there be added a fourth body V% and by 
the like reafoning it will be demonftrated that this 
body and the point C will defcribe ellipfes about 
the common centre of gravity B; the motions of 
the bodies T, L? and S round the centres D and 
C remaining the (aipe as before j but accelerated. 
And by the fame method ope may add yet more 
bodies at pleafure. Q^ E. /. 

This would be the cafe, though the bodies T 
and L attrad each other mutually with accdera- 
tive forces either greater or lefs than thofe with 
which they attraft the other bodies in proportion 
to their diftance. Let all the mutual accelerative 
attraction* be to each other as the diftances multiplye4 
into the attra&ing bodies; and from what has gone 
before it will eafily be 'concluded tfcat all the bodies 
wiQ defcribe different ellipfes with equal periodical 
times about their common centre of gravity B, in 
an immoveable plane. Q^ E. I. 
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Proposition LXV. Theorem XXV. 

^Bodies, whofe forces decreafe in a du- 
plicate ratio of their dtjlances from 
their centres, may move among them- 
ftlves in ellipfes ; and by radij drawn 
to the foci may defcrile area's propor- 
tional to the times very nearly. 



In the lad propofition we demonftrated chat 
cafe in which the motions will be performed ex- 
actly in ellipfes. The more difhrrt the law of the 
forces is from the law in that cafe, the more will 
the bodies difturb each others motions; neither is 
it polTible that bodies attracting each other mutu- 
ally according to the law fuppofed in this propo- 
fition fhould move exaftly in ellipfes unkfs by 
leeping a certain proportion of diftances from eacn 
other. However in the following cafes the orbits 
will not much differ from ellipfes. 

Case i. Imagine feveral lefler bodies to revolve 
about fome very great one at different diftances 
from it, and fuppofe abfolute forces tending to eve- 
ry one of the bodies, proportional to each. And 
becaufe (by cor. 4. of the laws) the common cen- 
tre of gravity of them all is either at reft or 
moves uniformly forward in a right line, fuppofe 
the lefler bodies fo (hxall that the great bocty may 
be never at a fenfible diftance from that centre; 
a$d theq the great body will, without any fenfible 
Q 4 error 
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error, be either at reft or move uniformly forward 
in % right line; and the lefler will revolve about 
that great one in ellipfes, and by radij drawn there- 
to will defcribe areas proportional to the times; if 
we except the errors that may be introduced by the 
receding of the great body from the common 
centre of gravity, or by the mutual a&ons of the 
lefler bodies upon each other. But the lefler bo- 
dies may be to far diminiftied, as that this re* 
cefs and the mutual aCtions of the bodies on 
each other may become lefs than any affienabte* 
and therefore fo as that the orbits may become 
ellipfes, and the areas anfwer to the times* without 
any error that is not lefs than any affignable. 
Q. E. O. 

Case 2. Let us imagine a fyftejn of lefler bo- 
dies revolving about a very great one in the man* 
per juft defcribed, or any other fyftem of two 
bodies revolving about each other to be moving 
uniformly forward in a right line, and in the mean 
time to be impelled fide-ways by the force of, a- 
nother Vaftly greater body fituate at a great diftance. 
And becaufe the equal accelerative forces with which 
the bodies are impelled in parallel directions do not 
change the (ituation of the bodies with refped to 
each other, but only oblige the whole fyftem to 
change its place while the parts ftill retain their 
motions among themfelves; it is manifcft, that no 
change in thofe motions of the attracted bodies can 
arife from their attractions towards the greater, un- 
lets by the inequality of the accelerative attractions, 
or by the inclinations of the lines towards each o- 
ther, in whofe directions the attractions are made. 
Suppofe therefore all the accelerative attractions 
made towards the great body to be among them- 
felves 
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fetves as the fquares of the diftances reciprocally; 
and then, by increafing the diftance of the great 
body till the differences of the right lines drawn from 
that to the others in refpefi of their length, and the in- 
clinations of thofe lines to each other, be lefs than any 
given, the motions of the parts of the fyftem 
wiU continue without errors that are not lefs than a- 
ny given. And becaufe by the fmall diftance of 
thofe parts from each other, the whole fyftem 
is attra&ed as if it were but one body, it 
-will therefore be moved by this attra&ion as if it 
were one body; that is, its centre of gravity will 
defcribe about the great body one of the conic 
fe€tions (that is, a parabola or hyperbola when the 
attra&ion is but languid* and an ellipfis when it is 
more vigorous) and by radij drawn thereto it will 
defcribe area's proportional to the times, without 
any errors but thofe which arife from the diftan- 
ces of the parts, which are by the fuppofition 
exceeding fmall, and may be diminifhed at pleafure. 
Q. £. O. 

l$y a like reafoning one may proceed to more com* 
pounded cafes in infinitum. 

Cor. 1. In the fecond cafe, the nearer the very 
great body approaches to the fyftem of two or more 
revolving bodies, tht greater will the perturbation 
be of the motions of the parts of the fyftem a- 
mong themfelves; becaufe the inclinations of the 
lines drawn from that great body to thofe parts 
become greater; and the inequality of the propor- 
tion is alfo greater* ? 

Cor. 2. But the perturbation will be greateft of 
all, if we fuppofe the icrtlerative attractions of 
the parts of the fyftem tottyds the greateft body 
pf all are no* to each other reciprocally l as thj 

* ' • • fquare* 
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fquares of the diftanccs from that great body) 
cfpecially if the inequality of this proportion be 
greater than the inequality of the proportion of 
the diftances from the great body. For if the 
accelerative force, ading in parallel diredions and 
equally 9 caufes no perturbation in the motions of 
the parts of the fyftem, it muft of courfe, when 
it ads unequally, caufe a perturbation fomewhere, 
which will be greater or left as the inequality is 
greater or lefs. The excefs of the greater impulfes 
ading upon fome bodies, and not ading upon o- 
thers, muft neceffarily change their fituation a* 
mong themfelves. And this perturbation, added 
to the perturbation arifing from the inequality 
and inclination of the lines, makes the whole per- 
turbation greater. 

Cor. 3. Hence if the parts of this fyftem 
move in ellipfes or circles without any remark- 
able perturbation; it is manifeft, that if they are 
at all impelled by accelerative forces tending to 
any other bodies, the impulfe is very weak, or 
elle is imprefled very near equally qnd in parallel 
diredions upon all of them. 



Proposition LXVL Theorem XXVI. 

If three bodies whofe forces decreafe 
in a duplicate ratio of the diflances y 
attraB each other mutually; and the. 
accelerative attraBions of any twa 
towards the third be between them- 
felves reciprocally as the [quotes of 
the diftances; and the twd lea/I re~ 
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volve about the great eft ; J fay that 
the interior of the two revolving bodies 
will y by radij drawn to the innermaft 
and great eft , defer ibe round that lo^ 
*//, area's more froportional to tlw 
times, and a figure more approaching 
to that of an tllipfis having its focus 
in the point of cqncourfe of the ra*> 
diu if that great body be agitated by 
thofe att rati ions,, than it would do 
if that great tody were not at- 
tracted at all by the lejjer, but re- 
mained at refi\ or than it would if 
that great lody were very much more 
pr very much hfs attracted, or very 
much more or very much lefs agitated 
ly the attraHions. 

This appears plainly enough from the demons 
ftration of the fecond corollary of the foregoing 
proportion; but it may be made out after this 
manner by a way of reafoning more diflinft and 
more univerfally convincing. 

Case i. Let the lefler bodies P and S (PL n t 
Wig. 2.) revolve in the fame plane about the 
greateft body T» the body P defcribing the in^ 
terior orbit P AB> and S the exterior orbit ESE. 
Let SK be the mean diftance of the bodies P 
and S; and lee the accelerative attraction of the 
body P towards S 9 at that mean diftance, be ex- 
prefled by that line S$. Make SL to SK as 
\hc fquarp of $J5T to the fquare of SP, and SL 
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will be the accclerative attradion of the body P 
towards 5 at any diftance SP. Join PT> and 
draw LM parallel to it meeting ST in M; and 
the attradion SL will be refolved (by qor. i. of 
the laws of motion) into the attractions SM, LM. 
And fo the body P will be urged with a three- 
fold accelerarive force. One of thefc forces tends 
towards 7J and arifes from the mutual attradion of 
the bodies T and P. By this force alone the bo- 
dy P would defcribe round the body 71 by the 
radius PT, area* proportional to the tiroes, and an 
ellipfis whofe focus is in the centre of the body 
T; and this it would do whether the body T 
remained unmoved, or whether it were agitated by that 
attradion. This appears from prop, i u and cor. 
2 & 3 of theor. n. The other force is that of 
the attradion LM* which becaufe it tepds frpm 
P to T 9 will be fuper-added to and coincide with 
the former force; and caufe the area's to be KS 
proportional to the times, by cor. $. theor. 2,1. But 
becaufe it is not reciprocally proportional to the 
fquare of the diftance PT, it vfill compote when 
added to the former, a force varying from that 
proportion; which variation will be the greater, by 
now much the proportion of this force to the 
former is greater* uteris paribus. Therefore fince 
by prop. ii. and by con 2. theor. 21. the force 
with which the ellipfis is defcribed about the focus 
T ought to be directed to that focus; and to be 
reciprocally proportional to the fquare of the di- 
stance PT; that compounded force varying from 
that proportion will make the orbit P AB vary 
from the figure of an ellipfis that has its fixus 
in the point T; and fo much the more by how 
jnuch the variation from that proportion if greater; 
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and by confequence by how much the proportion 
of the fecond force LM to the firft force is 
greater, utrris paribus. But now the third force 
SM, attrafting the body P in a direction pa- 
rallel to ST, coropofes with the other forces a new 
force which is no longer diitded from P to T; 
and which varies fb much more from this direc- 
tion, by how much the proportion of this third 
force to the other forces is greater uteris p*riims; 
and therefore caufes the body P to defcribe, by 
the radius fF> area's no longer proportional to the 
tines; and therefore makes the variation from 
kh*t proportionality fo much greater by how much 
the proportion of this force to the others is greater. 
But this third force will increafe the variation of 
the orbit P AB from the elliptical figure be- 
fore mentioned upon two accounts; firft becaufe 
that force is not directed from P to T; and 
fecondly becaufe it is not reciprocally proportio- 
nal to the fquarc of the diftancc PT. Thefe things 
being premifed, it is manifeft, that the area's are 
then moft nearly proportional to the times, when 
that third force is the lcaft poffible, the reft pre- 
facing their former quantity; and that the orbit 
TAB does then approach neareft to the elliptical 
figure above-mentioned, when both the fecond and 
third, but efpecially the third force, is the leaft pof- 
fiWe ; the firft force remaining in its former quantity. 
Let the accelerative attradion of the body T 
towards S be exprefled by the line SN; then if the 
accelerative attractions SM and SN were equal, 
thefe, atrrading the bodies T and P equally and 
in parallel dire&ions, would not at all change their 
fituation with refpeft to each other. The motions 
Of the bodies between therbfdves would be the 
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feme id that cafe as if thofe attradions did not *Gt 
at all by cor. $. of the laws of motion. And by 
a like reafoning if the attradion SN is lefs than 
the attraction SM 9 it will take away out of the 
attraction SM the part SN> fo that there will re- 
main only the part (of the attradion) MN 9 to 
difturb the proportionality of the area's and tunes, 
and the elliptical figure of the orbit. And in like 
manner if the attradion SN be greater than the 
attradion SM, the perturbation of the Orbit and 
proportion will be produced by the difference MN 
alone. After this manner the attradion SN re- 
duces always the attradion SM to the attradion 
MN, the firft and fecortd artradions remaining 
perfedly unchanged; and therefore the area's and 
times come then neareft to proportionality, and the 
orbit P AB to the above-mentioned elliptical figure, 
when the attradion MN is either none, or the 
lead that is poffible; that is, when the accelerative 
attradions of the bodies P and T approach as near 
as pofiible to equality; that is, when the attradioo 
SN is neither none at all, nor lefs than the lead of 
all the attradions SM 9 but is as it were a mean 
between the greateft and lead of all thofe attradions 
SM, that is, not much greater nor much lefs than 
the 1 attradion SK. £>. E. D. 

Casb. 2. Let now the leflcr bodies P 9 S 9 re- 
tolve about a greater T in different planes; and 
the force LM 9 ading in the diredion of the line 
PT fituzte in the plane of the orbit PAB y wiK 
have the fame effed as before; neither will k 
draw the body P from the plane of its orbit. 
But the other force NM ading in the diredion 
of a line parallel to ST (and which therefore when 
the body S is without «thc line of the nodes is in- 
clined 
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dined to the plane of the orbit PAB) betides 
the perturbation of the motion juft now Jpoken 
of as to longitude* introduces another perturbation 
alfo as to latitude, attrafting the body P out of 
the plane of its orbit* And this perturbation, in 
any given fituation of the bodies P and T to each 
other, will be as the generating force MN\ and 
therefore becomes leaft when the force MN is kaft, 
chat is, (as was juft now (hewn) where the attrac- 
tion SN is not much greater nor much lefs than the 
Ittraaion SK. Q. E. D. 

Cor. 1. Hence it may be cafily coDefted, that 
if feveral lefs bodies P, S, R> &c. revolve about a 
very great body T; the motion of the innermoft 
revolving body P will be leaft difturbed by the 
attraftions of the others, when the great body is 
as well attrafted and agitated by the reft (accor- 
ding to the ratio of the accelerative forces) as the 
reft are by each other mutually. 

Cor. 1. In a fyftem of three bodies % P % S% 
if the accelerative attraftions of any two of them 
towards a third be to each other reciprocally as 
the fquares of the diftances; the body P, by the 
radius PT> will defcribe its area fwifter near the 
conjunction A and the oppofition E> than it will 
near the quadratures C and D* For every force 
with which the body P is afted on and the bo- 
dy T is not, and which does not aft in the di- 
reftion of the line P T 9 does either accelerate or 
retard the defcription of the area, according as it is 
direfted, whether in confequentia or in antecedent 
Such is the force NM. This force in the paflage 
of the body P from C to A is direfted in con- 
fequentia to its motion, and therefore accelerates it; 
then as far as D in 'aattcedentit, and retards 

the 
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the* tmtion; then in confequentia as far as Bi 
and laftly in antecedentia as it moves from B 
to C 

Cor. $. And from the fame reafoning it ap- 
pears that the body P, cttcris ua-ibms, moves more 
fwifdy in the conjunction and oppofitkm than in 
the quadratures. 

Cor. 4. The orbit of the body P, uteris pari* 
htSy is more curve at the quadratures than at the 
conjundion and oppofition. For the fwiftcr bo- 
dies move, the lefs they defied from a redilinear 
path. And befides the force KLy or NM y at the 
conjundion and oppofition, is contrary to the force 
with which the body Tattrads the body P; and 
therefore diminiflies that force; but the body P 
will defied the lefs from a redilinear path the lefs 
it is impelled towards the body T. 

Cor. 5. Hence the body P Merit paribus goes 
farther from the body T at the quadratures than 
at the conjundion and oppofition. This is laid 
however, fuppofing no regard had to the motion 
of eccentricity. For if the orbit of the body P 
be eccentrical, its eccentricity (as will be fhewn 
prefently by cor. 9.) will be greateft when the ap- 
iides are in the fyzygies; and thence it may fome- 
tiraes come to pafe* that the body P in its near 
approach to the farther apfis, may go farther 
from the body T at the fyzygies, than at die 
quadratures* 

Cor. 64 Becaufe the centripetal force of the 
central body T y by which the body P is retained 
in its orbit, is increafed at the quadratures by the 
addition caufed by the force LAf 3 and diminifhed 
at the fyzygies by the fubdudion caufed by the 
force KL; and by teafdh the force KL is greater 

than 
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than LM is more diminifhed than increafed; and 
moreover fince that centripetal force (by cor. i. 
prop. 4.) is in a ratio compounded of the fimple 
ratio of the radius TP dirc&ly, and the duplicate 
ratio of the periodical time inverfely; it is plain 
that this compounded ratio is diminifhed by 
the a&ion of the force KL; and therefore that 
the periodical time* fuppofing the radius of 
the orbit PT to remain the fame, will be in- 
Creafed, and that in the fubduplicate of that ra- 
tio in which the centripetal force is diminifhed; 
and therefore fuppofing this radius increafed or di- 
foinifhed, the periodical time will be increafed more 
or diminifhed lefs than in the fefquiplicate ratio of 
this radius, by cor. 6. prop. 4. If that force of 
the central body fhould gradually decay, the body 
P being lefs and lefs attrafied would go farther and 
farther from the centre T> and on tne contrary if 
ft were increafed it would draw nearer to it. 
Therefore if the aft ion of the diftant body S, by 
which that force is diminifhed, were to increafe and 
decreafe by turns ; the radius TP will be alfo in- 
creafed and diminifhed by turns; and the perio* 
dical time will be increafed and diminifhed in a 
ratio compounded of the fefquiplicate ratio of the 
radius, and of the fubduplicate of that ram in 
which the centripetal force of the central body 7 
is diminifhed or increafed, by the increafe or de- 
creafe of the aftion of the diftant body S. 

Cor. 7. It alfo follows from what was before 
kid down* that the axis of the ellipfis defcribed by 
the body P> or the line of the apfides, does as 
to its angular motion go forwards and backwards 
by turns, but more forwards than backwards, and 
by the excefs of its direft motion, is in the whote 
* R carried 
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carried forwards. For the force with which the 
body P is urged ro the body T at the quadrature 
where the force AlM vanifhes, is compounded of 
the force L M and the centripetal force with which 
the body T arrradfcs the body p. The fit ft force 
LM y if the d> (lance PT be increafed, is increafed 
in nearly the fame proportion with that diftance. 
and the other force decreafes in the duplicate ratio 
of that diftance ; and therefore the fum 'of thefe 
two forces decreafes in a lefs than the duplicate 
ratio of the diftance PT, and therefore by cor. i. 
prop. 45. will make the line of the apfides, or, 
which is the fame thing, the upper apfis, to go 
backward. But at the conjunction and oppofition 
the force with which the body P is urged to- 
wards the body T, is the difference of the force 
KL, and of the force with which the body T 
attra&s the body P\ and that difference, becaufe 
the force KL is very nearly increafed in the ra- 
tio of the diftance PT> decreafes in more than the 
duplicate ratio of the diftance PT; and therefore 
by cor. 1. prop. 45. caufes the line of the apfides 
to go forwards. In the places between the fyzy- 
gies and the quadratures, the motion of the line 
of the apfides depends upon both thefe caufes con- 
junftly, fo that it either goes forwards or back- 
wards in proportion to the excefs of one of thefe 
caufes above the other. Therefore fince the force 
KL in the fyzygies is almoft twice as great as the 
force LM in the quadratures, the excefs will be on 
the fide of the force KL> and by confequence the 
line of the apfides will be carried forwards. The 
truth of this and the foregoing corollary will be 
more eafily underftood by conceiving the fyftem 
of the two bodies T and F> to be furrounded on 

every 
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every fide by feveral bodies Si S, 5, ffrc. difpofed 
about the orbit ESE. For by the aftions of thefe 
bodies the a&ion of the body T will be dimi- 
niftied on every fide, and decreafe in more than 
a duplicate ratio of the diftance. 

Cor. 8. But fince the progrefs or regrefsofthe 
apfides depends upon the decreafe of the centripetal 
force, that is, upon its being in a greater or lefs 
ratio than the duplicate ratio of the diftance TP, 
in the paflage of the body from the lower apfis 
to the upper; and upon a like increafe in its re- 
turn to the lower apfis again; and therefore be- 
comes greateft where the proportion of the force 
at the upper apfis to the force at the lower apfis 
recedes fartheft from the duplicate ratio of the di- 
ftances inverftly ; it is plain that when the apfides 
are in the fyzygies, they will, by reafon of the 
fubdu&ing force KL or JstM — LM> go forward 
more fwifcly; and in the quadratures by the ad- 
ditional force LM go backward more flowly. 
When the velocity of the progrefs or flewnefc 
of the regrefs is continued for a long time, this 
inequality becomes exceeding great. 

Cor. 9. If a body is obliged, by a force reci- 
procally proportional to the fquare of its di^nce 
from any centre, to revolve in an ellipfis round 
that centre; and afterwards in its deicent from 
the upper apfis to the lower apfis, that force by 
a perpetual acceffion of new force is increafed m 
more than a duplicate ratio of the diminifhed di- 
ftance; it is mahifeft that the body being impelled 
always towards the cenrre by the perpetual accef- 
fion of this new force, will incline more towards 
that centre than if it were urged by that force 
alone which decreafes in a duplicate ratio of the 
R 2 dimt- 
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diminiflied diftance; and therefore will defcribe 
an orbit interior to that elliptical orbit, and at the 
lower apfis approaching nearer to the centre than 
before. Theiefore the orbit by the acceflion of 
this new force will become more eccentrical. If 
now, while the body is returning from the lower 
to the upper apfis, it (hould decrease by the fame de- 
grees by whith it increafed before, the body would 
return to its firfl diftance; and therefore if the 
force decreafes in a yet greater ratio, the body, be- 
ing now lefs attra&id than before, will afcend to a 
ftill greater diftance, and fo the eccentricity of the 
orbit will be increafed ftill more. Therefore if the 
ratio of the increafe and decreafe of the centripetal 
force be augmented each revolution, the eccentri- 
city will be augmented alfo; and on the contrary, 
if that ratio decreafe it will be diminiflied. 

Now therefore in the fy ftem of the bodies 7*, P, S 9 
when the apfides of the orbit P A B are in the 
quadratures, the ratio of that increafe and decreafe 
is leaft of all, and becomes greattft when the ap- 
fides are in the fyzyeies. If the apfides are placed 
in the quadratures, the ratio near the apfides is lefs, 
and near the fyzygies greater, than the duplicate 
rariqi of the diftances, and from that greater ratio 
arifes a dired motion of the line of the apfides, 
as was juft now faid. But if we confider the ra- 
tio of the whole increafe or decreafe in the pro- 
grefs between the apfides, this is lefs than the du- 
plicate ratio of the diftances. The force in the 
lower is to the force in the upper apfis, in lefs than 
a duplicate ratio of the diftance of die upper ap- 
fis from the focus of the ellipfis to the diftance 
of the lower apfis from the fame focus; and contrary- 
wife, when the apfides are placed in the fyzygies the 
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force in the lower apfis is to the force in the up- 
per apfis in a greater than a duplicate ratio of the 
diflances. For the forces LM in the quadratures 
added to the forces of the body T compofe forces 
in a lefs ratio* and the forces KL in the fyzygies 
fubdu&ed from the forces of the body T leave the 
forces in a greater ratio. There/ore the ratio of 
the whole incieafe and decreafe in the paffage be- 
tween the apfides is lead at the quad atures and 
greateft at the fyzygies; and therefore in the paf- 
fage of the apfides fiom the quadratures to the 
fyzygies it is continually augmented, and increafes 
the eccentricity of the ellipfis; and in the paffage 
from the fyzygies to the quadratures it is perpe- 
tually decreasing, and diminiihes the eccemri* 
city. 

Cor. 10. That we may give an account of the 
errors as to latitude, let us fuppofe the plane of the 
orbit EST to remain immoveable; and from the 
caufe of the errors above explained it is manifeft, 
that of the two forces NAU ML which are the 
only and entire caufe of them, the force ML 
a&ing always in the plane of the orbit PAB ne- 
ver difturbs the motions as to latitude; and that 
the force NM, when the nodes are in the fyzygies, 
ading alfo In the fame plane of the orbit, does 
not at that time affcd thofe motions But when 
the nodes are in the quadratures, it difturbs them 
very much, and astrading the body P perpetually 
out of the plane of its orbit, it diminishes the in- 
clination of the plane in the paffage of the body 
from the quadratures to the fyzygies, and again 
increafes the fame in the paffage from the fyzygies 
to the quadratures. Hence it comes to pafs that 
when the body is in the fyzygies the inclination is 
R 5 > • then 
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then lead of all, and returns to the (irft magni- 
tude nearly, when the body arrives at the next 
node. But if the nodes are fituate at the o&anrs 
after the quadratures, that is between C and yf 9 
D and B, it will appear from what was juft now 
ihewn that in the paflage of the body P from 
cither node to the ninetieth degree from thence, the 
inclination of the plane is perpetually diminifhed ; 
then in the paflage through the next 45 degrees, 
to the next quadrature* the inclination is increafed ; 
and afterwards again, in its paflage through another 
45 degrees to the next ncde, it is diminifhed. 
Therefore the inclination is more diminifhed than 
increafed, and is therefore always left in the fubfe- 
quent node than in the preceding one. And by a 
like reafoning, the inclination is more increafed 
than diminifhed, when the nodes are in the other 
oftants between A and D, B and C. The incli- 
nation therefore is the greateft of all when the 
nodes are in the fyzygics. In their paflage from 
the fyzygies to the quadratures the inclination is 
diminifhed at each appulfe of the body to the 
nodes; and becomes leaft of all when the nodes 
are in the quadratures, and the body in the fyzy- 
gies; then it increafes by the fame degrees by 
which it decreafed before; and when the nodes 
come to the next fyzygies returns to its former 
magnitude. 

Cor. it. Becaufe when the nodes are in the 
quadratures the body P is perpetually attraded 
from the plane of its orbit; and becaufe this attrac- 
tion is made towards S in its paflage from the 
node C through the conjundion A to the node 
JD; and to the contrary part in its paflage from the 
node D through the eppofition B to the node C, 
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it is manifeft that in ics motion from the node 
Q the body recedes continually from the former 
plane CD of its orbit till it comes to the next 
node; and therefore at that nod?, being now at its 
greateft diftance from the firft plane C A it will 
pafs through the plane of the orbit EST not in 
jD, the other node of that plane, but in a point 
that lies nearer to the body S, which therefore 
becomes a new place of the node in antecedentia 
to its former place. And by a like reafoning, the 
nodes will continue to recede in their paflage from 
this node to the nexr. The nodes therefore when 
lituate in the quadratures recede perpetually, and 
at the fyzygies, where no perturbation can be pro- 
duced in the motion as to latitude, are quiefcent; 
in the intermediate places they partake of both 
conditions, and recede more flowly; and therefore 
being always either retrograde or ftationary, they 
will be carried backwards, or in antecedentia, each 
revolution. 

Cor. 12. All the errors defcribed in thefe co- 
rollaries are a little greater at the conjunction of 
the bodies P, 5, than at their oppofition; becaufe 
the generating forces N M and ML are greater. 
Cor. 13. And fince the caufes and proportions 
of the errors* and variations mentioned in thefe co- 
rollaries do not depend upon the magnitude of the 
body S, it follows that all things before demon- 
ftrated will happen, if the magnitude of the body 
S be imagined fo great as that the fyftem of the 
two bodies P and T may revolve about it, And 
from this increafe of the body £, and the confe- 
quent increafe of its centripetal force from which 
the errors of the body P arife, it will follow that 
$11 thefe errors, at equal diftances, will be greater 
R 4 in 



Digitized by 



Google 



248 Mathematical Trinciples Book I- 

in this cafe, than in the other where the body 
S revolves about the fyftem of the bodies P 
and T. 

Cor. 14. But fince the forces NM* ML* when 
the body S is exceedingly diftant, are very nearly 
as the force SK and the ratio of PT to ST con- 
jtin&ly; that is, if both the diftance FT, and the 
abfolute force of the body S be given, as ST 1 re- 
ciprocally; and fince thofe forces NM y ML are 
the caufes of all the errors and effects treated of in 
the foregoing corollaries; it is manifeft, that all 
thofe effe&s, if the fyftem of bodies T and P 
continue as before, and only the diftance ST and 
the abfolute force of the body S be changed, 
will be very nearly in a ratio compounded of the 
direft ratio of the abfolute force of the body S» 
and the triplicate inverfe ratio of the diftance ST. 
Hence if the fyftem of bodies T and P revolve 
about a diftant body S; thofe forces NM> ML 
and their cfle&s will be (by cor. z and 6. prop, 
4.) reciprocally in a duplicate ratio of the periodi- 
cal time. And thence alfo if the magnitude of the 
body S be proportional to its abfolute force, thofe 
forces NM y ML, and their effe&s, will be dired- 
ly as the cube of the apparent diameter of the 
diftant body S viewed from T, and fo vice versa. 
For thefe ratio's are the fame as the compounded ra- 
tio above-mentioned. 

Cor, 15. And becaufe if the orbits ESE and 
TAB, retaining their figure, proportions and in- 
clination to each other, ftiould alter their magni- 
tude; and the forces of the bodies S and T fhould 
either remain, or be changed in any given ratio; 
thefe forces (that is, the force of the body T 
which obliges the body P to defied from a refii- 
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linear courfe into the oibit PJB, and the force 
of the body & which caufes the body P to de- 
viate from that orbit) would aft always in the 
fame manner, and in the fame proportion; it fol- 
lows that all the effefts will be fimilar and pro- 
portional, and the times of thofe effefts proporti- 
onal alfo; that is, that all the linear errors will be 
as the diameters of the orbits, the angular errors 
the fame as before; and the times of fimilar linear 
errors, or equal angular errors as the periodical times 
of the orbits. 

Cor. 16. Therefore if the figures of the orbits 
?nd their inclination to each other be given, and 
fhe magnitudes, forces, and di fiances of the bodies 
be any how changed; we may, from the errors 
and times of thofe errors in one cafe, colleft ve- 
ry nearly the errors and times of the errors in any 
other cafe. But this may be done more expedi- 
tiously by the following method. The forces 
NA4, ML, other things remaining unaltered, are 
as the radius TP; and their periodical effefts (by 
cor. 2. lem. 10.) are as the forces, and the fquare 
of the periodical time of the body P conjunftly. 
Thefe are the linear errors of the body P; and 
hence the angular errors as they appear from the 
centre T (that is the motion of the apfides and of 
the nodes, and all the apparent errors as'to longitude 
and latitude) are in each revolution of the body 
Tj as the fquare of the time of the revolution 
very nearly. Let thefe ratio's be compounded with 
the ratio's in cor. 14. and in any fyftem of bo- 
dies r, A S, where P revolves about T very near 
ro it, and T revolves about S at a. great difhnce. 
fhe angular errors of the body P, obferved from 
the centre T> will be in each revolution of the 
* body 
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body P as the fquare of the periodical time of the 
body P dire&ly, and the fquare of the periodical 
time of the body T*inverfely. And therefore the 
mean motion of the line of the apfides will be in 
a given ratio to the mean motion of the nodes ; 
and both thofe motions will be as the periodical 
time of the body P dire&ly, and the fquare of the 
periodical time of the body 7mverfe!y. The increafe 
or diminution of the eccentricity and inclination of 
the orbit P AB makes no fenfible variation in the 
motions of the apfides and nodes, unlets that in- 
creafe or diminution be very great indeed. - 

Cor. 17. Since the line LM becomes fome- 
times greater and fometimes lefs than the radius PT, 
let the mean quantity of the force LM be ex- 
prefled by that radius PT; and then that mean 
force will be to the mean force SAT or SN (which 
may be alfo expYefled by ST) as the length PT 
to the length ST But the mean force SN or 
ST y by which the body T is retained in the or- 
bit it defcribes about S, is to the force with which 
the body P is retained in its orbit about 7J in a 
ratio compounded of the ratio of the radius ST 
to the radius PT and the duplicate ratio of 
the periodical time of the body P about T to the 
periodical time of the body T about £ And ex 
^quo, th^ mean force L M is to the force by 
which the body P is retained in its orbit about T 
(or by which the fame body P might revolve at 
the diftance PT in the fame periodical time about 
any immoveable point T) in the fame duplicate 
ratio of the periodical times. The periodical times 
therefore being given, together witn the diftance 
PT 9 the mean force LM is alfo given; and that 
force b?ing given, there is given alfo the force MH 
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very nearly, by the analogy of the lines PS % and 

Cor. 18. By the fame laws by which the 

body P revolves about the body 7i let us fuppofe 

many fluid bodies to move round T at equal di- 

ftances from it; and to be fo numerous that they 

may all become contiguous to each other, fo as to 

fbim a fluid annulus or ring, of a round figure 

and concentrical to the body T; and the feveral 

parts of this annulus, performing their motions by 

the fame Hw as the body P> will draw nearer to 

the body T and move fwifcer in the conjunction 

and oppofition of themfelves and the body S, than 

in the quadratures. And the nodes of this annulus, 

or its interfe&ions with the plane of the orbit of 

the body S, or T y will reft at the fyzygies; but 

cut of the fyzygies they will be carried 'backward, 

or in antccedentia ; with the greareft fwiftnefs in 

the quadratures, and more {lowly in orher places. 

The inclination of this annulus alfo will vary, and 

its axis will ofcillate each revolution, and when the 

revolution is compleated will return to its foimer 

fituation, except only that it will be carried round a 

little by the praeceflion of the nodes. 

Cor. 19. Suppofe now the fphaerical body 7*, 
confiding of fome matter not fluid, to be enlarged, 
. and to extend it felf on every fide as far as that 
annulus, and that a channel were cut all round its 
circumference containing water; and that this fphere 
revolves uniformly about its own axis in the fame 
periodical time. This water being accelerated and 
retarded by turn* (as in the laft corollary) will be 
fwifter at the fyzygies, and flower at the quadra- 
tures than the furtace of the globe, and fo will 
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ebb ami flow in its channel after the manner of the Sea. 
If the attradion of the body S were taken away ; 
the water would acquire no motion of flux and 
reflux by revolving round the quiefcent centre of 
the globe* The cafe is the fame of a globe 
moving uniformly forwards in a right line, and 
in the mean time revolving about its centre, (by 
cor. 5. of the laws of motion) and of a globe 
uniformly attraded from its redilinear courfe (by 
cor. 6. of the fame laws.) But let the body 5 
come to ad upon it, and by its unequable at- 
tradion the water will receive this new motion* 
For there will be a ftronger attradion upon that part 
of the water that is neareft to the body, and a 
weaker upon that part which is more remote. 
And the force LM will attrad the water down- 
wards at the quadratures, and deprefs it as far as 
the fyzygies; and the force KL will attrad it 
upwards in the fyzygies, and withhold its defcent* 
and make it rife as far as the quadratures; except 
only in fo far as the motion of flux and reflux 
may be direded by the channel of the water, 
and be a little retarded by fridion. 

Cor. 20. If now the annulus becomes hard, and 
the globe is diminifhed, the motion of flux and 
reflux will ceafe ; but the ofcillating motion of the 
inclination and the prxceffion of the nodes will 
remain. Let the globe have the fame axis with 
the annulus and perform its revolutions in the fame 
times, and at its furface touch the annulus within, and 
adhere to it; then, the globe partaking of the mo* 
tion of the annulus, this whole compares will of- 
dilate, and the nodes will go backward. For the 
globe, as we fhall (hew prefently, is perfedly indif- 
ferent to the receiving of aU impreffions. The 
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grated angle of the inclination of the annuhis 
(ingle, is when the nodes are in the fyzygies. Thence 
in the progrefs of the nodes to the quadratures, 
it endeavours to diminifh its inclination and by 
that endeavour imprefles a motion upon the whole 
globe. The globe retains this motion imprtfled, till 
the annulus by a contrary endeavour deftroys that 
motion and imprefles a new motion in a contrary di- 
rection. And by this means the greateft motion 
of the dccreafing inclination happens when the 
nodes are in the quadratures; and the leaft angle 
of inclination in the o&ants after the quadratures; 
and again, the greateft motion of reclination happens 
when the nodes are in the fyzygies; and the greateft 
angle of reclination in the odants following. And 
the cafe is the fame of a globe without this an- 
nulus, if it be a little higher or a little denfer in the 
^equatorial than in the polar regions. For the excefs 
of that matter in the regions near the equator 
fupplies the place of the annulus. And though we 
fliould fuppofe the centripetal force of this globe 
to be any how increafed fo that all its parts were 
to tend downwards, as the pans of our Earth gra- 
vitate to the centre, yet tne phenomena of this 
and the preceding corollary would fcarce be al- 
tered; except that the places of the greateft and 
leaft height of the water will be different. For 
the water is now no longer fuftained and kept in its 
orbit by its centrifugal force, but by the channel in 
which it flows. And befides the force L iWattra&s the 
water downwards moft in the quadratures* and the force 
KL or NM — LM attrads it upwards moft in 
the fyzygies. And thefe forces conjoined ceafe to 
attraft the water downwards, and begin to attraft 
it upwards in the o&ants before the fyzygies; and 
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ceafe to attraft the water upwards, and begin to 
attract the water downwards in the odants after 
the fyzygies. And thence the greateft height of 
the water may happen about the odants after the 
fyzygies ; and the lead height about the o&ants af- 
ter the quadratures; excepting only fo far as the 
motion of afcent or defcenc impreffed by thefe 
forces may by the vis infica of the water continue 
a little longer, or be ftopt a little fooner by impe- 
diments in its channel* 

Cor. xi. For the fame reafon that redundant 
matter in the equatorial regions of a globe caufes 
the nodes to go backwards, and therefore by the 
increafe of that matter that retrogradation is increafed* 
by the diminution is diminifhed, and by the re- 
moval quite ceafes; it follows, that if more than 
that redundant matter be taken away, that is, if 
the globe be either more deprefled, or of a more 
rare confidence near the xquator than near the 
poles, there will arife a motion of the nodes in 
confequentia* 

Cor. it. And thence from the motion of the 
nodes is known the constitution of the globe. That 
is if the globe retains unalterably the fame poles,- 
and the motion (of the nodes) be in anteccdentia, 
there is a redundance of the matter near the equator; 
but if in confequentia, a deficiency. Suppofe an 
Uniform *nd exafily fphsrical globe to be firft at 
reft in a free fpace; then by fome impulfe made 
obliquely upon its fuperficies to be driven from its 
place, and to receive a motion, partly circular and 
partly right forward. Becaufe this globe is per- 
feftry indifferent to all the axes that pafs through 
its centre, nor has* a greater propenfity to one axis 
or to one fituation of the axis than to any other* 
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it is manifeft that by its own force it will never 
change its axis, or the inclination of it. Let now 
this globe be impelled obliquely by a new impulfe 
in the fame part of its fuperficies as before; and 
fince the effed of an impulfe is not at all changed 
by its coming fooner or later, it is manifeft that 
thefe two impulfes fucceflively impreflcd will pro- 
duce the fame morion, as if they were imprefled at 
the fame time; that is, the fame motion as if the 
globe had been impelled by a fimple force com- 
pounded of them both (by cor. 2. of the laws) 
that is a fimple motion about an axis of a given 
inclination. And the cafe is the fame if the fe- 
cond impulfe were made upon any 
the xquator of the firft motion; ; 
firft impulfe were made upon any 
xquator of the motion which woul< 
by the fecond impulfe alone; and 
when both impulfes are made in an 
foever; for thefe impulfes will gen 
circular motion, as if they were im| 
and at once in the place of the inter! 
xquators of thofe motions, which v 
rated by each of them feparately. Therefore z ho- 
mogeneous and perfeft globe will not retain feveral 
diftinft motions, but will unite all thofe that are 
iroprefTed on it, and reduce them into one; re- 
volving, as far as in it lies, always with 4 fimple 
and uniform motion about one fingle given axis, 
with an inclination perpetually invariable. And the 
inclination of the axis, or the velocity of the ro- 
tation will not be changed by centripetal force. 
For if the globe be fuppofed to be divided into 
two hemifpheres, by any plane whitfoevcr paffing 
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through its own centre and the centre to which 
the force is dire&ed; that force will always urge 
each hemifphere equally; and therefore will not 
incline the globe any way as to its motion round 
its own axis. , But let there be added any where 
between the pole and the aequaeor a heap of new 
matter like a mountain, and this by its perpetual 
endeavour to recede from the centre of its motion, 
will difturb the motion of the globe, and caufe its 
poles to wander about its fuperficies, describing cir- 
cles about themfelves and their oppofite points. 
Neither can this enormous evagation of the poles 
be corrededt unlefs by placing that mountain ei- 
ther in one of the poles, in which cafe by cor. 
2i. the nodes of the xquator will go forwards; or 
in the equatorial regions, in which cafe by cor. 20. 
the nodes will go backward; or laftly by adding 
on the other fide of the axis a new quantity of 
matter* by which the mountain may be balhnctd 
in its motion; and then the nodes will either go 
forwards or backwards, as the mountain and this 
newly added matter happen to be nearer to the 
pole or to the equator. 

Proposition LXVII. Theorem XXVIL 

The fame Jazvs of attraBion being fup~ 
fofed,, I fay that the exterior body 
S does, by radij drawn to the point 
O, the common centre of gravity of 
the interior bodies P and T, defer He 
round that centre areas more propor- 
tional 
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tional to the times, and an orbit 
more approaching to the form of an 
eUipfis having its focus in that cen- 
tre, than it can dcfcribe round the 
innermofi and greateft body T by radij 
drawn to that body. 

for the attra&ions of the body S (PL z 1 . Fig. j .) 
towards T and P compofe its abfolute attraction, 
which is more direded towards the common 
centre of gravity of the bodies T and P 9 than it 
is to the greateft body T; and which is more in 
a reciprocal proportion to the fquare of the diftance 
SO, than it is to the fquare of the diftance STi as 
will eafily appear by a little coniideration* 

Proposition LXVIILTheoremXXVIIL 

The fame laws of attraction fuppofed i 
I fay that the exterior body S will, 
by radij drawn to O the common 
centre of gravity of the interior bo* 
dies P and T, defcribe round that 
centre, area's more proportional to the 
times, and an orlit more approaching 
to the form of an ellipfis having its 
focus in that centre, if the innermofi 
and greateft body be agitated by thefe 
attractions as well as the reft, than 
it would do if that body were either 
3 at 
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at re/l as vot attracted, or voere 
mvch more or much lefs attraBed or 
much more or much lefs agitated. 



This may be demonftrated after the fame man- 
ner as prop. 66. but by a more prolix reafoning, 
which I therefoie pafs over. It will be fufficient 
to confider it afcr this manner. From the de- 
mon ft ration of the lad proposition it is plain, that 
the centre, towards which the body S is urged by 
the two forces conjunctly, is very near to the com- 
mon centre of gravity of thofe two other bodies. 
If this centre were to coincide with that common 
centre, and moreover the common centre of gra- 
vity of all the three bodies were at reft; the bo- 
dy S on one fide, and the common centre of gra- 
vity of the other two bodies on the other fide, 
would defcribe true ellipfes about that quiefcent 
common centre. This appears from cor. z. prop. 
58. compared with what was demonftrated in 
prop. 64 and 65. Now this accurate elliptical 
motion will be difturbed a little by the diftanc? 
of the centre of the two bodies from the centre 
towards which the third body S is attra&ed. Let 
there be added moreover a motion to the common 
centre of the three, and the perturbation will be 
increafed yet more. Therefore the perturbation is 
lead when the common centre of the three bo- 
dies is at reft; that is, when the innerraoft and 
greateft body T is attra&ed according to the fame 
law as the rtft are; and is always greateft, when 
the common centre of the three, by the diminu- 
tion of the motion of the body T % begins to be 
moved, and is more and more agitated. 

Cor. 
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Cor. And hence if more lefler bodies revolve 
about the great one, it may eaflly be inferred 
thst the orbits defcribed will approach nearer to 
ellipfes, and the defcriptions of area's will be more 
nearly equable, if all the bodies mutually attrad 
and agitate each other with accelerative forces that 
are as their abfolute forces dire&ly, and the fquares 
of the diftances inverfely ; and if the focus of 
each orbit be placed in the common centre of 
gravity of all the interior bodies; (that is, if the 
focus of the firft and innermoft orbit be placed in 
the centre of gravity of the greateft and inner- 
moft body ; the focus of the fecond orbit in the 
common centre of gravity of the two innermoft 
bodies; the focus of the third orbic in the com- 
mon centre of gravity of the three innermoft; 
and fo on) than if the innermoft body were at 
reft, and was made the common focus of all the 
orbits. 



Proposition LXIX. Theorem XXIX. 

In a fyflem of ft vera I ho dies A, B, C, 
D, ($c. if any one of thofe bodies as 
A, attract all the reft, B, C, D, t$c. 
with accelerative forces that are re- 
ciprocally as the fquares of the di- 
ftances from the attracting body; and 
another body as B attratts atfo the 
reft y A, C, D, t$c. with forces that 
are reciprocally as the fquares of the 
diftances from the attracting body; the 
S 2 abfolute 
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aljlhte force* of the attra&irig bodies 
A and B iv.ll Le to each other., as 
thofe very I o dies A and B to which 
thoje fanes lehv^ 

For the accelcrative attradions of all the bodies 
2?, C, D, towards >4 are by the fuppofition equal 
to each other at equal di fiances ; and in like man- 
ner the accelcrative attra&ions of all the bodies to- 
, wards B are alfo equal to each other at equal di- 
ftances. But the abfolute attractive force of the 
body A is to the abfolute attradive force of the 
body By as the accclerative attradion of all the bo- 
dies towards A to the accelerative attraction of aH 
the bodies towards B at equal difbnees; and fo is 
alfo the accelerative attradion of the body B to- 
wards Ay to the accelerative attradion of the bo- 
dy A towards E. But the accelerative attraction 
of the body B towards A is to the accelerative at- 
traction of the body A towards B as the mafs of 
the body A to the mafs of the body B; becaufe 
the motive forces which (by the 2d, 7th, and 
8th definition) are as the accelerative forces and tfee 
bodies attraded conjundly, are here equal to ode 
cnorher by the third law. Therefore the abfolute 
attradive force of the body A is to the abfolute 
attractive force of the body B as the mafs of the 
body A to the mafs of the body B. Q. E. D. 
Cor. 1. Therefore if each of the bodies of the 
fyftem A, B % C, D, &c. does fingly attrad all the 
reft with accelerative forces that are reciprocally as 
the fquares of the diftances from the attrading 
body ; the abfolute forces of all thofe bodies will 
be to each other as the bodies themfelves. 

Cor. 
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Cor. 2. By a like reafoning if each of the bo- 
dies of the fyftem A, B 9 C, P, &c* do fingly 
attract all the reft with accelerative forces, which 
are either reciprocally or dire&ly in the ratio of 
any power whatever of the di fiances from the at- 
tracting body; or which are defined by the diftances 
fron> each of the attrafting bodies according to any 
common law; it is plain that the abfolute forces of 
thofe bodies are as the bodies themfelves. 

Cor. 3. In a fyftem of bodies whofe forces de- # 
creale in the duplicate ratio of the diftances, if the 
lefler revolve about one very great one in ellipfes, 
having their common focus in the centre of that 
great body, and of a figure exceeding accurate; and 
moreover by radij drawn to that great body de- 
fcribe area's proportional to the times exa&ly; the 
abfolute forces of thofe bodies to each other will 
be either accurately or very nearly in the ratio of 
the bodies. And fo on the contrary. This appears 
from cor. of prop. <S8. compared with the firft co- 
rollary of this prop. 

Scholium. 

Thefe propofitions naturally lead us to the analogy 
there is between centripetal forces, and the central 
bodies to which thofe forces ufe to be djre&ed. 
For it is reafonable to fuppofe that forces which 
are dire&ed to bodies fhould depend upon the na- 
ture and quantity of thofe bodies, as we fee they 
do in magnetical experiments. And when fuch 
cafo occur, we are to compute the attraftions of 
the bodies by affigning to each of their particles 
its proper force, and then colleding the Aim of 

S 5 them 
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them all. I here ufe the word attraction in gene- 
ral for any endeavour, of what kind foever, made 
by bodies to approach to each other; whether that 
endeavour arife from the a&ion of the bodies them* 
felvcs as tending mutually to, or agitating each o- 
ther by fpirits emitted; or whether it arifes from 
the a&ion of the aether or of the air, or of any 
medium wharfoever, whether corporeal or incorpo- 
# real, any how impelling bodies placed therein to- 
wards each other. In the fame general fenfe I ufe 
the word impulfe, not defining in this treatife the 
fpecies or phyfical qualities o( forces, but invefti- 
gating the quantities and mathematical proportions 
of them ; as I obferved before in the definitions* 
In mathematics we are to inveftigate the quan- 
tities of forces with their proportions confequenc 
upon any conditions fuppofed* then when we en- 
ter upon phyfics, we compare thofe proportions 
with the phenomena of Nature; that we may know 
what conditions of thofe forces anfwer to the fcveral 
kinds of attractive bodies. And this preparation be- 
ing made, we argue more fafely concerning the 
phyfical fpecies, caufes, and proportions of the forces. 
Let us fee then with what forces fphsrical bodies con* 
lifting of particles endued with attradive powers in the 
manner above fpoken of mud a<fl mutually upon one 
another; and what kind of motions will follow from 
thence. 
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Section XII. 

Of the attractive forces of fpharical 
bodies. 



Proposition LXX. Theorem XXX. 

If to every faint of a fpharical fur face 
there tend equal centripetal forces de* 
creafing in the duplicate ratio of the 
diftances from thofe points ; / fay that 
a corpufcle placed within that fufer- 
ficies will not be attracted by thofe 
forces any way. 

Let HIKL {PL 11. Ftg. 4.) be that fpharical 
fuperficies, and P a corpufcle placed within. Through 
P let there be drawn to this fuperficies the two 
lines HK, IL, intercepting very (mail arcs Hf % 
KL; and becaufe (by cor. 3. leru. 7.) the triangles 
//"?/, LP K are alike, thofe arcs will be propor- 
S 4 tional 
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tional to the diftances HP, LP; and any panicles 
at HI and KL of the fphaerical fuperficies, termi- 
nated by right lines palling through P y will be in 
the duplicate ratio of thofe diftances. Therefore 
the fore es of thefe particles exerted upon the body 
T are equal Let ween themfelves. For the forces are 
as the particles dirt&ly and the fquares of the di- 
ftances inverfely. And thefe two ratio's compofc 
the ratio of equality. The attra&ions therefore be- 
ing made equally towards contrary parts deftroy 
each other. And by a like reafoning all the attriti- 
ons through the whole fphsrical fuperficies are de» 
ftroyed by contrary attraftions. Therefore the bo- 
dy P will not be any way impelled by thofe artra&i- 
ons. Q. E. D. 



Proposition LXXI. Theorem XXXI. 

The fame things p/ppo/ed as above, 1 
fay that a torfitfcle placed without 
the fphxrical pperficies is attracted 
towards the centre of the fphere with 
a force reciprocally proportional to 
the fquare of its diftance from that 
centre. 



Let AH KB, *hk} {PL 21. Fig. 5.) be two 
equal fphxrical fuperficies defcribed about the cen- 
tres S> s; their diameters AB y at; and let P and 
/ be two corpufcles fituate without the fpheres in 
thofe diameters produced. Let there be drawn 
from the corpufcles the lines PHK> PIL, fbk> f'*U 

cut- 
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cutting off from the great circles AfIB, *hb> the 
equal arcs HK> bk% IL, il; and to thofe lines let 
fill the perpendiculars SD, sd> SE* $e y I R, #>; 
of which let SD, sd cut PL, pi in F and /. 
Let fall alfo to the diameters the perpendiculars 
IQj iq. Let now the angles DPE, dpe vanifti; 
and becaufe DS and ds, ES and es are equal the 
lines PE 9 PF, and pe 9 pf, and the lineolae DF 3 
4f may be taken for equal; becaufe their laft ratio, 
when the angles DP E> dpe vaniih together, is 
the ratio of equality. Thefe things then fuppofed, 
it will be, as PI to PF fo is RI to DF, and ,as 
// to pi fo is df or DF to ri; and ex Aquo> as 
P Ixpf to PFxpi fo is RI to ri, that is (by cor. 
3. lem. 7.) fo is the arc IH to the arc ib. Again 
PI is to PS as IQ^to SE> and pstopitsse or 
^£ to #$; and *x *$** PIxps to PSxpi as /££ 
to #^. And compounding the ratio's P/* xpfxps 
is to fi* xPFxPS, as IHxIQ^ to ihxiq; that 
is, as the circular fuperficies which is described by 
the arc 7/7 as the femicircle -/tfO revolves about 
the diameter A By is to the circular fuperficies 
defcribed by the arch ib as the femicircle *k} re- 
volves about the diameter ab. And the forces 
with which thefe fuperficies attrad the corpufcles 
P and p in the direftion of lines tending to thofe 
fuperficies are by the hypothefis as the fuperficies 
themfelves dire&ly, and the fquares of the di- 
ftances of the fuperficies from thofe corpufcles in- 
verfely; that is, as pfxps to PFxPS. And thefe 
forces again are to the oblique parts of them 
which (by the refolution of forces as in cor. 2. 
pf the laws ) tend to the centres in fhe di- 
fe^ions of the Jjncs FS f ps, as PI to PQ, 
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and pi to pq; that is (becaufe of the like triangles 
Pl^znd PSF^piq and ^//> as PS to FF and 
^i to £/*. Thence «: <j**, the attra&ion of 
the corpufcle P towards S is to the attra&ion 

of the corpufcle p towards /, as ^ ?* 

pfxFFxPS , . BM . . 

is to r ■ > that is, as pi 1 to PS*. And 

by a like reafoning the forces with which the 
fuperficies defcribed by the revolution of the arcs 
KL> kj attraft thofe corpufcles, will be as ps l 
to PS 1 . And in the fame ratio will be the 
forces of all the circular fuperficies into which 
each of the fphaerical fuperficies may be divided 
by taking sd always equal to SD, and se equal 
to SE. And therefore by compofition, the forces 
of the entire fphaerical fuperficies exerted upon 
thofe corpufcles will be in the fame ratio. 

Q.E.D. 

> 

Profosition LXXII. Theorem XXXII. 

If to the feveral pints of a fphere 
there tend equal centripetal forces de- 
creafaig in a duplicate ratio of the 
diftances from thofe points ; and there 
le given both the denfity of the fphere 
and the ratio of the diameter of the 
fphere to the dif lance of the corpufcle 
from its centre \ I fay that the force 
with which the corpufcle is attra* 
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tied is proportional to the femi-di- 
araeter of the ffhere. 

For conceive two corpufcles to be feverally at- 
tracted by two fpheres, one by one the other by 
the other, and their diftances from the centres of 
the fpheres to be proportional to the diameters of 
the fpheres refpe&ively ,• and the fpheres to be re- 
folved into like particles difpofed in a like fituati- 
on to the corpufcles. Then the attractions of one 
corpufcle towards the feveral particles of one fphere, 
will be to the attraftiops of the other towards as 
many analogous particles of the other fphere in a 
ratio compounded of the ratio of the particles di- 
re&Jy and the duplicate ratio of the diftances in- 
verfely. But the particles are as the fpheres, that 
is in a triplicate ratio of the diameters, and the di- 
ftances are as the diameters; and the fir ft ratio di- 
rectly with the lafl ratio taken twice inverftly, be- 
comes the ratio of diameter to diameter. Q. E. D. 

Cor. 1. Hence if corpufcles revolve in circles 
about fpheres compofed of matter equally attra&ing; 
and the diftances from the centres of the fpheres 
be proportional to their diameters; the periodic 
times will be equal 

Cor. 2. And vice versa, if the periodic times 
are equal, the diftances will be proportional to the 
diameters. Thefe two corollaries appear from cor. 3. 
prop. 4. 

Cor. 3. If to the feveral points of any two 
folids whatever, of like figure and equal denfity, 
there tend equal centripetal forces decreafing in a 
duplicate ratio of the diftances from thofe points; 
(he forces with which corpufcles placed in a like 
; fituation 
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fituation to thofe two folids, will be attra&ed by 
them will be to each other as the diameters of the 
folids. 



Proposition LXXIII. Theorem XXXIII. 

If to the feveral pints of a given 
fphere there tend equal centripetal 
forces decreajing in a duplicate ratio 
of the difiance s from the points ; / 
fay that a corpufcle placed within 
the fphere is art raffed by a force 
proportional to its difiance from the 
centre. 



In the fphere A BCD (PI. zi. Ftg. 6.) de* 
fcribed about the centre 5, let there be placed the 
corpufcle P; and about the fame centre £, with 
the interval SP, conceive defcribed an interior 
fphere PEQF. It is plain (by prop. 70.) that 
tne concentric fphxrica] fuperficies of which the 
difference AEBF of thf fpheres is compofed, 
have no effed at all upon the body P ; their at- 
tractions being deftroyed by contrary attractions. 
There remains therefore only the attraftion of the 
interior fphere PEQf. And (by prop. 71.) this 
is as the difiance PS. Q. E. D. 

Scholium. 

By the fuperficies of which I here imagipe the 
folids compofed, I do not mean fuperficies purely 

mathe- 
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mathematical, but orbs fo extreamly thin, that 
rKeir thicknefs is as nothing; that is, the evanefcent 
orbs, of which the fphere will at laft confift, when 
the number of the orbs is increafed, and their 
rhickne/s diminished without end. In like man- 
ner, by the points of which lines, furfaces and folids 
are (aid to be compofed, are to be underftood equal 
particles whofe magnitude is perfe&ly inconfide- 
rable. 



Proposition LXXIV. Theorem XXXIV. 

The fame things fvpfofed, I fay that a 
corpufcle fituate without the fphere 
is attracted with a force reciprocally 
proportional to the fquare of its di- 
fiance from the centre. 



For fuppofe the fphere to be divided into innu- 
merable concentric fphaerical fuperficies, and the at- 
tractions of the corpufcle arifing from the feveral 
fuperficies will be reciprocally proportional to the 
fquare of the diftance of the corpufcle from the 
centre of the fphere (by prop. 71.) And by com- 
petition, the fum of thole attractions, that is, the 
attraction of the corpufcle towards the entire fphere, 
will be in the fame ratio. Q. E. D. 

Cor. 1. Hence the attractions of homegeneous 
fpheres at equal diftanccs from the centres will be 
as the fpheres themfelves. For (by prop. 72) if the 
di fiances be proportional to the diameters of the 
fpheres, the forces will be as the diameters. Let 
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the greater di fiance be diminifhed in that ratios 
and the diflances now being equal, the attradion 
will be increafed in the duplicate of that ratio; 
and therefore will be to the other attraction in 
the triplicate of that ratio; that is, in the ratio of 
the fpheres. 

Cor. 2. At any diflances whatever, the attracti- 
ons are as the fpheres applied to the fquares of the 
diflances. 

Cor. 5. If a corpufcle placed without an ho- 
mogeneous fphere is attraded by a force recipro- 
cally proportional to the fquare of its difbnce from 
the centre, and the fphere confifts of attradive par- 
ticles ; the force of every particle will decreafe in 
a duplicate ratio of the diflance from each par- 
ticle. 

Proposition LXXV. Theorem XXXV, 

If to the fever al points of a given fphere 
there tend equal centripetal forces de- 
creafing in a duplicate ratio of the 
diflances from the points ; / fay that 
another fimilar fphere will le attra- 
fled ly it with a force reciprocally 
proportional to the fquare of the diflance 
of the centres. 

For the attradion of every particle is reciprocally 
as the fquare of its diflance from the centre of the 
attrading fphere (by prop. 74.) and is therefore 
the fame as if that whole attrading force iffued from 

one 
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one (ingle corpufcle placed in the centre of this 
fphere. But this attra&ion is as great, as on the 
other hand the attraction of the fame corpufcle 
would, be, if that were it felf attracted by the fe- 
vera] particles of the attracted fphere with the fame 
force with which they are attracted by it* But 
that attraction of the corpufcle would be (by prop* 
74.) reciprocally proportional to the fquare of its 
diftance from the centre of the fphere; therefore the 
attraftion of the fphere, equal thereto, is alfo in the 
lame ratio. Q. E. D. 

Cor. i. The attractions of fpheres towards other 
homogeneous fpheres, are as the attracting foheres 
applied to the fquares of the diftances or their 
centres from the centres of thofe which they 
attraft. 

Cor. 2. The cafe is the fame when the at- 
tracted fphere does alfo attraCt. For the feveral 
points of the one attraCt the feveral points of the 
other with the fame force with which they them- 
felves are attracted by the others again; and there- 
fore fince in all attractions (by law 5.) the attra- 
cted and attracting point are both equally aCted on, 
the force will be doubled by their mutual attractions, 
the proportions remaining. 

Cor. $. Thofe feveral truths demonftrated above 
concerning the motion of bodies about the focus of 
the conic feCtions, will take place when an attracting 
fphere is placed in the focus, and the bodies move 
without the fphere. 

Cor. 4. Thofe things which were demonftrated 
before of the motion of bodies about the centre of the 
conic feCtions take place when the motions are per- 
formed within the fphere* 

P R3- 
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Proposition LXXVI.Theorem XXXVI. 

If fpheres be however difjimilar (as to 
denfity of matter and attractive force) 
in the progrefs right onward from 
the centre to the circumference; but 
every vohere fimilar, at every given 
diflance from the centre, on all fides 
round about \ and the attractive force 
of every point decreafes in the dupli- 
cate ratio of the difiance of the bo- 
dy attracted; I fay that the whole 
force with which one of thefe fpheres 
attracts the other, will be reciprocal- 
ly proportional to the fquare of the di- 

- fiance of the centres. 



Imagine feveral concentric fimilar fpheres, AB* 
CD, EF, &c. (Pi. 22. Ftg. i.) the innermoft of 
which added to the outermoft may compoie a 
matter more denfe towards the centre, or fubdu&ed 
from them may leave the fame more lax and rare. 
Then by prop. 75. thefe fpheres will atrraft other 
fimilar concentric fpheres G H, fK> LAL&c. each 
the other, with forces reciprocally proportional to 
the fquare of the diflance SP. And by compo- 
fition or divifion, the fum of all thofe forces, or the 
excefs of any of them above the others; that is, the 
entire force with which the whole fphere AB 
(compofed of any concentric fpheres or of their 
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differences) will attrad the whole fphere C H (com* 
poled of any concentric fpheres or their differences) 
in the fame ratio. Let the number of the con- 
centric fpheres be increafed in infinitum, fo that 
the denfiry of the 'matter together with the at* 
tractive force fnayi in the progrefs from the circum- 
ference to the centre, inaeafe or decreafe according 
to any given law ; and by the addition of matter 
not attradive let the deficient denfiry be fupplied 
tbat (b the fpheres may acquire any form denred; 
and the force with which one of thefe artrads 
the other, will be ftill, by the former reafoning, 
in the fame ratio of the fquare of the diftance in- - 
verfely* Q. E. D. 

Cor. i. Hence if many fpheres of this kind* 
firhilar in all refpeds, attrad each other mutually ; 
the accelerative attradions of each to each, at any 
equal diftances of the centres, will be as the at- 
tracting fpheres. 

Cor i. And at any unequal di (lances, as the 
attrading fpheres applied to the fquares of the di- 
fhnces between the centres. 

Cor. 3. The motive attradions, or the weights 
of the fpheres towards one another will be at e- 
qual diftances of the centres as the attrading and 
artraded fpheres conjundly; that is* as the produds 
arifing from multiplying the fpheres into each 
other. 

- Cor. 4. And at unequal diftances, as thofe pro- 
duds diredly and the fquares of the diftances be- 
tween the centres inverfely. 

Co*. 5. Thefe proportion* take place alfo, when 
the attraction arifes from the attradive virtue of 
both fpheres mutually exerted upon each other. 
For the attradion is only doubled by the conjundi* 
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on of the forces, the proportions remaining as 
before* 

Cor. <5. If fpheres of this kind revolve about 
others at reft, each about each ; and the diftances 
between the centres of the quiefcent and revolving 
bodies are proportional to the diameters of the 
quiefcent bodies; the periodic times will be equal 

Cor. 7* And again, if the periodic times are 
equal, the diftances will be proportional to the 
diameters. 

Cor. 8. All thofe truths above demonftrated* 
relating to the motions of bodies about the foci of 
conic fedions, will take place, when an attra&ing 
fphere, of any form and condition like that above de- 
scribed, is placed in the focus. 

Cor. 9. And alfo when the revolving bodies are 
alfo attracting fpheres of any condition like that above 
defcribed. 

Proposition LXXVII. Theorem XXXVII. 

If to the fever al points of fpheres there 
tend centripetal forces proportional to 
the diftances of the points from the 
attracted bodies; I fay that the com- 
pounded force with which two fpheres 
attraft each other mutually is as the 
diftance letween the centres of the 
fpheres. 

Case i. Let AEBF (?/. 22. Fig. 2.) be a 
fphere; S its centre; P a corpufde attra&ed; 
PASB the axis of the fphere paffing through the 
centre of the corpufcle; EF, ef two planes cur- 
ling the fphere, and perpendicular to the axis* and 
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equidiftant, ode on one fide, the other od the o* 
ther, from the centre of the fphere; O and g the 
interfe&ions of the planes and the axis j and //any 
point in the plane EF. The centriperal force of 
the point H upon the corpufcle P> exerted in the 
diredion of the line PH,\% as the diftance PH; 
and (by cor. 2. of the laws) the fame exerted in the 
direction of the line PG% or towards the centre S f 
is at the length PC Therefore the force of all 
the points in the plane EF (that » of that whole 
plane) by which the corpufcle P is attracted to- 
wards the centre S is as the diftance P O multi- 
Irfied by the number of thofe points, that is as the 
olid contained under that plane EF and the di- 
ftance PG. And in like manner the force of the 
plane ef by which the corpufcle P is attraded to- 
wards the centre J, is as that plane drawn into its 
diftance Pg> or as the eaual plane EF drawn into 
that diftance Pr; and the fum of the forces of 
both planes as the plane EF drawn into the fum 
of the diftances PGA-P& that is as that plane 
drawn into twice the diftance PS of the centre 
and the corpufcle; that is, as twice the plane EF 
drawn into the diftance P 5, or as the fum of the 
equal planes EF-\~efdr2wn into the fame diftance. 
And by a like reafoning the forces of all the 
planes in the whole fphere* equi-diftant on each fide 
from the centre of the fphere, are as the fum of 
thofe planes drawn into the diftance PS$ that 
is, as the whole fphere and the diftance PS conn 
junftly. Q. E. D. 

Case x. Let now the corpufcle P attra& the fphere 
AEBF. And by the fame reafoning it will appear 
that the force with which the fphere is attmded is as 
the diftance PS. g. E. D. 

T * Casi 



Digitized by 



Google 



2j6 MjtbematicfilTrincifks Book I. 

Case 2. Imagine another fphere compofed of 
innumerable corpufcks F; and becaufe the force 
with which every corpufcle is attra&ed is as the 
diftance of the corpuicle from the centre of the 
firft fphere! and as the fame fphere conjunctly, and 
is therefore the fame as if it all proceeded from a 
fingle corpufcle ficuate in the centre of the fphere; 
the entire force with which all the corpufcles in the 
fecond fphere are attracted, that is* with which that 
whole fphere is attra&ed, will be the fame as if that , 
fphere were attracted by a force iffuing from a 
fingle corpufcle in the centre of the firft fphere ; and is 
therefore proportional to the di fiance between the cen- 
tres of the fpheres. Q. E. D. 

Case 4. Let the fpheres attraft each other mu- 
tually, and the foice will be doubled* but the propor- 
tion will remain, Q. E. D. 

Case 5. Let the corpufcle p be placed within the 
fphere AEBF\ (fig. }.) and becaufe the force of the 
plane * /upon the corpufcle is as the fold contained 
under that plane and the diftance pg; and the con- 
trary force of the plane E F as the folid contained 
under that plane and the diftance p G ; the force 
compounded of both will be as the difference of 
the folids, that is as the fum of the equal planes 
drawn into half the difference of the diftances, 
that is, as that fum drawn into pS y the diftance 
of the corpufcle from the centre of the fphere. 
And by a like reafoning, the attraction of all the 
planes EF y ef throughout the whole fphere, that 
is, the attraction of the whole fphere, is conjunctly 
as the fum of all the plane;, or as the whole fphere, 
and as pS the diftance of the corpufcle from the 
centre of the fphere* Q. E. Z>. 
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Case 6. And if there be compofed a new fohere 
cut of innumerable corpufcles kich as p> fituate 
within the firft fphere AEBF '; it maybe proved 
as before that the attra&ion whether, fingle of one 
fphere towards the other, or mutual of both towards 
each other, will be as the diftance pS of th* centres. 
g. E. D. 

Proposition LXXVIII. Theorem XXXVIIL 

If fphere s in the progreft frm the cen- 
tre to the circitmfertnce le however 
dijfimilar and unvqvalle, hit fimilar 
on every fide round about at all given 
diftances from the centre \ and the af> 
traBive force of every Joint le as 
the di fiance of the attracted body\ I 
fay that the entire force with which 
two fpheres of this kind attract each 
other mutually is proportional to the 
di'lance between the centres of the 
fpheres. 

This is demonftrated from the foregoing pro- 
polition in t^e fame manner as the 76th propofi- 
tion was demonftrated from the 75 th. 

Cor. Thofe things that were above demonftra- 
ted in prop. 10. and 64. of the . motion of bo- 
dies round the centres of conic fe&ions, take 
place when all the attraSions are made by the 
force of fphxrical bodies of the condition above 
■ T 3 do- 
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defcribed, and the attrafied bodies are fpheres of 
the fame kind. ♦ 

Scholium. 

I have now explained the two principal cite 
of attra&ions; to wit, when the centripetal forces 
deereafe in a duplicate ratio of the diftances, or 
increafe in a Ample ratio of the diftances; caufing 
the bodies in both cafes to revolve in conic fe- 
Aions, and competing fphxrical bodies wbofe cen- 
tripetal forces obferve the fame law of increafe or 
deereafe in the recefs from the centre as the forces 
of the particles themfelves do $ which is very re-> 
markable. It would be tedious to run over the 
other cafes, whofe conclusions are lefs elegant and im- 
portant, fo particularly as I have done thefe. I 
chufe rather to comprehend and determine them all 
by one general method as follows, 

I I E M M A XXIX. 

Jf alont the centre S (PI. 22. Fig.\j.) 
there le defcribed any circle as A E B, 
and about the centre P tlere It alfo 
defcribed two circles EF, ef, cutting 
the firfl in E and e, and the lint 
PS in F and f ; and there be Jet- 
fall to PS the jet pen dt friars ED f 
ed; I fay that if the difianae of the 
arcs EF, ef be fupjofed to le infi* 
nitely diminified % the laft rath of the 
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evanefcent line Dd to the evanefcent 
line F f is the fame as that of the 
tine PE to the line PS. 

For if the line Fe cut the arc EF in q ; and 
the right line Ee, which coincides with the 
evanefcent arc Ee> be produced and meet the right 
line PS in 7*, and there be let fall from S to 
PE the perpendicular SG; then becaufe of the 
like triangles DTE, dTe, DES; it will be as 
Dd to Ee fo DT to TE, or Z>£ to ££; and 
becaufe the triangles Eeq* ESG (by lem. 8. and 
cor. 3. lem. 7.) are limilar, it will be as Ee to 
eq or Ff fo ££ to 5(7; and ex t<juo y as 
Dd to Ffb DE to 5<?; that is (becaufe of 
the fimilar triangles PDE, PGS) fo is PE to 
Pfc £. £. 2). 

Proposition LXXIX. Theorem XXXIX. 

Svppofe a fuperficies as EFfe (Pi. 22. 
Fig. 5.) /■# have its Ireadth infinite- 
ly diminifbed) and to he ju/t vanijb- 
m $>\ an <t that the fame fuperficies 
by ^s revolution round the axis PS de- 
Jlritfc'p a fph&rical concavo-convex fo- 
lid^yo the fever a I equal particles of 

\ which there tend equal centripetal 
forces \ ;I fay that the force with 
'which that folid attracts a corpufcle 
Jituate in P, is in a ratio compoun- 
ded of fhe ratio of the folid D E * * F f 
and toe rath of the force with 
k% - T + winch 
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which the given fas title in the flace 
Ff ivould attract the fame to) pi felt. 

For if we confidcr firft the force of the fphar- 
rical fuperficies FE which is generated by the re* 
volution of the arc FEj and is cut any where, as 
in r, by the line de; the annular part of the fu- 
perficies generated by the revolution of the arc rE 
will be as the lineola L d, the radius of the fphere 
PE remaining the fame; as Archimedes has demon- 
strated in his book of the fphere and cylinder* 
And the force of this fuperficies exerted in the 
dire&ion of the lines PE or Pr fuua e ail round 
in the conical fuperficies, will be as this annular 
fuperficies it fclf ; that is as the lineola Dd 9 or 
which is the fame as the re&angle under the given 
radius PE of the fphere and the lineola Dd; but 
that force, cxertedJn the direction of the line PS 
tending to the centre if, will be lefs in the ratio 
of 1 D to FE, and therefore will be as FDxDd. 
Suppofe now the line LF to be divided into in- 
numerable little equal particles, each of which call 
J)d; and then the fuperficies FE will be divided 
into fo many equal annuii, whofe forces will be as 
the fum of all the re&angles PDxDd, that is as 
*FF % -i/TVand therefore as DE\ Let 
now the fuperficies FE be drawn into the alti- 
tude Ff; and the force of the foiid F Ffe exerted 
upon the corpufcle P will be as DE 1 *Ff; that 
is, if the force be given which any given particle 
as Ff exerts upon the corpufcle F at the diftance 
FF. But if that force be not given, the force of 
the folid FFfe will be as the folid DE x xFf 
and that force not given, conjun&ly. Q^ E, D. 

Pro 
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Proposition LXXX. Theorem XL. 

Jf to the fever al e-jual tarts of a fphere 
' A BE, (PL -22. Fig. 6.) defcribed about 
the centre S, there tend equal centric 
fetal forces } and from the fever al 
joints D in the axis of the fphere 
AB in which a corpufcle, as r, is 
f laced, there be eretted the perpendi- 
culars DE meeting the fphere in. 
J£, and if in thofe perpendiculars 
the lengths DN be taken as the 

DE»xPS , . r 

quantity 1 pp — and as the force 

which a particle of the fphere fituate 
in the axis exerts at the di fiance PE 
upon the corpufcle P, conjunBly ; / 
fay that the whole force with which 
the corfufcle P is attracted towards 
the fphere is as the area ANB, 
comprehended under the axis of the 
fphere A B, and the curve line ANB, 
the locus of the foint N. 

For fuppofing the conftru&ion in the laft lemma 
and theorem to fland, conceive the axis of the 
fphere AB to be divided into innumerable equal 
particles Dd, and the whole fphere to be divided 
into (o many fphsrical concavo-convex laminx E Ffe ; 

and 
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and crcft the perpendicular dm. By the laft theo- 
rem the force with which the lamina EFfe at- 
trafts the corpufcle P> is as DE l xFf and the force 
of one particle exerted at the diftance PE or PF % 
conjunftly. But (by the laft lemma) Dd is to 
<Ff as PE to PS* and therefore Ff is equal to 

!i£i and D.E'xPfh equal to Z>*^^ 

ind therefore the force of the lamina EFf* is as 

DE % xPS 
Ddx > • i and the force of a particle exerted 
. ' ' PE : ' - ? 

at the diftance PF conjunfily, th# is, by the fup- 
pofition, as DNxHd; or' as the e*anefcent area 
DNnd. Therefore the forces of all the laminae 
exerted up6n the corpufcle P> are as all the area's 
DNnd, that ifc the whole force of the fphere will 
be as the whofearea ANfc ££• E. D. 
' Cor. i. Hence if the centripetal force rending 
to the feveral particles remain always the lame "at 

' D E z x PS 
alldiftances, and JiV be made as ■ .j thewholc 

force with which the corpufcle is'attraaicd by the 
fphere is as the area ANB. 
\ Cor. *• If 'he centripetal force of the parti- 
cles be reciprocally as the diftance of the corpufcle 
■ DE X *PS 

attraaed by it, and D N be made as — pjx~'» 

the force with which the corpufcle P is attrac- 
ted by the whole fphere will be as the area 

-Cor. 3- If * c centripetal force of the particles 
be reciprocal^ as the cube of the diftance of the 
corpufcle attraaed by it, and DN be made as 
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JD ? :% xPS 
■ ■ «; the force with which the corpufclc is 

*ttra&ed by the whole fphere wiH be as the area 

Cor. 4. And univerfally if the centripetal force 

tending to the feveral particles of the fphere be 

fbppofed to be reciprocally as the quantity V; and 

D JE*x PS ' 

DNbe made as ■ • .- ; the force with which 

PExV 

fai corpufcle is attra&ed by the whole fphere will be as 
the area ANB. '' 



Proposition LXXXI. Problem XLL 

The things remaining as above it is re- 
quired to tneafure the area ANB. (PL 

From the point ? let there be drawn the right 
line PH touching the fphere in H; and to the 
axis PAB letting fall the perpendicular HI> bifeft 
II'mJLi and (by prop. 12. book 2. elem.) P£ x 
is equal to />5*-fJ£*4 iPSD. But becaufe 
the triangles SPH* SHI are like, SE* or SH % 
is equal to the re&angle PS I. Therefore PE V 
is equal to the re&angle contained under PS and 
PS-\-SI-\- 1 SD ; that is under P Sand xL S-\-iSD; 
that is under PS and 2 LD. Moreover Dt * is e- 
qualtoS£*-^?I) 1 ,or,S£*~- LP+iSLD— L& % 
that is, xSLD—LD x —A£B. For LS z ~St v 
or ZS* — £/i x (by prop. & book 2. elem.) is e- 
qual to the re&angle ALB. Therefore if inftead 
pf DE l we write iSLD—LD'—ALB, the 

qnan- 
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D E 1 * P S 
quantity y ■ wliich (by cor. 4. of tbp 

foregoing propO is as the length of the ordinate 
DNj will now refolve it fclf into three parts 
zSLDxr? LD'xPS ALBxPS 

t>hxV PExV PExV ; * 

inftead of V we write the inverfe ratio of the 
centripetal force, and inftead of PE the mean 
proportional between PS and zLD; thofc three 
parts will become ordinates to (b many curve 
lines, whofe areas are difcovered by the common 
methods. Q £. D. 

Exam. i. If the centripetal force tending to the 
feveral particles of the fphere be reciprocally as the 
diftance; inftead of V write PE the diftance; 
then zPSxLD for PE X ; and DN will be* 

come as SL — \LD — - — • Suppofe DN e- 
z L D 

ALB 
qual to its double zSL — LD 7-77-* and zSL 

the given part of the ordinate drawn into the 
length AB will defcribe the re&angular area 
zSLxAh\ and the indefinite part IT, drawn 
perpendicularly into the fame length with a 
continued motion, in fuch fort as in its motion 
one way or another it my either by increafing 
or decreafing remain always equal to the length 

LD, will defcribe the area — that iSf 

z 

the area SLxAB; which taken from the former 

area zSLxAB leaves the area SLxAB. But 

ALB 
the third part -7-pp drawn after the lame manner 
La) 

with 
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with a continued motion perpendicularly into the 
fame length, will defcribe the area of an hyper- 
bola, which fubdu&ed from the area SLxAB will 
leave ANB the area fought. Whence arifes this 
conftrudion of the problem. At the points L>A,B 
(Fig. 2.) ereft the perpendiculars Lip Aa, Bb; 
making A a equal to LB, and Bb equal to LA* 
Making LU and LB afymptores, defcribe through 
the points 4, b, the hyperbolic curve ab. And 
the chord ba being drawn willinclofe thfe area aba 
equal to the area fought ANB. 

Exam. 2. If the centripetal force tending to 
the feveral particles of the fpheie be reciprocally as 
the cube of the diftance, or (which is the fame 
thing) as that cube applied to any given plane; 

write — - — for V, and zPSxLD for PE x i and 
iAS x 

t^kt 11 u SLxAS* AS* 

DN will become as _____-. 

* that is (becaufe ?5, AS> 5/ are 

iPSxLD* v 

•11 • in LSI ±cr ^LBxSI 
continually proportional) as — r -— * S/- » 1 * 

If we draw then thefe three parts into the length 

LSI 
AB, thcfijrft— — will generate the area of an 

LD 
hyperbola; the fccond \SI the area ±ABxSf; 

, . . 3 ALBx <I , ALBxSl ALBxZI 

the third — 77-7- the area— — — ■ 

iLD xLA zLB 

that is, \ABxSL From the firft fubduft the 
fum of the fecond and third, and there will re- 
main ANB the area fought. Whence arifes this 
conftru&ion of the problem. At the points 

LfA$ 
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L* j4> S f B $ (fig. l.) crcft the perpendiculars LC 
A*% Ssy Bb> of which fuppofe Ss equal to «?/# 
and through the point i, to the afymptotes Lk 
LB f defcr.be the hyperbola *st meeting the per* 
pendtculars Am, Bb, in 4 and *; and theredangk 
lASI, fubdu&ed from the hyperbolic area A*sH$ 
will leave A NB the area fought. 

Exam* j. If the centripetal force tending to 
the fcveral particles of the fpheits decrtafe in a 
quadruplicate ratio of the diftance from the par- 

PE+ 

tides; wnte m %A ^ for V, then ^TFT^TB 

for P£, and T)N will become as — * — m 

SI* i SI* x ALB i 

lV*i/ v^A> a^iS/ VLD*' 

Thefe three parts drawn into the lengt h AB t produc e 

. xspxsl. ~5 T 

to many areas, «*. — . , . — into — — ; 

^I'^^^ LAl and *^* in* 
— ~. And thefe after due redaction come 



font -- , 5/*, and S/*4- —-;. And 

LI \LI 

thefe by fubdu&ing the laft from the firfl become 
IT/* Therefore the entire force with which 

the corpufcle P is attracted towards the centre of 

SI* 
the fphere is as —s that is reciprocally as PS* xPL 

£. E. I. 

*1 
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By the fame method one may determine th c 

attra&ion of a corpufcle fituare within the fphere* 

but more expeditioufly by the following theo- 



rem* 



Proposition LXXXII. Theorem XLL 

In a fphere described about the centre 
S (PI. 23. Fig. 4.) with the inter- 
val SA, if there be taken SI, SA, 
SP continually proportional ; / fay 
that the attratlion of a corpufcle with- 
in the fphere in any place I, is to 
its attraction without the fphere in 
the place P, in a ratio compounded 
of the Jub duplicate ratio of IS, PS 
the di fiances from the centre, and the 
fubduplicate ratio of the centripetal 
forces tending to the centre in thofe 
places P and I. 



As if the centripetal forces of the particles of 
the fphere be reciprocally as the diftances of the 
corpufcle attra&ed by them j the force with which 
the corpufcle fituate in / is attra&ed by the en« 
tire fphere» will be to the force with which it is 
attraded in P, in a ratio compounded of the fub- 
duplicate ratio of the diftance SI to thc diftance 
5?, and the fubdupikate ratio of the centripetal 
force in the place / arifing from any particle ia 
the centre* m thc centripetal force in the place P 

arifing 
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arifing from the fame particle in the centre, that 
is. in the fubduplicare ratio of the diftances 5/, SP 
to each other reciprocally. Thefe two fubduplicate 
ratio's compofe the ratio of equality, and there- 
fore the attractions in / and P produced by the 
whole fphere are equal. By the like calculation if 
the forces of the particles of the fphere are reci- 
procally in a duplicate ratio of the di fiance, it 
will be found that the attraftion in / is to the 
attraction in P as rhe diftance S P to the femi-di- 
ameter SA of the fphere. If thofe forces arc re- 
ciprocally in a triplicate ratio of the diftances, the 
attraftions in / and P will be to each other as SP t 
to SA 1 ; if in a quadruplicate ratio* as SP l to SA '. 
Therefore fince the attraction in P was found in 
this laft cafe to be reciprocally as PS*xPI 9 the 
attra&ion in / will be reciprocally as SA l xPI* 
that is, becaufe SA 1 is given, reciprocally as P I. 
And the progrefiion is the fame in infinitum. 
The demonftration of this theorem is as follows. 

The things remaining as above conftruCted, and 
a corpufde being in any place P, the ordinate DPT 

D E x xP S 
was found to be as • - Therefore if IE 

be drawn, that ordinate for any other place of 

the corpufde as /, will become (mutatis mutandis) 

DE t xIS 
as -■ ■ . Suppofe the centripetal forces flow- 

JExy 

^ing from any point of the fphere as £ 9 to be 

*to each other at the diftarices IE and P E, as 

PE* to I En (where the number « -denotes the 

index of the powers of P E and IE) and thofe ordinate* 

.11 L DE z xPS . DE*xIS . f 

«di become as _— and -j^-^—whofera- 

tK> 
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tio ro each other is as P Sx IE x I E* to 
ISxPExPE*. Becaufe 5/, SE\ SP are in 
continued proporrion, the triangles SIEj 5£/are 
alike; and thence IE is to PE as IS to SE or 
•S^. For the ratio of IE to />£ write the ratio 
of IS to SA; and the ratio of the ordinates be- 
comes that of PSxIE* to SAxPE*. But 
the ratio of PS to 4?^ is fubduplicate of that of 
thediftanccs PS, SI; and the ratio of /£" to PE* 
(becaufe IE is to PE as 75 to SA) is fubduplicate of 
that of the forces at the diftaocesP.?, IS. Therefore 
the ordinates, and confequently the areas which the 
ordinates defcribe, and the attractions proportional to 
them, are in a ratio compounded of thofe fubduplicate 
ratio's. Q. E. D. 

Proposition LXXXIII. Problem XLII. 

To find the force with which a cor- 
pvfele phiced in the centre of a 
fphere is attracted towards any feg- 
ment of that fphere whatfoever. 

Let P (PL 23. Fig. 5.) be a body in the cen- 
tre of that fphere, and RBSD a fegment thereof 
contained under the plane RDS and the fphaerical 
fuperficies RBS. Let DB be cut in F by a fph*- 
rical fuperficies EFG defcribed from the centre A 
and let the fegment be divided into the parts 
BREFGSy FEDG. Let us fuppofe that fegment 
to be not a purely mathematical, but a phyfical 
fuperficies, having fome, but a perfe&ly inconsi- 
derable thicknefs. Let that thicknefs be called O 

U and 
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and (by what Archimedes has demon ft rated) that fu* 
perficies will be as PFxDFxO. Let us fup- 
pofe befides the artraftive forces of the particles of 
the fphere to be reciprocally as that power of the 
di fiances, of which n is index; and the force with 
which the fuperficies EtG attracts the body P, 

will be (by prop. 79.) as — — — — , that is, as 

iDFxO DF*xO , Jm t 

' p f n- - * Jf^ % Lct thc popwdicular 

JW drawn into O be proportional to this quan- 
tity; and the curvilinear area BDI 3 which the or- 
dinate F jV, drawn through the length DB with a 
continued motion will defcribe, will be as the whole 
force with which the whole fegment RBSD attra&s 
the body P. Q. E. I. 



Proposition LXXXIV. Pro*lm XLIII. 

To find the force with which a corp fl* y 
placed without the a ntre of a jpiere 
in the axis of 'any fegment , is attracted 
by that fegment. 

Let the body P placed in the axis AD B of thc feg- 
ment EBK (PL 2j. Fig. 6.) be attra&ed by that 
fegment. About the centre P with the interval PE 
let the fphaerical fuperficies EFK be defcribed; 
and let it divide the fegment into two parts EBKFE 
and EFKDE. Find the force of the firft of thofe 
parts by prop. 81. and the force of the latter part by 
rop. 83. and the fqm of the forces will be the force 
Pf the whole fegment EB KDE. Q. E. I. 

SCHO 
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Scholium. 

The attractions of fphaerical bodies being now 
explained, it comes next in order to treat of the 
laws of attraction in other bodies con fitting in like 
manner of attradive particles; but to treat of them 
particularly is not neceflary to my defign. It will be 
fufficient to fubjoin fome genera] propofitions relating 
to the forces of fuch bodies, and the motions thence 
arifing, becaufe the knowledge of thefc will be of fome 
little ufe in philofophical enquiries. 



U a Sbotio if 
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Section XIII. 

Of the attractive forces of bodies 
'which are not of a fpharical fi- 
gure. 



Proposition LXXXV. Theorem XLII. 

If a body le attracted by another, and 
its attraction be vaftly ftronger vohtn 
it is contiguous to the attracting bo- 
dy ', than when they are f par ate d 
.from one another by a very /mall in- 
terval \ the forces of the particles of 
the attraHing lody decreafe, in the 
recefs of the lody attraBed, in more 
than a duplicate ratio of the diftance 
of the particles. 

For if the forces decreafe in a duplicate ratio 
of the diftances from the particles* the arrra&ion 
towards a fphxrical body, being (by prop. 74.) re- 
ciprocally 
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ciprocally as the fquare of the diftance of the ar- 
rraded body from the centre of the fphere, will 
not be fenfibly increafed by the contaft, and it 
will be ftill lefs increafed by it, if the attra&ion, 
in the recefs of the body attracted, decreafes in a 
ftill lefs proportion. The propofition therefore is 
evident concerning attraftive fpheres. And the cafe 
is the fame of concave fphaerical orbs attracting 
external bodies. And much more does it appear 
in orbs that attract bodies placed within them, be- 
caufe there the attra&ions diffufed through the 
cavities of thofe orbs are (by prop. 70.) de- 
ftroyed by contrary attra&ions, and therefore have 
np effeft even in the place of conta&. Now if 
from thefe fpheres and fphaerical orbs we take a<- 
way any parts remote from the place of contaft, 
and add new parts any where at pleafure; we may 
change the figures of the attra&ive bodies at 
pleafure, but the parts added or taken away, be- 
ing remote from the place of contact, will caufe 
no remarkable excefs of the attra&ion arifing from 
the contaft of the two bodies. Therefore the 
propofition holds good in bodies of all figures. 
'Q. E. D. 

Proposition LXXXVLTheoremXLIII. 

If the forces of the particles of which 
an attraHive body is compofed, de- 
creafe, in the recefs of the attraBed 
body, in a triplicate or more than a 
triplicate ratio of the diflance from 
the particles ^ the attraHion will be 
U 5 vafily 
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va/Ily ftronger in the foirit of contaB 
than when the attracting and attra- 
Hed bodies are feftrated from each 
oth+s though by never fo fmaU an 
interval. 

For that the attrafiion is infinitely increafed 
when the attraded corpufcle comes to touch an 
attrading fphere of this kind appears by the rota- 
tion of problem 41. exhibited in the fecond and 
third examples. The fame will alfo appear (by 
comparing thofe examples and theorem 41. toge- 
ther) of attractions of bodies made towards con- 
cavo-convex orb*, whether the attra&ed bodies be 
placed without the orbs, or in the cavities within 
them. And by adding to or taking from thofe 
fpheres and orbs, any attradivc matter any where 
without the place of contad, fo that the attra- 
ctive bodies may receive any affigned figure, the 
propofition will hold good of all bodies univer- 
fclly. Q E. D. 

Proposition LXXXVII. Theorem XL1V. 

If two bodies fimilar to each oiher^ 
and confining cf matter equally attra- 
ctive y attrati ftfarattly two corfujcles 
frofortional to thofe bodies^ and in a 
like fituation to them ; the accelera- 
tive attrsMions of the corfufcles to- 
wards the entire Ipdies vctll be as 

the 



Digitized by 



Google 



Sect. XIII. of Natural Vbilofopby. 295 

the accelerative attractions of the cor- 
pufcles 'towards part it Its of the bodies 
proportional to the wholes, and alike 
fituatefc in them. 

For if the bodies are divided into particles pro- 
portional to the wholes and alike fituated in them, 
it will be, a$ the arcradion towards any particle 
of one of the bodies to the attraction towards the 
correfpondcnt particle in the other body, fo are the 
attra&ions towards the fevcral particles of the firft 
body to the attra&ions towards the feveral corre- 
fpondent particles of the other body ; and by com- 
position, fo is the attraftion towards the firft whole 
body to the attraftion towards the fecond whole 
body. Q. E. D. 

Cor. 1. Therefore, if as the diftancesof thecor- 

pufcles attrafted increafe, tlie attra&ive forces of the 

particles decreafe in the ratio of any power of the 

diftaftces; the accelerative attractions towards the 

whole bodies will be as the bodies dire&ly and % 

thofe powers of the diftances inverfely. As if the 

forces of the particles decreafe in a duplicate ratio 

of the diftances from the corpufcles attracted, and 

the bodies are as A* and R 3 , and therefore both 

the cubic fides of the bodies, and the diftance 

of the attra&ed corpufcles from the bodies are as A 

and B; the accelerative attraftions towards the 

A 3 B 9 
bodies will be as — -and — , that is, as A and B 
A z B x 

the cubic fides of thofe bodies. If the forces of 

the particles decreafe in a triplicate ratio of the 

diftances from the attracted corpufcles; the accele- 

y 4 rative 
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wtive amaaions towards the whole bodies will be 

aS ^» and 5"'' that i$t *P* 1 If the for «s <k- 
creafe in a quadruplicate ratio; the attraftions to- 
wards the bodies will be as — a „d B _l ,u- t u 
. . A* B* ' 

reciprocally as the cubic fides A and B. And 
fo in other cafes. 

Cor. 2. Hence on the orher hand, from the 
forces with which like bodies attract corpufcles 
limilarly fituated, may be collided the ratio of 
the decreafe of the attractive forces of the parti- 
cles as the attracted corpufde recedes from them ; 
if fo be that decreafe is diredly or inverfely in 
any ratio of the diftances. 

Proposition LXXXVIII. Theorem XLV. 

If the attractive forces of the equal 
f articles of any body be as the di~ 
fiance of the places from the parti- 
cles, the force of the whole body will 
tend to its centre of gravity, and will 
be the fame with the fme of a globe, 
confifting of fimilar and equal matter' 
and having its centre in the centre of 
gravity. "* 

Let the particles A, B, (PI. 2 j. pk. 7 .) of 
the body RSTr, attraft any corpufde Z with 
forces which, fiippofiog *he particles to be equal 

between 
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between themfelves, are as the diftances AZ, BZ; 
but if they are fuppofed unequal, are ts thofe par- 
ticles and their diftances AZ, BZ conjunctly, or 
(if I may fo fpeak) as thofe particles drawn in- 
to their diftances AZ* BZ refpe&ively. And 
let thofe forces be cxprefled by the contents un- 
der A*AZ* and BxBZ. Join AB y and let it 
be cut in C?, fo that AG may be to B G as the 
particle B to the particle A; and G will be the 
common centre of gravity of the particles A and 
B. The force AxAZ will (by cor. 2. of the 
laws) be refolved into the forces AxGZ and 
AxAGi and the force BxBZ into the forces 
BxGZ and BxBG. Now the forces Ax AG 
and BxBG, becaufe A is proportional to B 3 and 
BG to AG> are equal; and therefore having con- 
trary dire&ions deftroy one other. There remain 
then the forces AxGZ and BxGZ* Thefetend 
from Z towards the centre G 9 and compofe the 
force A-\ BxGZ; that is the fame force as if 
the attra&ive particles A and B were placed in 
their common centre of gravity (?, compofing 
there a little globe. 

* By the fame reafoning if there be added a third 
particle C and the force of it be compounded 
■with the force ji^-BxGZ tending to the centre 
G; the force thence arifing will tend to the com- 
mon centre of gravity of that globe in G and of 
the particle C; that is, to the common centre of 
gravity 6f the three particles A, B, C; and will 
be the fame as if that globe and the particle C 
were placed in that common centre compofing a 
greater globe there. And fo we may go on in 
infinitum. Therefore the whole force of all the 

particles 
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particles of any body whatever RSTV. h the fame 
as if that body, without removing its centre of 
gravity, were to put on the form of a globe. 

Cor, Hence the motion of the atrraded body 
Z will be the fame, as if the attra&ing body 
RSTP were fphaerical; and therefore if that at- 
tracting body be either at reft, or proceed uni- 
formly in a right line; the body attra&ed will 
jnove in an ellipfis having its centre in the centre 
pf gravity of the attracting body. 

Pkoposi t i on LXXXIX. Th eorem XLVX 

tf there be feveral bodies confifling ef 
equal f articles whqfe forces are as 
the dijtances of the t laces from each; 
the force compounded of all the forces 
}y which any corpttffle is attracted, 
will tend to the coyimon centre of 
gravity of the att rafting bodies ; and 
will le the fame as if thafe attra- 
Bing todies, freferviug their common 
centre of gravity, fiould unite there % 
and be formed into a glole. 

This is demon ftrared after the fame manner 4s 
the foregoing propofition. 

Cor. Therefore the motion of the attra&ed bo* 
dy will be the fame as if the attra&ing bodies, 
preferving their common centre of gravity, fhould 

unite 
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unite there, and be formed into a globe. And 
therefore if the common centre of gravity of the 
attracting bodies be either at reft* or proceeds uni- 
formly in a right line; the attracted body will 
move in an ellipfis having its centre in the 
common centre of gravity of the attracting 
bodies. 



Proposition XC. Problem XLIV# 

If to the fever al points of any circle 
there tend equal centripetal forces, in<* 
creafing or de creafing in any ratio of 
the affiances; it is required to find 
the force with which a corpufcle is 
attra&ed, that is fituate any where 
in a right line which fiands at right 
angles *~to the [lane of the circle at 
its centre. 



Suppofe a circle to be defcribed about the cen- 
tre A (PL 24. Fig. 1.) with any interval AD 
in a plane to which the right line AP is perpen- 
dicular; and let it be required to find the force 
with which a corpufcle P is attra&ed towards the 
fame. From any point E of the circle, to the at- 
trafied corpufcle P, let there be drawn the right 
line PE. In the right line PA take PF equal to 
PE 3 and make a perpendicular FK> ereded at F 9 
to be as the force with which the point E attracts 
the corpufcle P. And let the curve line IKL 

be 
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be the locus of the point K. Let that curve meet 
the plane of the circle in £. In PA take P H 
equal to PD, and eredt the perpendicular HI 
meeting that curve in /; and the attraction of the 
corpufcle P towards the circle will be as the area 
AHIL drawn into the altitude A P. (K E. I. 

For let there be taken in AE a very fmall line 
Ec. Join Pe y and in P£, PA take Pc y Pf equal 
to Pe. And becaufe the force with which any 
point E of the annulus defcribed about the centre 
A with the interval AE in the aforefaid plane, at- 
tics to it felf the body P, is fuppofed to be as 
FK; and therefore the force with which that point 

APxFK 

attra&s the body P towards A is as ; and 

J PE 

the force with which the whole annulus attra&s 
the body P towards A, is as the annulus and 
APxFK 
— — — conjun&ly; an<J thaj annulus alfo is as 

the redangle under the radius AE and the breadth 
Ecj and this reftangle (becaufe PE and AE, Ee 
and CE are proportional) is equal to the redangle 
PExCE or PExFf; the force with which that 
annulus attrads the body P towards A» will be as 

PExFf and — —- — conjundly; that is as the 
P E 

content under FfxFKxAP, or as the area FKkf 

drawn into AP. Arid therefore the fum of the 

forces with which all the annuli, in the circle de- 

fcribed about the centre A, with the interval AD 9 

attraft the body P towards A, is as the whole area 

AHIKL drawn into AP. Q. E. D. 

COR. 
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Cor. i. Hence if the forces of the points de- 

fcreafe in the duplicate ratio of the diftances, that is, 

if F K be as — - » and therefore the area AHIKL 

as J —L; the attraction of the corpufcle P 

* FA PH r 

PA 
towards the circle will be as t — jjf* &2t is, as 

AH 

— • • 

~P H 

Cor, z. And univerfally if the forces of the 
points at the diftances D be reciprocally as any. 
power D* of the diftances; that is, if FK be as 

— , and therefore the area AHIKL as 

. x — ; the attra&ion of the corpufcle P 

PH*~ l 

i PA 

towards the circle will be as 



PA*~ Z PH*~ l 
Cor- 5. And if the diameter of the circle 
be increafed in infinitum, and the number n be 
greater than unity; the attra&ion of the corpufcle 
P towards the whole infinite plane will be re- 
ciprocally 2s PA*~ X becaufe the other term 

— r — vanifties. 
PH*~ l 



Pia< 
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Proposition XCL Problm XLV. 

To find the attraBion ef a corfpfcle 
fit u ate in the axis of a round Jolid, 
to whofe fever al points there tend 
equal centripetal forces decreafing in 
any ratio of the di/iances wbatfo- 
ever. 



Let the corpufcle P (Fl^ 24. Jg. 2.) (iruate 
in the axis AB of the (olid DECG, be attra&cd 
towards that folid. Let the folid be cut by any 
circle as RFS 9 perpendicular to the axis; and in irs 
ftmi-diameter FS, in any plane PALKB paffing 
through the axis* let there be taken (by prop. 90.) 
the length FK proportional to the force with 
which the corpufcle P is attra&ed towards that 
circle. Let the locus of the point K be the 
curve line LKJ> meeting the planes of the outer- 
moft circles AL and BI in L and /; and the 
sttra&ion of the corpufcle P towards .the folid will 
be as the area LABI. £>. E. I. 

Cor. 1. Hence if the folid be a cylinder de- 
fcribed by the parallelogram ADEB {Pi. 24. F%. 
5.) revolved about the axis AB, and the centri- 
petal forces tending to the feveral points be reci- 
procally as the fquares of the diftances from the 
points; the attra&ion of the corpufcle P towards 
this cylinder will be as AB— P E-\-P D. For the 
ordinate FK (by cor. 1. prop. 90.) will be as 



Digitized by 



Google 



SrxT. XIII. of Natural Thihfofhv. $oj 

P F 
1 — pjz • The part 1 of this quantity, drawn in- 
to the length AB, defcribes the area 1 xAB ; and 

PF 
the other part — , drawn into the length PB* de- 
fcribes the area 1 into PE^Alf, fas may be eafi- 
ly fliewn from the quadrature of the curve LKI;) 
and in like manner, the fame part drawn into the 
length PA defcribes the area 1 into PD—AD 9 
and drawn into AB, the d ifference of P B and 
PA, defcribes 1 into FT. — l £>, , the difference of the 
areas. From the firft content ix AB take away 
the laft content 1 into P E — t D, an d there will re- 
main the area LAB /equal to 1 into AB— PE-\ PD+ 
Therefore the force being proportional to this 
area, is as AB—P E-\ PD* 

Cor. 2. Hence alfo is known the force by 
which a fpheroid AGBC (77. 24. Fig. 4.) at- 
tra&s any body P ficuate externally in its axis 
AB. Let NKgMbt a conic feftion whofe or- 
dinate ER perpendicular to ?£, may be "always 
equal to the length of the line PD, continually 
drawn to the point D in which that ordinate cuts 
the fpheroid. From the vertices A, B, of the 
fpheriod, let there be ere&ed to its axis AB the 
perpendiculars AK> BM, refpeftively equal to AP 9 
£P, and therefore meeting the conic feftion in K 
and At; and join KM cutting off from it the 
fegment KMRK. Let S be the centre of the 
fpheriod) and SC its greateft femi-diameter ; and 
the force with which the fpheroid attrafts the 
body ?, will be to the force with which a fphere 
defcribed with the diameter AB attrads tKe fame bo- 
dy, 
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- ASxCS z —PSxKMRK. AS* m . 

dy, as ———————— — is to . And 

7 PS z -\ CJ*— AS 1 - it*S x 

by a calculation founded on the fatne principles 
may be found the forces of the fegments of the 
fpheroid. 

Cor. 5. If the corpufcle be placed within the 
fpheroid and in its axis, the attraction will be as 
its diftance from the centre. This may be eafily 
colk&ed from the following reasoning, whether 
the particle be in the axis or in any other given 
diameter. Let AG OF (PL 14. Fig. 5.) be an 
attra&ing fpheroid* S its centre, and P the body 
attracted. Through the body P let there be drawn 
the femi-diameter SPA* and two right lines DE 9 
JFG meeting the fpheroid in D and £, Fand G; 
and let PC My HLti be the fuperficies of two 
interior fpheroids fimilar and concentrical to the 
exterior, the firft of which paffes through the 
body P, and cuts the right lines DE, FG in B 
and C; and the latter cuts the fame right lines in 
H and /, K and L. Let the fgheroids have all 
one common axis, and the parts of the right lines 
intercepted on both fides DP and 5£, FP and 
CG 9 DH and /£, FAT and LG will be mutual- 
ly equal; becaufe the right lines Z)£, FB, and 
HI are bift&ed in the fame point, as are alfo the 
right lines FC, PC and KL* Conceive now 
DPFi EPG to reprefent oppofite cones defcribed 
with the infinitely fmall vertical angles DPF, EPG, 
and the lines DH, El to be infinitely fmall alfo. 
Then the particles of the cones DHKF> GLIE. 
cut off by the fpheroidical fuperficies, by reafon of 
the equality of the lines DH and £/, will be 
to one another as the fquares of the di fiances 

from 
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from the body P, and will therefore attraft that 
corpufcle equ?Uy. And by a like reafoning if the 
foaces DPF, EG CB be divided into particles by 
tne fuperficies of innumerable fimilar fpheroids con* 
centric to the former and having one common 
axis> all thefe particles will equally attraft on both 
fides the body P towards contrary parts. There- 
fore the forces of the cone DPf, and of the co- 
nic fegment EGCB are equal and by their con- 
trariety deftroy each other. And the cafe is the 
fame of the forces of all the matter that lies with- 
out the interior fpheroid PCBAi. Therefore the 
body P isattra&ed by the .interior fpheroid PCBM 
alone, and therefore (by cor. }• prop. 71.) its at- 
traction is to the force with which the body A 
is attraded by the whole fpheroid AGOD % as the 
diftance P S to the diftance AS. jQ. E. D. 

Proposition XCII. Problem XLVI. 

An attraBing body being given, it is re- 
quired to find the ratio of the decreaje 
of the centripetal forces te?idirg to its 
fever c I joints. 

The body given muft be formed into a fphere, 
a cylinder, or fome regular figure whofe, law of 
attraction anfwering to any ratio of decreafe may 
be found by prop. 80. 81 and 91. Then, by ex- 
periments, the force of the attra&ions muft be 
found at feveral diftances, and the law of attracti- 
on towards the whole, made known by that means, 
will give the ratio of the decreafe of the forces of 
the feveral para; which was to be foynd. 

X Pro. 
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Proposition XCIII. Theorem XLVII. 

If a [olid be plane on one fide, and infi- 
nitely extended on all other fides, and 
confifl of equal particles equally attra- 
ftive y whofe forces decreafe, in the re~ 
cefs from the folid 9 in the ratio of any 
power greater than the fhuare of the 
di(tances\ and a corpufcte placed to- 
wards either fart of the plane is at* 
traBed by the force of the whole fo- 
lid\ I fay that the attractive force of 
the whole folid, in the recefs from its 
flane fuperficies, wii decreafe in the 
ratio of a tower whofe fide is the di- 
fiance of toe cor pu file front the plane 9 
and its index lefs by $ than the in* 
dex of the power of the difiances. 

Case i. Let LOl (ft. 14. Fig. 6.) be the 
plane by which the (olid is terminated. Let the 
folid lie on that band of the plane that is towards 
/, and let it be reiblved into innumerable planes 
mHM, nlN, oKO, &c. parallel to GL. And 
firft let the attracted body C be placed without 
the folid. Let there be drawn CGHI perpendi- 
cular to thofe innumerable planes, and let the at* 
tractive forces of the points of the folid decreafe 
in the ratio of a power of the diftances whofe in- 
dex is the number n not lefs than 3* Therefore 

(by 
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(by cor. 5. prop. 90.) the force with which any 
plane mHM attracts the point C, is reciprocally 
as CH n ~\ In the plane mHM take the length 
HM reciprocally proportional to CH n ~\ and 
that force will be as HM. In like manner in the 
feveral planes IGL, nlNj oKO, &c. take the lengths 
GL 9 IN, KOj &c reciprocally proportional to 
CG*~\ C/«~\ CK*~\ &c. and the forces 
of thofe planes will be as the lengths fo taken, 
and therefore the Turn of the forces as the fum of 
the lengths, that is, the force of the whole folid 
as the area G LOK produced infinitely towards OK* 
But that area (by the known methods of quadra- 
tures) is reciprocally as CG n — *, and therefore the 
force of the whole folid is reciprocally as CG m ~h 
Q £. D. 

Case %. LetthecofpufcleCfTjg. 7.) be now placed 
on that hand of the plane iGL that is within the fo- 
lid, and take the diftance CK equal to the di fiance 
CG. And the part of the folid LGloKO ter- 
minated by the parallel planes IGL* oKO> will at- 
tract the corpufcle* fituate in the middle, neither 
one way nor another, the contrary aftions of the 
oppofite points deftroying one another by reafon 
of their equality. Therefore the corpufcle C is at- 
tracted by the force only of the folid fituate beyond 
the plane OK. But this force (by cafe 1.) is reci- 
procally as CK*—*j that is (becaufe CG, CK are 
equal) reciprocally as CG*~ *. Q. E. D. 

Cor. 1. Hence if the folid LGlNbe termina- 
ted on each fide by two infinite parallel planes LG% 
IN\ its attra&ive force is known, fubduCting from 
the attractive force of the whole infinite folid L G K0 9 
the attractive force of the more diftant part NIKO 
infinitely produced towards KO. 

X % Cqh* 
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Cor. 2. If the more diftant part of this (olid 
be rejeded, becaufe its attradion compared with the 
attradion of the nearer part is inconfiderable; the 
attraction of that nearer part wills as the diftance 
increafes, decreafe nearly in the ratio of the power 
CG*-K 

Cok* 5. And hence if any finite body, plane on 
one fide, attrad a corpufcle utuate over-againft the 
middle of that planet and the diftance between the 
corpufcle and the plane compared with the dimen- 
fions of the attrading body be extremely fmall; 
and the attrading body confift of homogeneous 
particles, whofe attradive forces decreafe in the ra- 
tio of any power of the diflances greater than the 
quadruplicate ; the attradive force of the whole 
body will decreafe very nearly in the ratio of a 
power whofe fide is that very fmall diftance, 
and the index lefs by 5 than the index of the 
former power. This aflertion does not bold good 
however of a body confiding of panicles whofe at- 
tractive forces decreafe in the ratio of the tripli- 
cate power of the diftances; becaufe in that cafe, 
the attradion of the remoter part of the infinite 
body in the fecond corollary is always infinitely 
greater than the attradion of the nearer parr. 

Scholium. 

If a body is attradecj perpendicularly towards a 
given plane, and from the law of attradion given 
the morion of the body be required ; the problem 
will be folved by feeking (oy prop. 39.) the motion 
of the body defending in a right line towards 
that plane, and (by cor. 2. of the laws) compounding 
that motion with an uniform motion, performed in 

the 
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the dire&ion of lines parallel to that plane. And on 
the contrary if there be required the law of the at- 
traction tending towards the plane in perpendicular 
diredions, by which the body may be caufed to 
move in any given curve line, the problem will 
be folved by working after the manner of the third 
problem. 

But the operations may be contra&ed by refolving 
the ordinates into converging feries. As if to a 
bafe A the length B be ordinately applied in any 
given angle, and that length be as an^ power of 

the bafe A^; and there be fought the force with 
which a body* either attracted towards the bafe or 
driven from it in the dirt&ion of that ordinate, 
may be caufed to move in the curve line which 
that ordinate always defcribes with its fuperior 
extremity; I fuppofe the bafe to be increafed by a 
very fmall part O, and I refolve the ordinate 

A4-dj« mt0 m infiw^ feries A« -|-~ O A » 

+ --— — OOA~T~ &c. and I fuppofe die 
inn 

force proportional to the term of this feries in which 

O is ox two dimenfions, that is, to the term 

m ~ mn m o o A ~"T" • Therefore the force fought 
inn 

15 35 ■ ATir~> or which is the fame thing* 

nn * 

as ■B^T' • As if the ordinate defcribe a 

nn 

parabola, m being =2, and *=i, the force will 

be as the given quantity 2B , and therefore is gi- 

X } ven. 
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vcn. Therefore with a given force the body will 
move in a parabola, as GdUeo has demonftnted. If 
the ordinate defcribe an hyperbola, m being =o — r, 
and *=i; the force will be as 2A-* or 2B 1 ; 
and therefore a force which is as the cube of the 
ordinate will caufe the body to move in an hyper- 
bola. But leaving this kind of propofitions, I 
fhall go on to fome others relating to motion which I 
have not yet touched upon. 



Sect- 
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Section XIV. 

Of the motion of very fmall bodies 
when agitated by centripetal forces 
tending to the federal parts of any 
very great body. 

Proposition XCIV. Theorem XLVIII. 

If two fimilar mediums le feparatedfrom 
each other hy a [pace terminated on both 
fides by parallel planes, and a body in 
its Pajfage through that [pace be at- 
tracted or impelled perpendicularly to- 
wards either ofthofe mediums, and not 
agitated or hindered by any other force ; 
and the attraction be every where the 
fame at equal diftances from either 
plane, taken towards the fame hand 
of the plane ; J fay that the fine of in- 
cidence upon either plane will be to the 
fine of emergence from the other plane *, 
in a given ratio. 

Case i. Let A* and Bb (PL 25. Fig. 1.) be 

two parallel planes, and let the body light upon 

X 4 the 



Digitized by 



Google 



312 Mathematical Principles Book h 

the foft plane Aa in the dire&ion of the line G H* 
and in its whole paflage through the intermedial 
/pace let it be attra&ed or impelled towards the me* 
dium of incidence, and by that a&ion let it be 
made to describe a curve line #/,and let it emerge 
in the dire&ion of the line IK. Let there be e- 
refted IM perpendicular to Bb the plane of emer- 
gence, and meeting the line of incidence GH pro- 
longed in M 9 and the plane of incidence j4* in 
Jl; and let the line of emergence KI be produced 
and meet HM in L. About the centre L, with 
the interval Z,/, let a circle be defenbed cutting 
both HM in P and Q, and MI produced in N; 
)nd firft, if the attra&ion or impulfe be fuppofed 
uniform, the curve HI (by what Gddco has de- 
monftrated) be a parabola, whofe property is, that a 
redangle under its given latus re&um and the line 
IM is equal to the fquare of HM; and more-' 
over the line HM will be bife&ed in L. Whence 
if to MI there be let fall the perpendicular LO y 
MO % OR will be equal; and adding the equal 
lines ON, 01, the wholes MN> IR will be equal 
alfo. Therefore fince IR is given MN is alfo 
given, and the re&angle NMI is to the reftangle 
under the latus reft um and IM, thaDis, to HM % 9 
in a given ratio. But the re&angle NMI is e- 
qual to the rcdbngle PMQ, that is, to the diffe- 
rence of the fquares ML % , and PL 1 or LI 1 ; and 
HAi z hath a given ratio to its fourth part ML*; 
therefore the ratio of ML Z —LI % to ML X is 
given, and by conversion the ratio ofLI x to ML\ 
and its fubduplicate, the ratio of LI to ML* But 
in every triangle as LMIy the fines of the angles 
are proportional to the oppofite fides. Therefore 
the ratio of the fine of the angle of incidence LMR 

to 
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to the fine of the angle of emergence £/£ is given. 
Q. E. D. 

Case 2. Let now the body oafs fucceffively 
through feveral fpoces terminated with parallel planes* 
jidbB* BbcC, &c. (PL 15. Fig. z.) and let it 
be a&ed on by a force which is uniform in each 
of them feparately, but different in the different 
(paces; and by what was jaft demonftrated, the 
fine of the angle of incidence on the firft plane As 
b to the fine of mergence fiom the fecond plane 
Bh in a given ratio; and this fine of incidence 
upon the fecond plane Bb will be to the fine of 
emergence from the third plane Cc in* given ratio; 
and this fine to the fine of emergence from the 
fourth plane Dd in a given ratio; and lb on in 
infinitum; and by equality, the fine of incidence 
on the firft plane to the fine of emergence from 
the hft plane in a given ratio. Let now the in- 
tervals ot the planes be diminilhed, and their num- 
ber be infinitely increafed, fo that the aftion of at* 
traftion or impulfe* exerted according to any at 
figned law, may become continual, and the ratio of 
the fine of incidence on the firft plane to the fine 
of emergence from the laft plane being all along 
given, will be given then alfo. £). E. D. 

Proposition XCV. Theorem XLIX* 
The fame things being fuPpofed, I fay that 
the velocity of the body before its inci- 
dence is to its velocity after emergence 
as the fine of emergence to the fine of 
incidence. 

Make AH and Id equal (PL 25. Ftg. }♦) and 
ereft the perpendiculars AG* dK meeting the lines 

of 
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of incidence and emergence GH> IK in G and K m 
In GH take TH equal to IK* and to the plane 
jj* let fall a perpendicular Tv. And (by cor. i. of 
the laws of motion) let the motion of the bocjy be 
refolved into two, one perpendicular to the planes A *, 
Bb 9 Ccj &c. and at to them. The 

force of attradion 01 og in dire&ons 

perpendicular to thof not at all alter 

the motion in parallel directions; and therefore the 
body proceeding with this motion will in equal times 
go through thole equal parallel intervals that lie be- 
tween the Hne AG and the point //> and between 
the point / and the line dK; that is, they willde- 
fcribe the lines GH, IK in equal times. There- 
fore the velocity before incidence is to the velo- 
city after emergence as GH to IK or TH, that is 
as AH or Id to vH % that is (fuppofing TH or 
IK radius) as the fine of emergence to die fine of 
incidence. ££. E. D. 

Proposition XCVL Theorem L. 

The fame things being fuppc fed, and that 
the motion before incidence is fwifter 
than afterwards-, I fqy that if the line 
of incidence be inclined continually, the 
body will be at lafl refleBed, and the 
angle of reflexion will be equal to the 
angle of incidence. 

For conceive the body paffing between the pa- 
rallel planes A*, Bb, Cc, &c. (PL 25. Fig. 4.; to 
defcribe parabolic arcs as above; and let thofe arcs 
fre HP, PQ, QR> &c. And let the obliquity 

of 
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of the line of incidence GH to the firft plane 
An be fuch, that the fine of incidence may be to 
the radius of the circle whofe fine it is, in the 
fame ratio which the fame fine of .incidence hath 
to the fine of emergence from the plane Dd into 
the fpace DdeE; and becauTe the fine of emer- 
gence is now become equal to radius, the angle of 
emergence will be a right one, and therefore the 
line of emergence will coincide with the plane Dd. 
Let the body come to this plane in the point R; 
and becaufe the line of emergence coincides with 
that plane it is manifeft that the body can pro* 
ceed no farther towards the plane Ee. But neither 
can it proceed in the line of emergence Rd; becaufe 
it is perpetually attrafied or impelled towards the 
medium of incidence. It will return therefore be* 
tween the planes Cc> Dd, defcribing an arc of a 
parabola QRq ; whofe principal vertex (by what 
Galileo has demonftrated) is in R, cutting the plane 
Cc in the fame angle at f , that it did before at Qj 
then going on in the parabolic arcs ?/>, ph 9 &c f 
(imilar and equal to the former arcs QP, FH 9 
tec. it will cut the reft of the planes in the fame 
ingles at p> h 9 8cc. as it did before in P, H, &c. 
and will emerge at A laft with the fame obliquity 
at b, with which it firft impinged on that plane 
at H. Conceive now the intervals of the planes 
^4, Bb> Cc, Dd> Ee, &c. to be infinitely di» 
minifhed, and the number infinitely increafed, fo 
that the aftion of attraftion or impulfe, exerted 
according to any afligned law, may become con- 
tinual ; and the angle of emergence remaining all 
along etjual to the angle of incidence will be equal 
Xp tQC fame alfo at lafh Q. E. D* 

SCH(V 
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Scholium. 

' Thefc attractions bear a great refcmblance to the 
reflexions and refraftions of light, made in a given 
ratio of the fecants, as was difcovered by S*clim ; 
and confequently in a given ratio of the fines, as 
was exhibited by Des Cartes. For it is now cer- 
tain from the phenomena of Jupiter's Satellits con- 
firmed by the obfervations of different Aftrooooiers, 
that light is propagated in fucceflion, and requires 
about feven or eight minutes to travel from the 
Sun to the Earth. Moreover the rays of light 
that are in our air ("as lately was difcovered by 
Crimaldm > by the admiflion of light into a dark 
room through a fmall hole, which I have alfo 
tried) in their paflage near the angles of bodies 
whether tranfparent or opake (fuch as the circular 
and redan cular edges of gold, filver and brafs coins, 
or of knives or broken pieces of ftone or glafs) 
are bent or inflefted round thofe bodies as if they 
were attra&ed to them,* and thofe rays which in 
their paflage come neareft to the bodies are the 
moft inflefied, as if they were moft attraded; 
which thing I my felf have alfo carefully obferved. 
And thofe which pafs at greater diftances are Ws 
infle&ed ; and thofe at ftiU greater diftances are a 
little infleded the contrary way and form three 
fringes of colours. In PL 25. Fig. 6. s repre- 
fents the edge of a knife or any kind of tredge 
uiiB; indgowog, fmunf, cmtmc, dlsld are rays 
infleded towards the knife in the arcs owo, huh, 
mtm> lsl§ which inflexion is greater or lefs ac- 
cording to their diftance from the knife. Now 
(face this infledion of the rays is performed in 
the air without the knife, it follows that the ray* 

which 
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which fall upon the knife are firft infledcd in 
the air before they touch the knife. And the 
cafe is the feme of the rays falling upon glafs* 
The refradion therefore is made, not in the point 
of incidence, but gradually, by a continual infle- 
xion of the rays; which is done partly in the air 
before they touch the glafs, partly (if I miftake 
not) witmn the glafs, after they have entred it? 
as is reprefented (PL 25. Fig. 7.) in the rays 1 4 %c, 
bijbj *hx4 falling upon r, ?, p, and infle&ed be- 
tween k and *, $ and 7, b and x. Therefore be- 
caufe of the analogy there is between the propaga- 
tion of the rays ot light, and the motion of bodies, 
I thought it not amifi to add the following propofi- 
tions for optical ufes; not at all confidering the na- 
ture of the rays of light, or enquiring whether they 
are bodies or not; but only determining the traje- 
ctories of bodies which are extremely like the top 
je&ories of the rays. 

Proposition XCVIL Problem XLVII. 

Suppofing the fine of incidence upon any fu- 
perficies to be in a given ratio to the 
fine of emergence \ and that the infiefti* 
on of the paths of thoje bodies near that 
fuperficies is performed in a very fhort 
fpace which may be confidered as a 
point \ it is required to determine fuch a 
fuperficies as may caufe all the corfufcles 
ijjuing from any one given place to con- 
verge to another viven place. 

Let A(ll 25. Tig. 8.) be the place from 
whence the corpufdes diverge; £>the place to 

which 
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which they fhould converge; CDE the curve line 
which by its revolution round the axis AB de- 
feribes the fuperficies fought; D % £, any two 
points of that curve; and EF 9 EG perpendiculars 
let fall on the paths of the bodies AD, DB. Let 
the point D approach to and coalefce with the 

Eoint £; and the ultimate ratio of the line DP 
y which AD is increafed* to the line DO by 
which DA is diminifhed, will be the fame as that 
of the fine of incidence to the fine of emergence. 
Therefore the ratio of the increment of the tine 
AD to the decrement of the line DB is given; 
and therefore if in the axis AB there be taken any 
where the point C through which the curve CDE 
mud pafs, and CM the increment of AC be ta» 
ken in that given ratio to CN the decrement of 
BC 9 and from the centres A, B, with the intervals 
A My BN, there be defcribed two circles cutting 
each other in Z); that point D will touch the 
curve fought CDE* and by touching it any where 
at pleafure, will determine that curve* Q. E. I. 

Cor. i. By caufing the point A or B to go 
off fometimes in infinitum, and fometimes to move 
towards other parts of the point C# will be obtain- 
ed all thofe figures which Carufiut has exhibited 
in his Optics and Geometry relating to refraftions. 
The invention of which Cartejms having thought fit 
to conceal, is here laid open in this propofition. 

Cor. i. If a body lighting on any fuperficies 
CD (JPL 25. Fig. 9.) in the dire&ion of a right 
line AD, drawn according to any law, fhould 
emerge in the dire&ion of another right line DK; 
and from the point C there be drawn curve lines 
CP$ CQ^ always perpendicular to AD, DK; the 
increments of the lines JPD> QD, and therefore 

the 
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the lines themfelves PD, QD $ generated by thofe 
increments, will be as the fines of incidence and 
emergence to each other, and e contra- 

Proposition XCVIII. Problem XLVIII 

• 

The fame things fuppofedi if round the 
axis AB fPh 25. Fig. to.) any attra- 
ctive fuperficies be defcribed as CD, re* 
fular or irregular, through which the 
odies ijfuing from the given place A 
muft pajs ; it is required to find a fecond 
attractive fuferficies EF, which may 
make thofe bodies converge to a given, 
place B. 

Let a line joining AB cut the firft fuperficies 
in C and the fecond in £, the point D being 
taken any how at pleafure- And fuppofing the 
fine of incidence on the firft fuperficies to the fine 
of emergence from the fame, and the fine of emer- 
gence from the fecond fuperficies to the fine of 
incidence on the fame, to be as any given quantity 
M to another given quantity N; then produce 
AB to Gj fo thii BG may be to CE as M— N 
to N; and AD to //, fo that AH may be e- 
qual to AG; and DP to K fo that D K may be 
to DH as N to M. Join KB, and about the 
centre D with the interval DH defcribe a circle 
meeting KB produced in L> and draw £F pa- 
rallel to DL; and the point F will touch the line 
EFj which being turned round the axis AB will 
defcribe the fuperficies fought. Q^ £. F. 

For conceive the lines CP 9 C(£ to be every where 
perpendicular toAD* J)F, and the lines ER, ES 

to 
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to FB> FD refpedively, and therefore QS to be 
always equal to CE; and (by cor. z. prop, pj-) 
FD will be to QD as M to N, and therefore as 
DL to DK> or FB to FK; and by divifion as 
D L—FB or P H—P D—FB to FD or FQ^-QDi 
and by compbfitioa as PH—FB to .Fjg, that is* 
(becaufe ftf and CG, £S and C£ are equal) as 
CE+BG—FR to CE—FS. But (becaufe £<7 
is to CE, as M — N to N) it cpmes to pals 
alfo that CE-\-BG is to CE as M to N; and 
therefore, by divifion, FR is to FS as M to N; 
and therefore (by cor. 2. prop. 97.) the fuperficies 
JEF compels a body, (ailing upon it in the dke&ion 
DF, to goon in the line 'FR to the place B. Q. E. Dm 

Scholium. 
In the lame manner one may go on to three or 
more fuperficies. But of all figures the fphaerical is 
the moft proper for optical ufes. If the objeft 
piaffes of tdefcopes were made of two glafTes of a 
fpbaerical figure, containing water between them; it 
is not unlikely that the errors of the refra&ions made 
in the extreme parts of the fuperficies of the gbffcs, 
may be accurately enough corre&ed by the refra- 
ctions of the water. Such objed-glafles are to be 
preferred before elliptic and hyperbolic glafTes, not 
only becaufe they may be formed with more cafe 
ana accuracy, but becaufe the pencils of rays fituate 
without the axis of the glafs would be more accu- 
rately refraded by them. But the different refrangi- 
bility of different rays is the real obftade that hinders 
optics; from being made perfedt by fphsrical or any 
other figures. . Uolcfs the errors thence arifing can 
be dww^cL^allthe labour fpent in cone&jng the 
others is quitj thrown away. 

The End of the Firfi Volume. 
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